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PREFACE 

This book grew out of lecture notes for a graduate-level molecular spectroscopy 
course that I developed at Iowa State University between 1974 and 1987. It is 
intended to fill a pressing need for a concise introduction to the spectroscopy of 
atoms and molecules. I have tried to stress logical continuity throughout, with a 
view to developing readers' confidence in their physical intuition and problem-
solving techniques. A suitable quantum mechanical background is furnished by 
the first seven and a half chapters of P. W. Atkins' Molecular Quantum 
Mechanics, 2d ed. (Oxford University Press, London, 1983): The Schriidinger 
equation for simple systems, angular momentum, the hydrogen atom, stationary 
state perturbation theory, and the variational theorem are all presumed in this 
book. Group theory is used extensively from Chapter 3 on; it is not developed 
here, because many excellent texts are available on this subject. A one-semester 
undergraduate course in electromagnetism is helpful but not strictly necessary: 
The concepts of vector and scalar potentials are introduced in Chapter 1. Other 
requisite material, such as time-dependent perturbation theory and second 
quantization, is developed in the text. 

Eight or nine of the eleven chapters in this book can be comfortably 
accommodated within a one-semester course. The underlying time-dependent 
perturbation theory for molecule—radiation interactions is emphasized early, 
revealing the hierarchies of multipole and multiphoton transitions that can 
occur. Several of the chapters are introduced using illustrative spectra from the 
literature. This technique, extensively used by Herzberg in his classic series of 
monographs, avoids excessive abstraction before spectroscopic applications are 
reached. Diatomic rotations and vibrations are introduced explicitly in the 
context of the Born-Oppenheimer principle. Electronic band spectra are 
examined with careful attention to electronic structure, angular momentum 
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coupling, and rotational fine structure. The treatment of polyatomic rotations 
hinges on a physically transparent demonstration of the commutation rules for 
molecule-fixed and space-fixed angular momenta. From these, all of the energy 
levels and selection rules that govern microwave spectroscopy are accessible 
without recourse to detailed rotational eigenstates. The chapter on polyatomic 
electronic spectra focuses on triatomic molecules and aromatic hydrocarbons—
the former for their environmental and astrophysical interest, and the latter for 
their illustrations of vibronic coupling and radiationless relaxation phenomena. 
Population inversion criteria, specific laser systems, and the principles of 
ultrahigh-resolution lasers and ultrashort pulse generation are outlined in a 
chapter on lasers, which have emerged as a ubiquitous tool in spectroscopy 
laboratories. Some of the higher order terms in the time-dependent perturbation 
expansion are fleshed out for several multiphoton spectroscopies (Raman, two-
photon absorption, second-harmonic generation, and CARS) in the final two 
chapters. The reader is guided through the powerful diagrammatic perturbation 
techniques in a discussion designed to enable facile determination of transition 
probabilities for arbitrary multiphoton processes of the reader's choice. 

It is my great pleasure to acknowledge the people who made this book 
possible. I am particularly indebted to my teachers, Dudley Herschbach and 
Roy Gordon, who communicated to me the inherent beauty and cohesiveness of 
molecular quantum mechanics. The original suggestion for writing this book 
carne from Cheuk-Yiu Ng. David Hoffman made seminal contributions to the 
chapter on polyatomic rotations. I am grateful to numerous anonymous referees 
for valuable suggestions for improving the manuscript, though, of course, the 
responsibility for errors is still mine. The line drawings were supplied by Linda 
Emmerson, and Sandra Bellefeuille, Klaus Ruedenberg, and Gregory Atchity 
generated the computer graphics. Finally, I must express deep appreciation to 
my wife, Helen, whose moral support was essential to completing this work. 

WALTER S. STRUVE 

Ames, Iowa 
June 1988 
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RADIATION-MATTER 
INTERACTIONS 

In its broadest sense, spectroscopy is concerned with interactions between light 
and matter. Since light consists of electromagnetic waves, this chapter begins 
with classical and quantum mechanical treatments of molecules subjected to 
static (time-independent) electric fields. Our discussion identifies the molecular 
properties that control interactions with electric fields: the electric multipole 
moments and the electric polarizability. Time-dependent electromagnetic waves 
are then described classically using vector and scalar potentials for the 
associated electric and magnetic fields E and B, and the classical Hamiltonian is 
obtained for a molecule in the presence of these potentials. Quantum mechanical 
time-dependent perturbation theory is finally used to extract probabilities of 
transitions between molecular states. This powerful formalism not only covers 
the full array of multipole interactions that can cause spectroscopic transitions, 
but also reveals the hierarchies of multiphoton transitions that can occur. This 
chapter thus establishes a framework for multiphoton spectroscopies (e.g., 
Raman spectroscopy and coherent anti-Stokes Raman spectroscopy, which are 
discussed in Chapters 10 and 11) as well as for the one-photon spectroscopies 
that are described in most of this book. 

1.1 CLASSICAL ELECTROSTATICS OF MOLECULES IN 
ELECTRIC FIELDS 

Consider a molecule composed of N electric charges en  (electrons and nuclei) 
located at positions r„ referenced to an arbitrary origin in space. The total 

1 
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molecular charge is 

q = E e„ 
n = 1 

and the electric dipole moment is 

p = E er„ 	 (1.2) 
n= 1 

The latter expression reduces to a familiar expression for the dipole moment in a 
neutral "molecule” consisting of two point charges,  e 1  = + Q and  e2  = Q (Fig. 
1.1). In this case, we have /1= + Qr +(— Q)r 2  = Q(r 1 — r2) = QR, which is the 
conventional expression for the dipole moment of a pair of opposite charges + Q 
separated by the vector R. By convention, R points toward the positive charge. 
For molecules characterized by electric charge distributions p(r) instead of point 
charges, the expressions for the molecular charge and dipole moment are 
superseded by 

q = 	p(r)dr 	 (1.3) 

and 

p = 	r p(r)dr 	 (1.4) 

where the integration volume encloses the entire charge distribution. 

-Q 

Figure 1.1  Dipole moment p = QR formed by charges  ±0 separated by the vector 
R. 

*Numbers in brackets are citations of references at the end of the chapter. 
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For a point charge e located at position r under an external electrostatic 
potential Or), the energy of interaction with the potential is [1]* 

W = e0(r) 	 (1.5) 

Or) can be expanded in a Taylor series about r = 0 (whose location is arbitrary) 
as 

	

00 	00 	00 
4)(r) = 0(0) + x — (0) + y —

ay 
(0) + z 

Ox 

+ [x2  88(1)::  (0) + 	a02:2  (0) + z 2 aa2z4: (0) 

0 20  
+ 2xy 	(0) + 2xz a24)  (0) + 2yz —a24)  (0)] 

	

axay 	axaz 	ayaz 

a  2 on 
-== 	r V4)(0) + E x ix, 	+ • 	(1.6) z 	ux ivx ;  

where the components of r are expressed as either (x, y, z) or (x 1 , x2 , x 3). Since 
the electric field E(0) at the origin is related to 00) by 

	

E(0) =  —V4(0) 	 (1.7) 

this implies that 

1 
= 0(0) — r • E(0) + -2- 	xix;  --aS; 	(0) + • 

1 	0E;  
= 	— r • E(0) — 	xix; 	(0) + • • • 

The interaction energy is then 

aE • 
W=e(r) =e4(0)—er E(0) -4eE xix; 	+ • • • 

For a molecule consisting of N point charges e„ at locations r„, this becomes 

W = 	en) 440) 	ern)  • E(0) 

E i(0)  
— 	e E (rn)i(rOi afrnxi  + • • • L n 	ij 

1 „ r q0(0) — p E(0) — 	nt °Ei(°)
afroi  ± • • • 

(1.10) 

(1.8) 

(1.9) 
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(a) (b) 

(c) 	 (d ) 

Figure 1 .2 Examples of charge distributions with (a) nonzero charge, (b) nonzero 
dipole moment, (c) nonzero quadrupole moment, and (d) nonzero octupole 
moment. 

The first two terms in W arise from the interaction of the molecular charge with 
the scalar potential 4) and the interaction of the molecular dipole moment with 
the electric field E, respectively. The next terms in W are due to interactions 
between the various electric field gradients DEile(rn)i  and the corresponding 
components [2] 

07)  = len[3(r„)i(rn)i — r„2 6ii ] 	 (1.11) 

of the electric quadrupole moment tensor. (Note that the term — r„2 6i;  in Vil)  
drops out when Eq. 1.11 for the latter is used in Eq. 1.10, because V • E = 0 for 
an external field in free space.) Hence the expansion (1.10) illustrates how the 
various electric multipoles interact with an external field. Examples of charge 
distributions exhibiting nonzero dipole, quadrupole, and octupole moments are 
shown in Fig. 1.2. 

1.2 QUANTUM THEORY OF MOLECULES IN STATIC 
ELECTRIC FIELDS 

We will be concerned almost exclusively with interactions between light and 
isolated molecules. The total Hamiltonian of the system is then given by 

= flo + firad + w 
	

(1.12) 

110  is the Hamiltonian for the isolated molecule, "tad is the Hamiltonian of the 
radiation field, and W is the interaction term describing the coupling of the 
molecular states to the radiation field. We will denote the isolated unperturbed 
molecular states with IT„>; they obey the time-independent and time-dependent 
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Schriklinger equations 

nolTn> = ET) 1 11'.> 

ih —
e 	

> = florlin> Ot 

(1.13) 

(1.14) 

The unperturbed molecular states Ni t, > depend on both position (r) and time (t); 
since they are eigenstates of ilo , they can be factorized into spatial and time-
dependent portions, 

1 111„(r, t)> = e -i.E"t/hil1,,(0> 	 (1.15) 

If, instead of (1.12), the total Hamiltonian for the molecule in the presence of 
light were II = R0  • grad,  the eigenstates of the system would become simple 
products of molecular and radiation field states 1 111„(r, t)>lz rad>, where the 
radiation field states  IXrad>  would depend on photon occupation numbers, 
energies and polarizations. Since no coupling of light with molecular states is 
implied in such a Hamiltonian, no transitions can occur between molecular 
states due to absorption or emission of light in this description. The simplest 
Hamiltonian that can account for spectroscopic transitions is therefore the one 
in Eq. 1.12. 

Formally, the inclusion of the interaction term W requires that the Schrödin-
ger equations (1.13) and (1.14) be solved again after replacing 11 0  • grad  with the 
total Hamiltonian 1.1 for the molecule in the presence of light. A simplification 
arises here because the interaction term W in Eq. 1.12 normally introduces only 
a small perturbation to the isolated molecular Hamiltonian Ro. For example, 
the electric field of bright sunlight is on the order of 5 V/cm. By comparison, an 
electron spaced by a Bohr radius ao  from the nucleus in a H atom experiences an 
electric field of e2/4nc0ali, which is on the order of 5 x 109  V/cm. Hence, W can 
generally be treated as a perturbation to R 	grad. - rad • This approach proves to be 
useful even for describing molecules subject to intense laser beams; in such cases, 
higher order perturbations assume unusual importance in comparison to the 
situation of molecules exposed to classical light sources. 

For molecules subjected to static (time-independent) electromagnetic fields, 
the perturbed energies and eigenstates may be evaluated from stationary-state 
perturbation theory [3].  The full Hamiltonian may be written in terms of a 
perturbation parameter (which may be set to unity at the end of the 
calculation, after serving its usual purpose of keeping track of orders in the 
perturbation expansions for the energies and eigenstates) as 

(1.16) 

(firad has been dropped here because we are interested primarily in how the 
applied field affects the molecular energy levels.) The time-independent eigen- 
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states jt/in >, which we use here instead of 	because we are dealing with the 
static problem, and the eigenvalues En  are expanded as 

Win> = 1 tkT) > 	'> ± A 2 i tfr(n2)> 	 (1.17) 

	

En  = ET )  + AEV )  + )L2  E 2  + • • 
	

(1.18) 

Substituting Eqs. 1.16-1.18 into filifrn > = En it/i n > and using Eqs. 1.13 and 1.14 
yields successive approximations to the perturbed energy 

	

= ET)  + AEL 1)  + )2E 2  + • 	 (1.19) 

where 

ET )  = <OT) 1 11010T ) > 

is the unperturbed energy in state IIPT)> and 

ofr (nol wivno,›  

04°1 wIlle> <Or! wItA°) >  E( 2) = E n 	1n 	EP)  — Er )  

(1.20) 

(1.21) 

(1.22) 

are the leading terms in the energy corrections to  
As an example of using stationary-state perturbation theory to compute the 

perturbed energies of a molecule in a static electromagnetic field, consider an 
uncharged molecule in a uniform (position-independent) static electric field E. In 
this case, the only nonvanishing term in the expansion (1.10) is W = p • E(0). 
Substitution of this expression for the perturbation W in Eqs. 1.21 and 1.22 
yields 

E;i1)  = — E • <On°111 1tkV) > 

E  E <1/4°)I 013) > <OP ) 111 1 1/4°) > • E 
n 	EP)  — Er )  Ea) = 

(1.23) 

(1.24) 

The first- and second-order corrections to the energy are linear and quadratic in 
the electric field E, respectively. It is interesting to compare these results with the 
classical energy of an uncharged molecule with permanent dipole moment P0  in 
a uniform, static E field: according to Eq. 1.10, this would be 

E = E0  — po  - E 
	

(1.25) 

Here E0, the classical energy of the molecule in the absence of the field, can be 
identified with unperturbed energy ET )  in Eq. 1.20. Comparison of the terms 
linear in E in Eqs. 1.23 and 1.25 shows that the permanent dipole moment po  is 
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Table 1.1 	Permanent dipole moments of some 
moleculesa 

Molecule Po 

HC1 1.03 
HBr 0.788 
1120 1.81 
CO 1.2 
CH 3C1 1.9 
NO2  0.399 

°In units of debyes: 1 D=3.33564 x 10 -30C•m. 

the expectation value of the instantaneous dipole moment operator p =1 

Po = <IkT111 1 1/4°) > 
	

(1.26) 

(Values of permanent dipole moments are given for several small molecules in 
Table 1.1.) However, the classical energy 1.25 has no counterparts to the second-
and higher order terms in the perturbation expansion (1. 1 9) for  E. 

This situation arises because the multipole expansion for Wper se (Eq. 1.10) 
has no provision for molecular polarization by the electric field. When an atom 
(or nonpolar molecule of sufficiently high symmetry) is subjected to an electric 
field E, the latter separates the centers of gravity of the species' positive and 
negative charges, creating an induced dipole moment pi" which is parallel to E 
(Fig. 1.3). For sufficiently small E, And  is proportional to E, so that 

Pind = OCE 	 (1.27) 

The proportionality constant a is defined as the atomic (or molecular) polariza- 
bility. The total dipole moment of the polarized molecule in the electric field is 

E= E 0 

  

Figure 1.3 Polarizable atom in the  absence  of an external electric field (left) and in 

the presence of a uniform electric field E (right). 
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then 

P = Po + Pind = PO aE 	 (1.28) 

and the classical energy becomes [4] 

CE  

E = Eo 	p • dE' 
Jo 

= E0  — po  • E — locE E 	 (1.29) 

instead of Eq. 1.25. In molecules lacking special symmetry (e.g., CO2, CH 3 OH) 
the induced moment /fin d does not generally point parallel to the external field E, 
because the electron cloud in such molecules is more easily distorted in certain 
directions than in others (Fig. 1.4). In such cases, the polarizability is a tensor 
rather than a scalar quantity. The induced dipole moment is then given by 

Pind =  Œ E (1.30) 

with 

(Xxx 	Œxy 	C:Xxz 

OE = OCyy  (1.31) 

OC ZX 	aZy 

Pind,x 

ŒZZ 

__

ccxxEx + ocxyEy + citxzEz 
_ 

Pind = 	Pind,y 

[ 

= layxEx ± ayyEy ± ayzEz (1.32) 

Pind,z _ _ zo c xEx  + oc zy Ey  + oczz Ez  _ 

Thus, in general, pind  is not parallel to E (i.e., II 	111 r-ind,y, r ind,x 0 Ey /E„, etc.) unless the 
elements au  of the polarizability tensor satisfy special relationships—as in 
molecules of Tc, or Oh symmetry. 

Another property of the polarizability tensor is that it can always be 
diagonalized by a suitable choice of axes (x'y'z'): 

CC = 
cXxz 	ax'x' 	0 	0 

a 	-4 0 	a , , 	0 yz 	 Y Y 

azz 	 0 	0 	cXz'z' _ 

(1.33) 

This is analogous to the choice of principal axes (x'y'z') in calculating the three 
principal moments of inertia of a rigid rotor (Chapter 5), and it shows that only 
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nd 

\ 

Figure 1.4 Polarization of an anisotropic molecule by an electric field. Since the 

electronic charge distribution is more polarizable along the long axis than along the 

short axis, the induced dipole moment p ind  is not parallel to E. 

three of the components of a polarizability tensor are independent. In molecules 
with sufficiently high symmetry, the principal polarizability axes coincide with 
symmetry axes of the molecule. In CO 2 , one of these principal axes is the C oo 

 molecular axis, while the other two may be any choice of orthogonal C2 axes 
perpendicular to the molecular axis. In a less symmetric molecule like CH 3 OH, 
the directions of the principal polarizability axes must be evaluated numerically. 

When the polarizability is a tensor rather than a scalar, Eq. 1.29 for the 
classical energy becomes 

E = E0  — p o  • E — 	a • E 	 (1.34) 

Comparison of the terms quadratic in E in Eqs. 1.19, 1.22, and 1.34 then reveals 



<IPT ) 11110(°)><OrIPle> a = 2 E .-10) 	E(0) 
1* n 	 I 

(1.35) 
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that the quantum mechanical expression for the molecular polarizability is 

If the spatial part 11/4°) > of the unperturbed molecular wave function is 
accurately known in state n, the permanent dipole moment p o  can be evaluated 
for that state using Eq. 1.26. However, Eq. 1.35 shows that an accurate 
knowledge of all the molecular eigenstates Itpr> with 1 n are normally 
required in addition to 11/4°) > to calculate the molecular polarizability in state n. 
In particular, the xy component of the polarizability tensor (which will be 
nonvanishing only if the coordinate axes (xyz) are not chosen to coincide with 
the principal molecular axes) will be 

<44°) IEeixiliPi °) ><01°) IEeiYile ) >  axy  = 2 L  
i*n 	E" — ET )  

(1.36) 

where the index i is summed over all of the molecular charges. Inspection of Eq. 
1.35 or 1.36 shows that large values of the polarizability tensor components are 
favored by large <(4°)Ir1le>  and by small energy denominators (Er — En. 
For this reason, the alkali atoms, with their voluminous valence orbitals and 
closely spaced energy levels, exhibit the largest atomic polarizabilities in the 
periodic table (Table 1.2), and such atoms have figured prominently in the 
development of nonlinear optics. These expressions for molecular polariza-
bilities become useful in Chapter 10, where Raman transition probabilities are 
discussed. 

Table 1.2 Polarizabilities of several atoms' 

Atom 	 a 

H 	 0.666793 
He 	 0.204956 
Li 	 24.3 

1.10 
0 	 0.802 

0.557 
Ne 	 0.3946 
Na 	 23.6 
Ar 	 1.64 

43.4 
Cs 	 59.6 

"In units of A3 . Data taken from T. M. Miller and B. Bederson, 
Adv. At. Mol. Phys. 13: 1 (1977). 
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The stationary-state perturbation theory used in this section is applicable 
only to nondegenerate states 11/4°) >; degenerate perturbation theory must 
otherwise be used. The polarizability expressions developed here are only good 
for time-independent (static) external fields. The polarizability turns out to 
depend on the frequency co of the applied field, since the electronic motion 
cannot respond instantaneously to changes in E. Finally, since light contains 
time-dependent electromagnetic rather than static electric fields, the results of 
this section are not directly applicable to radiation-molecule interactions. 

1.3 CLASSICAL DESCRIPTION OF MOLECULES IN 
TIME-DEPENDENT FIELDS 

In the classical electromagnetic theory of light, light in vacuum consists of 
transverse electromagnetic waves that obey Maxwell's equations [1,2]  

V E = 0 

V • B = 0 

V x  E= — 
aB 
at 

OE 
V B = pc,80  

(1.37a) 

(1.37b) 

(1.37c) 

(1.37d) 

where E o  = 8.854 x  10- 12  c2/j m  and  u0  .= 1.257 x  106  H/m are the electric 
permeability and magnetic susceptibility of free space.* Examples of electric and 
magnetic fields satisfying Eqs. 1.37 are given by 

E(r, t) = Eoei(k  • r - wt) 
	

(1.38a) 

B(r, t) = Boel(k  • r-  (DO 
	

(1.38b) 

It is easy to show from Maxwell's equations that E0  • k = Bo  • k =  O  (i.e., both 
fields point normal to the direction k of propagation as required in a transverse 
electromagnetic wave), that E0  • B0  = 0, and that Eqs. 1.38 describe linearly 
polarized light with its electric polarization parallel to E0  as shown in Fig. 1.5. 

Since V • B = 0 (as magnetic monopoles do not exist), B can be expressed in 
terms of a vector potential A(r, t) as [1, 2] 

B=VxA 	 (1.39) 

*This book uses the International System of Units (abbreviated SI), an extension of the mks system. 
The units for length, mass, time, and current are meters, kilograms, seconds, and amperes, 
respectively. The equations in this and the following sections differ from the corresponding 
equations written in cgs units in that the factors of the speed of light c (Eoilo)  1/2  = 2.998 x 10 8 

 m/s, which appear in many of the cgs equations, are absent in the SI versions. 
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A 

Figure 1 .5 Orientations of the vectors E0, B o , 
and k for the light wave described by Eqs. 1.38. 

This automatically satisfies V B = 0 in consequence of the vector identity 

	

V (V x A) 0 	 (1.40) 

(The latter identity is apparent because V x A formally yields another vector 
that is normal to both V and A; hence a scalar product between V and (V x A) 
invariably vanishes.) From the third of Maxwell's equations, we have 
V x E = —a13/0t, which implies that 

V xE= —V x 

and so 

	

V x(E+A). 0 	 (1.41) 

In the absence of magnetic fields, B and the vector potential A vanish, and the 
electric field E is related to the scalar potential 0 by E =  —V4). Hence Eq. 1.41 
and the third Maxwell equation are consistent with setting 

because then 

OA 
E=  — V0 — et 

V xE= —V x (V0) — —a 
(V x A) 

et 
— aBlat 

(1.42) 

(1.43) 

in view of the vector identity V x (V0) 0 for arbitrary scalar fields 0. This 
enables us to express the measurable E and B fields in terms of a scalar potential 

t) and a vector potential A(r, t) using Eqs. 1.39 and 1.42. 
The vector and scalar potentials are not directly measurable themselves, since 

their definition has an arbitrariness analogous to the setting of standard states in 
thermodynamic functions [2, 5]. Suppose 0 and A are altered using some scalar 
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function X(r, t) via 

A' = A + VX 

ax 
= at 

(1.44a) 

(1.44b) 

Under this transformation, the magnetic field B=V x A becomes 

B'=V x(A+VX)=V  X  A+V x(VX) 

=B 	 (1.45) 

since V x (VX) O. Similarly E = — V4,  — OA/at becomes 

, a 
E' = — V(4) — A) — —

at
(A + VX) 

OA 
= —V4) + — — Vg at 
=E  (1.46) 

Thus, the physical E and B fields are both unaffected by this so-called gauge 
transformation, and this gives us latitude to select algebraically convenient 
expressions for 4) and A without affecting the measurable electromagnetic fields. 
It may be shown [5] that it is possible to choose the Coulomb gauge in 
which V • A = O. This gauge is often used to describe electromagnetic waves in 
free space, where the scalar potential 4,  = O. The fields are then given by 

OA 
E = — at 
	 (1.47a) 

B=Vx A 
	

(1.47b) 

It now remains to formulate the classical Hamiltonian for a charged particle 
subjected to potentials 4,  and A (or, equivalently, their associated fields E and B). 
Nonrelativistic classical mechanics is based on Newton's law of motion 

F = mr 	 (1.48) 

for a particle of mass m subjected to an external force F. The kinetic energy of 
the particle is 

T = J2L-mv 2 	 (1.49) 
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and (for conservative forces) the force is derivable from a potential V by 

F= —V V  

Since for each Cartesian component i of the particle velocity y 

(1.50) 

and 

aT 
—= mv i  
av i  

(1.51) 

d (OT\ d „ 
dt avi) 	(nivi) = mr= 

av 
ax, (1.52) 

it follows that 

d (aT) aV 
+ = 0 

dt avi 	axi  

If one forms the Lagrangian function [6] 

L T — V 

Eq. 1.53 assumes the form of the Lagrangian equations 

d 	aL 
dt avi ) axi  

(1.53) 

(1.54) 

(1.55) 

provided the external force F is conservative (i.e., the potential function V is 
independent of the particle velocity y). It may be shown that if one chooses any 
convenient set of 3N generalized coordinates q •  for an N-particle system, so that 
for each particle n the Cartesian components of its position are expressible in the 
form 

xn 	Xn(ql, (121 • • • (13N) 

Yn 	Yn(ql, q25 • • • q3N) 

Zn = Zn(ql, q2, • • • q3N) 

(1.56) 

the transformation from Cartesian to generalized coordinates yields the more 
powerful generalized Lagrangian equations 

(1.57) 
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In an N-particle system with r constraints, (3N — r) of the generalized coor-
dinates will be independent, and there will be (3N — r) independent equations of 
the form (1.57). The Lagrangian is treated as a function of the conjugate 
variables q •  and 4i . 

Differentiating the Lagrangian function with respect to vi  in Cartesian 
coordinates gives (for conservative forces) 

01, OT 
= 	mv i  = pi  

ov i 	ov i  
(1.58) 

which is the ith component of linear momentum. In generalized coordinates, the 
same procedure 

(1.59) 

yields the component of generalized momentum conjugate to the generalized 
coordinate q • . Differentiation of L with respect to xi  in Cartesian coordinates 
yields 

av 
	 — — = F. = p• 
ax, 	ax, " 

(1.60) 

which expresses the conservation law that if the Lagrangian is independent of x i , 
the linear momentum component pi  is a constant of the motion. The analogous 
equation 

aL . 4;  —Pi 

can also be shown to hold for generalized momenta. 
The classical Hamiltonian is now defined as [6] 

3N -r 

H = E pi4 i  — L 

(1.61) 

H(pi , qi) 	 (1.62) 

and is handled as a function of the conjugate variables qi , pi . It is readily shown 
that the classical Hamiltonian gives the total energy for a single particle 
experiencing conservative forces in Cartesian coordinates: 

3 	 3 

= E— E Imsq +V=T+V (1.63) 
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A similar result can be obtained for the Hamiltonian (1.62) in generalized 
coordinates. 

The Lorentz force F experienced by a charge e of mass m in the presence of 
electric and magnetic fields E and B is given in SI units by [1, 2, 5] 

d 
F = e[E +  V x B] = (niv) (1.64) 

This nonconservative (v — dependent) force is not derivable from a potential 
energy V in the manner of Eq. 1.50. If a Lagrangian function can nevertheless be 
found that obeys Eq. 1.57, the formulation of the Hamiltonian using Eq. 1.62 
will still be valid. Recasting Eq. 1.64 in terms of the vector and scalar potentials 
(Eqs. 1.39 and 1.42), we obtain 

aA 
F = e [ — V(/) 	+ v x (V x 

at 

This expression for the force can be simplified with the identities 

dA aA +(v• V)A 
dt 	at 

(1.65) 

(1.66) 

x (V x A) V(v • A) — (v • V)A 	 (1.67) 

to give 

F = e[—V(4) v A) — —
dA] d 
dt = (mv)  

(1.68) 

We are now in a position to show that the Lagrangian for this system happens to 
be 

L =-1-mv 2  + e(v • A) —  e 	 (1.69) 

Substitution of (1.69) into the Lagrangian equations (1.57), using the particle 
Cartesian coordinates for the qi , yields 

—
d 

(inv. + eA.) — e  a (v • A — 4)) = 0 
dt 	 axi  

(1.70) 

since the external vector potential A = A(r, t) depends only on position and 
time. This result is in fact just Eq. 1.68 in component form, which confirms that 
the system Lagrangian is correctly given by Eq. 1.69. According to Eq. 1.62, the 
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system Hamiltonian becomes 

3 
H = E pi4i  — L 

= 1 

3   = 
i 1 

CE) . 	2 E 	Xi - MV - e(v A) + e -2- d9 
= 	U5Ci 

= MV2  e(v • A) — imv2  — e(v • A) + eick 

1 
= Imv 2  + e4) = —

2m 
(mv) 2  + eck (1.71) 

The Hamiltonian is conventionally written in terms of the position coordinates 
q •  (x i  if Cartesian) and their conjugate momenta pi . From Eq. 1.58, the latter are 

L 
mpi = 	= ki + eA i  

ex i  
(1.72) 

or p = mv + eA. Substitution of (p — eA) for mv in Eq. 1.71 then produces the 
classical Hamiltonian for a charged particle in an electromagnetic field as a 
function of the conjugate Cartesian variables r and p, 

H= - - (p_ eA) 2 + eq 
 

2m 
(1.73) 

(the r — dependence in H stems from the r — dependence in the scalar and 
vector potentials). Physically, the conjugate momentum p does not equal mv 
because the particle's linear momentum in the electromagnetic field is influenced 
by the vector potential A. This Hamiltonian is straightforwardly modified if, in 
addition to the external fields we have just treated, the particle experiences a 
conservative potential V(r) (e.g., that arising from electrostatic interactions with 
other charges in a molecule). The correct Hamiltonian in this case is given by 
[7,8] 

H = 
27m 

	V 
	

(1.74) 

1.4 TIME-DEPENDENT PERTURBATION THEORY OF 
RADIATION—MATTER INTERACTIONS 

The quantum mechanical Hamiltonian operator corresponding to the classical 
Hamiltonian (1.74) is 

1 hV 
	

2 

V = 
2m i 

— eA) + e(t) +  (1.75) 
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which may be expanded into 

- 	1
=-- —

2m 
[ - h2 V 2  - 7- (V • A) 

2he
(A • V) + e2 A 2 1 

+e4  + V 	 (1.76) 

The parentheses surrounding the quantity V A in Eq. 1.76 indicate that V 
operates only on the vector potential A immediately following it. The choice of 
Coulomb gauge (V • A = 0) for electromagnetic waves propagating in free space 
(0 = 0) reduces the Hamiltonian to 

h2 	 e 2  A 2  he 
=[- —

2m 
V2  + V(r)1 + 1 	- — (A • V)1 1-10  + W (1.77) 

2m im 

where the terms have now been grouped in the form of Eq. 1.16. fi o  represents 
the zero-order Hamiltonian for the particle unperturbed by the external fields, 
and the terms arising from the radiation-matter interaction have been isolated 
in the perturbation W For particles bound in atoms or molecules experiencing 
ordinary electromagnetic waves, the internal electric fields due to V(r) are orders 
of magnitude larger than the external fields, with the consequence that eA « p. 
The quadratic term e2 A2  in W then becomes negligible next to ehA- V, with the 
result that the perturbation is well approximated by the linear term, 

ieh 
W = —

m 
A- V (1.78) 

As a concrete example, the vector potential for a linearly polarized mono-
chromatic electromagnetic plane wave with wave vector k may be written 

A(r, t) = Re(A oei(k •r - wt) 

= Ao  cos(k • r - wt) 	 (1.79) 

where k and the circular frequency co are related to the wavelength A and 
frequency v by 

lki = 27r1 	 (1.80a) 

= 27tv 	 (1.80b) 

Since 0 = 0, the electric field is 

E(r, t) = - —
OA 

= --(DA °  sin(k - wt) 
et 

= -clklA0  sin(k r - wt) 	 (1.81) 
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so that the electric field points antiparallel to A. The magnetic field associated 
with the light wave is 

B(r, t) =V x A= —k x Ao  sin(k r — cot) 	 (1.82) 

Another way of writing Eq. 1.82 is 

B(r, t) = 

tjiI  
a a a 
ex ay az 

A z  A y  A z  

(1.83) 

  

Comparison of Eqs. 1.81 and 1.82 shows that E and B are mutually orthogonal, 
and the latter equation requires that B is orthogonal to the wave's propagation 
vector k. Hence the vector potential in Eq. 1.79 describes a linearly polarized 
transverse electromagnetic wave. The wave propagates at the speed of light c, 
because E and B are both functions of (k • r — cot) r — 01) =- 11(1 

r — ct) according to Eqs. 1.80. 
Since the vector potential A in Eq. 1.79 depends explicitly on time, the 

perturbation W = (ieh/m)A- V is time-dependent as well. A perturbation theory 
based on the time-dependent Schriklinger equation (1.14) must therefore be used 
to describe the radiation—matter coupling. The Hamiltonian is assumed to have 
the form of Eq. 1.77, except that the perturbation W(t) is now explicitly 
acknowledged to depend on time. The molecule has zero-order eigenstates 
Iti/ („Nr, t)> obeying Eqs. 1.13 through 1.15. It is assumed initially (at t = -- cc) 
that the molecule is in state 1k> le>. We then turn on the perturbation W(t), 
which can cause the molecule to undergo a transition to some other state 

1t,/4 ) > because of its interaction with the radiation field. We wish to 
calculate the probability that the molecule ends up in state im> by some later 
time t. 

In general, the state of the interacting molecule—radiation system 1 111(r, t)> will 
not coincide with one of the zero-order states 1'1/Jr, 0>iXrad>,  because the 
Schrödinger equation is modified by the presence of the coupling term W(t). (In 
what follows, we will drop ixrad > from our discussion, since including it could 
only tell us how many photons of each type (energy, polarization, etc.) will be 
absorbed or emitted in a given transition, and we have other ways of obtaining 
this information. By focusing on the molecular states Itli nfr, , we gain the far 
more interesting information about what happens in the molecule.) If we have a 
complete orthonormal set of zeroth-order (i.e., isolated-molecule) eigenstates 
r11„(r, t)>  of fio , the mixed state itli(r, t)> can always be expressed as 

itP(r, 	= E cn(t)IT,,(r, t)> 	E c(t) exp( — iE;,°) t/h) In> 	(1.84) 
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by a suitable choice of coefficients c„(t). The  c(t) are assumed to be normalized 
and to obey the initial conditions 

ck( — co) = 1} 
co ---- b nk 

cn * k( — co ) = 	
cn( — ) 

 0 
(1.85) 

lc,(t)1 2  = 1 	 (1.86) 

Equation 1.85 states that 1 111(r, 	oo)> = exp(— ia°) t/h)1k>; i.e., the molecule is 
initially in state 1k> with energy Ek  Er. The expansion (1.84) can be 
substituted into the time-dependent  Schrödinger  equation to give 

/h 
[fi + W(t)] E cn(t)e —iE"t/hin > = ih —a  E cn(t) e —iktin>  a t n  

(1.87) 

Using the fact that R oln> = kin> and multiplying on the left by the bra <ml, we 
have 

E„t/hin> 	E  acn e _ ohln>  <ml E cn(t)W(t)e -i  
' n  at 

ih E 	exh <min>  
at 

= ihe-iEm tlh aCm  at (1.88) 

The latter follows since <On> = 6„,„ in an orthonormal set, so that only the term 
with n --= m survives in the -summation. Hence, the time-dependent coefficients 
obey the coupled equations 

dcm 
= 

dt 	ih 
—
1 

E C„(t)e t/h <MI W(t)In> 
n  

(1.89) 

This expression is exact. We can now introduce the spirit of the perturbation 
theory by assuming that the transition probability from the initial state lk> to 
some other state 1m> is small. This would imply that  c(t) 6kn  at all times t, not 
just at t — co. Hence, as a zeroth approximation, we take [9] 

	

c(t) = 1 
	

(1.90) 

	

c(„°) k(t)  =0 
	

(1.91) 

and, using wn„, to denote (En  — E m)lh and substituting Eq. 1.90 into the right side 



e -iwk. t2<nl W(t2)I k>dt2 
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of Eq. 1.89, we can get an expression for the next order of approximation to c,n(t): 

dew 1 
m 	= — E bnk e iœnint <ml W(t)In> 

dt 	ih „ 

1 
—
ih

e -iwk m t <mIW(t)lk> (1.92) 

From this, considering the initial condition that  Cm(t) c (,n()) (t) as t 	— co (and 
hence that  c(t) -+ 0 for m k in this limit), we can integrate Eq. 1.92 to obtain 

1 ist (1) cm  (t) = —
ih 	

wk- t '<miW(t i )lk>dt i  (1.93) 

For a second approximation to c,n(t), we can place a(t) into the right side of Eq. 
1.89 to obtain 

dc!! 
dt 

) 
= I E c(i)o)e - im—`<miW(t)In> 

ih „ 

1 
= 	 E 

 (1h)2 	
e -ja4mt<m1W(t)In> 	e -i"-"<ni14701)1k>dt i 	(1.94) n 	

— co 

Integrating this with the proper initial condition leads to 

1 	rt 
c(t) = 	

• 2 E 	e - i--"<miw(toin>citi ( h) 	n  
j'ti 

x 	e 	W(t2)1k>dt2 - 
Iteration of this process will show that [9] 

Cm(t) = c(t) + C(t) + C(t) + • • • 

jkm  ± —1  f t  e- lahmt 1<m1W(t i )lk>dt, 
ih _ Qo  

+ (ih)2 E 
n

t 

eti <M 1 W(t 1)I n>dt 1  
1 	f 

— 

1 

▪ 

 ( •h) 3  nn' 
e iwn't2 <n1Win'>dt2  

-co 

f t2 
x 	e - i"-43<til WI k>dt3  

(1.95) 

(1.96) 
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In the absence of any perturbation W(t), c m(t) is given by c(„?)  = bk„„ and no 
transitions can occur from the initial state 1k>. The next term c2 1(t) corresponds 
to one-photon processes (absorption and emission of single photons), and covers 
most of classical spectroscopy. The two-photon processes (two-photon ab-
sorption and Raman spectroscopy) are contained in the second-order term 
c(„P(t), the three-photon processes (e.g., second-harmonic generation and three-
photon absorption) correspond to c2 )(t), and so on. We will concentrate on the 
consequences of the first-order (one-photon) term e(t) in the next few chapters. 
Higher order terms like  c(t) and 4,3)(t) require intense electromagnetic fields 
(i.e., lasers) to gain importance, and indeed the practicality of Raman spec-
troscopy bloomed dramatically with the advent of lasers. 

Under the normalization and initial conditions (1.85) and (1.86), the .proba-
bility that the molecule has reached state 1m> at time t is equal to  km(t)l2.  In first 
order, cm(t) is given by 

1 
c2-)(t) = —

ih  j 	e-t1<m1W(ti)lk>dt, (1.97) 

and so we must have <m[W(t)ik> 0 0 for an allowed k m one-photon 
transition. The transition is otherwise said to be forbidden. To calculate 
molecular transition probabilities more concretely and to derive general 
selection rules for allowed transitions, we need only to substitute specific 
expressions for W(t). 

1.5 SELECTION RULES FOR ONE-PHOTON TRANSITIONS 

Heuristic selection rules for one-photon transitions may be obtained by using 
Eq. 1.9 or 1.10 for the perturbation  Win the expression for c;»(t), Eq. 1.97. This 
procedure yields the matrix element 

OniwIk> = <mleOlk> — <Op • Elk> 

OE;  
— <ml — e E xix, 	 ik> + • • • 

ii 2 

1 	OE;  
= 0 — E 	— E e 	<mix ixiik> + • • • 

2 
(1.98) 

which controls the probability of transitions from state k to state m. The first 
term vanishes (<mlk> = 0) due to orthogonality between eigenstates of no 

 having different energy eigenvalues. The second term results from interaction of 
the instantaneous molecular dipole moment with the external electric field E, 
and leads to electric dipole (El) transitions from state k to state m. The third term 
arises from interaction of the instantaneous molecular quadrupole moment 
tensor with the electric field gradients aEi/axi ; it is responsible for electric 
quadrupole (E2) transitions from state k to state m. Our qualification that it is the 
instantaneous (rather than permanent) moments that are critical here is 
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/I x 

z 
Y 

Figure1.6 Orientations of the E and B fields associated with the linearly polarized 
light wave described by Eqs. 1.99. The E field, directed along the x axis, interacts 
with the x component of the molecule's instantaneous electric dipole moment; the B 
field, directed along the y axis, interacts with the y component of the molecule's 
instantaneous magnetic dipole moment. 

important, since, for example, El transitions can occur in atoms (e.g., in Na and 
Hg lamps) even though no atom has any nonvanishing permanent dipole 
moment po . The foregoing discussion can be summarized in the following 
selection rules: 

For allowed El transitions, Onlpik> 0 0 
For allowed E2 transitions, <mix ixi lk> 0 0 for some (i, f) 

While this discussion based on electrostatics ignores the time dependence in 
W(t) and omits the effects of magnetic fields associated with the light wave, it 
does anticipate some of our final results in this section regarding electric dipole 
and electric quadrupole contributions to the matrix elements <nil W(t)lk>. It 
yields no insight into magnetic multipole transitions or into the nature of the 
time-ordered integrals in the Dyson series expansion of Eq. 1.96. 

Next we calculate the matrix elements using the correct time-dependent 
perturbation W = (iehlm)(A • V), Eq. 1.78. We assume for clarity that the vector 
potential is that for a linearly polarized plane wave (Eq. 1.79) with Ao  = Aorand 
k =114 This vector potential points along the x axis and propagates along the 
z axis (Fig. 1.6); results for the more general case are given at the end of this 
discussion. Following Eqs. 1.81 and 1.82, the electric and magnetic fields 
corresponding to this vector potential are 

E(r, t) = -41A0rsin(kz - cot) 	 (1.99a) 

B(r, = -fiklAo  sin(kz - cot) 	 (1.99b) 

so that the E and B fields point along the negative x and y axes, respectively. The 
matrix element Ortl W(Olk> becomes 

ihe 
<mlW(t)ik> = 	iniAoe i(k•r-cat), vik> 

the  
Aoe - '• <mleik  Vik> 

ihe 
Aoe' • <ml (1 + ik-r + 

(ik • r)2 
= — 

	
2 	+ • • •) V1 1.0 (1.100) 
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The quantity k • r is equivalent to jkl Ill cos 0 = 2nIricos 0/A, where 0 is the angle 
formed between the vectors k and r. The matrix elements <ml W(t)lk> limit I ri  to 
the molecular dimensions over which the wave functions 1k> and <ml are 
appreciable, i.e., In  10 A in typical cases. The shortest wavelengths A used in 
molecular spectroscopy are on the order of 10 3  A for vacuum-ultraviolet light, 
and are of course much longer for visible, IR, and microwave spectroscopy. 
Hence k-r is typically much less than 1, and the series expansion of exp(ik r) 
converges rapidly. In the special geometry we have assumed for our vector 
potential, 

ihe 
<m1W(01k> = 	A o e -k" <mli — lk> ex 

ihe. 	a 
+ 	A oe - "<mkikz) — 1k> 

ax 

the 	. 	(ikz) 2  a 
+ —

m 
Aoe' t<rn1   1k> + • • 2 ax 

(1.101) 

The first term in <ml W(t)lic> requires the matrix element <mla/axik>. This can be 
obtained by evaluating the commutator 

Eflo,  1 r  
= [P2/27/1 TAX), x] yri  LP

2 
 > x] 

1 	 1 	„ 	kx  _ 	 r n_2 
— 

2m 
LPx, x] — 2m 

[ 	+ 	[pr ,  x] 	 Px, x]kx  

ih 
— — P x  Hox — xi-10  

rn 
(1.10 

where we have used the commutator identity [AB, C] = A[B, C] + [A, C]B 
[3]. Then 

and so 

a 	 ( iiI i 1, ,__ _ m 	, . 3 	 ? 7 i 	.... 

	

h2 	m  px  — — 42  (H ox — xi? 0) ax h x   

a 
<ml 	1k> = — 111' < mitiox — xfi o lk> ax 	h2 

= — —h2 <MIE"'X XEklk> 

= — p- (En, — Ek)<mlx1k> 

(1.103) 

MWmk  <m1 x1.1s>, 
h 

(1.04) 
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The second term in < 1W(t)1k> requires 

0 	 0 	a 	a 	a 
oniz—ax 1k> 	 x 1k> +1<miz —ax  + x -s  1k> 

ha 
 = 2h <ml 	
ha 	a 	a 

z 	- x - — lk> + 1<mlz — + x — 1k> —

ax 	 iaz 

 
ax 	az 

i 	 a 
 = —2h OnlLy 	
0 

ik> + (ml  — + x — 1k> 
ax 	az 

(1.105) 

since the y component of the orbital (not spin or total) angular momentum is 
Ly  = zi)x  - xfrz . The last matrix element on the right side above can be obtained 
using the commutator 

[fio, xz] 
1 = 	[ 132 

2m 
xz] 

Then 

+ xz] 
- 2m 

- 213 	x]z + -
2m 

2/5
z
xu z , z] 

2m 

- — —

ih 
 (pz  + xpz) 

h27 	a z  a + x az ) 
— m  ax 

(1.106) 

0 
<rniz ax > 	<m lfioxz - xzfio l k> 

= — (Ek  - En)<mlxzlk> 
h2  

""km  
h Onlxzlk> (1.107) 

Collecting these results for the first and second terms in <m1W(t)1k>, we 
summarize that 

<in1W(Olk> = +iecok ,„A oe'<mlxik> 

ike 	 keco km  A oe't(m1Cy lk> + 	A oe'<mixzik> 
2m 	 2 

ihk 2  
	 eA oe -i  f< wrnIz 2 	1k> ± — 	• • 
2m 	 ax 

(1.108) 
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For a single particle, the electric dipole operator is p = er; the first term on 
the right side of Eq. 1.108 is therefore 

iwk.Aoe i'<mipx ik> 

and it represents the electric dipole (El) contribution to the total transition 
probability. Only the x component of p appears here, because in our example 
the E field of the light wave has only an x component (Fig. 1.6), and the electric 
dipole interaction behaves as p • E. The second term in Eq. 1.108 can be recast in 
terms of the magnetic dipole moment operator in SI units 

pm  = eL/2rn 	 (1.109) 

(the orbital angular moment L of a moving charged particle physically gives rise 
to a proportional magnetic dipole moment p m  in the same direction as L for 
e > 0), and so it becomes 

—ikA0e -i"<m1(u.)y ik> 

This corresponds to the magnetic dipole (M1) contribution. The energy of a 
magnetic dipole moment p. in a uniform magnetic field B is • B, and the 
magnetic field of our current problem is directed along the y axis (Fig. 1.6)— 
which is why only the y component of pm  appears in this term. The third term in 
Eq. 1.108 embodies the electric quadrupole (E2) xz component, which is the only 
contributing electric quadrupole tensor component since E in our example has 
only an x component that spatially depends only on z (all of the other aEilaxi  
are zero). The succeeding terms not shown in Eq. 1.108 describe higher order 
(electric octupole, magnetic quadrupole, etc.) transitions; their importance 
decreases rapidly with increasing order because of the increasingly high powers 
in (kz). Since the E2 and M1 transition amplitudes contain a factor of kz that is 
absent in the El term of <ml W(t)110, they are inherently much weaker 
transitions than electric dipole transitions. The vast majority of one-photon 
spectroscopic transitions that are exploited in practice are El transitions. 

We now give without proof the matrix element of W(t) for the more general 
case of an incident plane wave A(r, t) = Ao  exp(ik - r — cot) in which k and Ao  
point in arbitrary directions (A0  must be normal to k to give a physically real 
light wave in vacuum, however): 

(m1W(t)110 = 
 the 	

mwkm  <mj(Ito  • r)lk>et 	
h 

1 
 — — <miLl ik> + 

imcok. 
<ml(k • OA°  '101k> + • • .1 2h 	 h 

e - "C (1.110) 
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in which L1  denotes the component of orbital angular momentum about an axis 
normal to both Ao  and k. These terms in order correspond to the El, Ml, and 
E2 k m transition amplitudes. 

From Eq. 1.96, the k m one-photon transition probability becomes 

e -iwkrnt1 <m1W(t1)lk>dt11 2  

 

2 

40)km +0)t  idt i  

 

  

meaning that the transition probability is proportional to the absolute value 
squared of the weighted sum of matrix elements in Eq. 1.110. To see the 
significance of the time integral, we may take the limit as t --+ + oo (the 
continuous-wave limit) to get 

4n 
2 10 2  

Ic2 )(01 2  = 	h2 	[6(wk. + co)] 2  

since the integral representation of the Dirac delta function is 

1  6(x)  = Y 
e't dt 	 (1.113) 

Hence, the k m transition in this limit cannot occur unless 
= cob?, = + o)„,k  = (E. — E,3/h. The frequency in the external radiation field 

must exactly match the energy level difference between the initial and final 
states, in accordance with the Ritz combination principle. Thus, the time 
integral leads to an "energy-conserving" delta function. This energy-matching 
condition should not be taken too seriously at this point, because in fact the 
energies E. and Ek themselves are not sharply defined in general owing to 
lifetime broadening [10] (sometimes referred to as the "time-energy uncertainty 
principle"). Rather, the time integral in Eq. 1.111 expresses the co-dependence of 
the transition probability in the idealized case when the energies of the two levels 
are infinitely sharp. It is interesting to note that if the upper integration limit t is 
set to some finite number rather than + oo, the function 6(cok,„ + co) will be 
replaced by some function g(co) with a finite, rather than zero, width. This 
corresponds to the fact that a light wave with less than infinite length has some 
uncertainty in its frequency co, so that its center (or most probable) frequency 
can be detuned from (E. — E k )/h and still have some finite probability of 
effecting the molecular transition. 

The selection rules we have derived in this section form the basis for all of the 
one-photon spectroscopies treated in Chapters 2 through 7 of this book. They 
may be succinctly summarized as follows for general one-photon transitions 
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from state k to state m: 

Electric dipole (El): 

Magnetic dipole (M1): 

Electric quadrupole (E2): 

<mlillk> 0 0 

<nalk> 0 0 

Onlxixilk> 0 0 

for some (i, j) 

Obtaining the selection rules for two-photon and higher order multiphoton 
processes requires analysis of the expansion coefficients 4,2)(t), c(t), . in Eq. 
1.96. This is done explicitly for two-photon processes in Chapter 10, where two-
photon absorption and  Raman spectroscopy are discussed. This formalism 
becomes increasingly unwieldy when applied to three- and four-photon pro-
cesses, and diagrammatic techniques then become useful for organizing the 
calculation of the pertinent transition probabilities (Chapter 11). 
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PROBLEMS 

1. For the electric and magnetic fields given in Eqs. 1.38, show that Maxwell's 
equations in vacuum (Eqs. 1.37) require that E0  Bo  = E0  • k = Bo  • k = 0. 

2. A vector potential is given by A(r, t) = Ao(f + fc')cos(k r — cot), in which the 
wave vector k = 41. Compute E(r, t) and B(r, t) in the Coulomb gauge, and 
show that these fields obey Maxwell's equations in vacuum. 
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3. The evaluation of ground-state atomic or molecular polarizabilities using 
Eq. 1.35 requires accurate knowledge of all of the molecular eigenstates in 
principle. This proves to be unnecessary in the hydrogen atom (A. Dalgarno and 
J. T. Lewis, Proc. R. Soc. London, Ser. A 233: 70 (1955); E. Merzbacher, Quantum 
Mechanics, Wiley, New York, 1961), where the second-order perturbation sum 
(1.35) can be evaluated exactly. In this problem, we evaluate azz  for the  is ground 
state 10> 

<01z1/><11z10>  
azz  2e2  E 

4i E 1  — E0 

in which Ii> denotes an excited state in hydrogen and the summation is 
evaluated over all such states. 

(a) Verify by substitution that the function 

pao  (r 
F 

h2  2 
+ ao) z 

satisfies the commutation relation 

z10> = (FIL — ILF)10> 

Here tt and ao  are the hydrogen atom reduced mass and Bohr radius, and 
IL is the hydrogen atom Hamiltonian. 

(b) Show that this result leads to 

	

pta0e2 	(r 
= h2 (01 — + a o)  z2  10> 

2 

so that no information about excited states  Il>  with 1 0 is required to 
compute the polarizability in the hydrogen atom. 

(c) Compute a 	A 3 . Compare this value with the polarizabilities of He 
(0.205 A') and Li (24.3 A 2) and discuss the differences. 

4. An electromagnetic wave with vector potential 

A(r, t) A o(f+ cos(kx — cot) 

is incident on a  is hydrogen atom. 

(a) Calculate the E and B fields, assuming 0(r) = 0. 

(b) Write down all of the nonvanishing terms in the matrix elements <1s1WI2s>, 
<1,51W12px  >, <1s1W12py >, and <1s1W13d„z > for this vector potential up to 
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first order in (k • r) in Eq. 1.100. [In terms of the hydrogen atom stationary 
states Itlf,, i ,n(r)>, Ils> is 14/ 100(r)>, 12s> is 10 200(r)>, 12px > is the linear 
combination 2 -1 / 2( — 10211> + 1021, - 1 ›), etc. Use elementary symmetry 
arguments to determine which of the matrix elements will vanish.] 

(c) For this particular vector potential, which of the transitions  is  ---* 2s, 
is  -+ 2px ,  is  -+ 2py , and  is  3d  El-allowed by symmetry? E2- 
allowed? Ml-allowed? 

5. Combine Maxwell's equations in vacuum with Eqs. 1.39 and 1.42 to 
generate the homogeneous wave equation for the vector potential in the 
Coulomb gauge, 

32 

	

(v2  — poeo 	A(r, t) = 0 

Show that the most general solution to this wave equation is 

A(r, t) =f(k - r — wt) 

where f is any function of the argument (k • r — cot) having first and second 
derivatives with respect to r and t. What physical significance does this function 
have in general? 

After expanding the exponential in the matrix element <mlexp(ikz)(0/0x)Ik> 
in Eq. 1.101, we demonstrated that the first-order term <ml(ikz)(0/0x)1k> breaks 
down into a sum of contributions proportional to (miLy lk> and <mlxz1k>. These 
account for the M1 and E2 transition probabilities, respectively. Reduce the 
second-order term <ml(ikz) 2(0/0x)1k> into a similar pair of physically interpre-
table matrix elements, using the identity 

	

Z 2  a 1  [2Z( " 	2  a 	a 
ôx 	

Z -ac  — x -6 	Z 	2xz
az  

Determine which types of multipole transitions are embodied in this second-
order term. What kinds of electric and magnetic field gradients are generally 
required to effect these types of transitions? By what factor do these transition 
probabilities differ from those of M1 and E2 transitions? 

7. The time-dependent perturbation theory developed in Section 1.4 is useful 
for small perturbations, and is widely applied in spectroscopy. The contrasting 
situation in which the perturbation is not small compared to the energy 
separations between unperturbed levels is often more difficult to treat. A 
simplification occurs when the Hamiltonian changes suddenly at t = 0 from Ri 
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to  Hf ,  where fi i  and Hf  are time-independent Hamiltonians satisfying 

HiIs; i> = Es  Is; i> 

H f ik; f > = Ef ik; f > 

It can be shown that in the sudden approximation (which is applicable when the 
time T during which the Hamiltonian changes satisfies T(E k  — Es) « h), a system 
initially in state s of iii  will evolve into state k of fif  after t = 0 with probability 

Ps—qc = Ks;  ilk;  f>12  

A  is  tritium atom undergoes 18 keV )6 decay to form He. With what 
probabilities is He + formed in the  is,  2s, and 3d states? 





ATOMIC SPECTROSCOPY 

Atomic spectra accompany electronic transitions in neutral atoms and in atomic 
ions. One-photon transitions involving outer-shell (valence) electrons in neutral 
atoms yield spectral lines in the vacuum ultraviolet to the far infrared regions of 
the electromagnetic spectrum (Fig. 2.1), corresponding to wavelengths between 
several hundred angstroms and several meters. Transitions involving the more 
tightly bound inner-shell electrons give rise to spectra in the X-ray region at 
wavelengths below — 100 A; we will not be concerned with X-ray spectra in this 
chapter. 

Atomic emission spectra are commonly obtained by generating atoms in their 
electronic excited states in a vapor and analyzing the resulting emission with a 
spectrometer. Electric discharges produce excited atoms by allowing ground-
state atoms to collide with electrons or ions that have been accelerated in an 
electric field. Such collisions convert part of the ion's translational kinetic energy 
into electronic excitation in the atom. Low-pressure mercury (Hg) calibration 
lamps operate by this mechanism. Atomic excited states may also be produced 
by excitation with lasers (Chapter 9), which are intense, highly monochromatic 
light sources. This monochromaticity permits selective laser excitation of single 
atomic states, a feature that is not possible in ordinary electric discharges. A less 
common method of generating excited atoms is by chemical reactions, and the 
resulting emission is called chemiluminescence. An important example is the 
bimolecular reaction between sodium dimers and chlorine atoms, 
Na2  + Cl —> Na* + NaC1, which creates electronically excited sodium atoms 
Na* in a large number of different excited states. The photodissociation process 
CH3I + hv -4 CH 3  + I* initiated by ultraviolet light is an efficient method of 
producing iodine atoms I* in their lowest excited electronic state, which cannot 
be reached by El one-photon transitions from ground-state I. 

33 
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Figure 2.1 The electromagnetic spectrum. IR and UV are acronyms for infrared 
and ultraviolet, respectively; the abbreviations kHz, MHz, GHz, and THz stand for 
kilohertz, megahertz, gigahertz, and terahertz. 

Light emitted at different wavelengths is spatially dispersed in grating 
spectrometers, and emission spectra may be recorded on photographic film. 
Alternatively, the grating instrument may be operated as a scanning mono-
chromator that transmits a single wavelength (more precisely, a narrow 
bandwidth of wavelengths) at a time. Emission spectra may then be recorded 
using a sensitive photomultiplier tube to detect the emission transmitted by the 
monochromator while the latter is scanned through a range of wavelengths. 

Atomic absorption spectra may be obtained by passing light from a source 
that emits a continuous spectrum (e.g., a tungsten filament lamp, whose output 
spectrum approximates that of a blackbody emitting at the filament temper-
ature) through a cell containing the atomic vapor. The transmitted continuum is 
then dispersed in a grating spectrometer, and may be recorded either photo-
graphically or electronically using a vidicon (television camera tube) or linear 
photodiode array. Characteristic absorption wavelengths are associated with 
optical density minima in developed photographic negatives, or with trans-
mitted light intensity minima detected on a vidicon or photodiode array grid. 
Emission spectroscopy is preferable to absorption spectroscopy for detection of 
atoms in trace amounts, since emitted photons are readily monitored photo-
electrically with useful signal-to-noise ratios at atom concentrations at which 
absorption lines would be barely detectable in samples of reasonable size. 

Representative emission spectra are shown schematically in Fig. 2.2 for 
hydrogen, potassium, and mercury on a common wavelength scale from the 
near infrared to the ultraviolet. Under the coarse wavelength resolution of this 
figure, the emitted light intensities are concentrated at single, well-defined 
emission lines. In H, the displayed emission consists of four convergent series of 
lines, the so-called Ritz-Paschen and Pfund series in the near infrared, the 
Lyman series in the vacuum ultraviolet, and the Balmer series in the visible. 
Johann Balmer, a schoolteacher in Basel in the late nineteenth century, 
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Figure 2.2 Schematic emission spectra of H, K, and Hg atoms. These are plotted 
versus the line frequencies ij 1b2  in units of cm where the  2 are the emission 

wavelengths in vacuum. Only the strongest emission lines are included, and relative 
line intensities are not shown. Line headers for H and K denote series of lines 
resulting from transitions terminating at a common lower level. Line headers are 

omitted for the Pfund series in H (which appears at extreme left) and for the sharp 

series in K, which closely overlaps the diffuse series. 

discovered that the wavelengths in angstroms of lines in the latter series closely 
obey the remarkably simple formula 

/1. = 3645.6 
(m2  —2)  

with m = 3, 4, 5, .... In the limit of large m, this expression converges to a series 
limit at A  =  3645.6 A. (This limit is not directly observable in spectra like that in 
Fig. 2.2, because the line intensities become weak for large m.) The wavelengths 
of lines in the Ritz-Paschen series are similarly well approximated by 
A  =  8202.6 m2/(m 2  — 3 2) with m = 4, 5, 6, .... Hydrogenlike ions with atomic 
number Z 1  (He,  Li', etc.) exhibit analogous series in which the emission 
wavelengths are scaled by the factor 1/Z2  relative to those in H. The 
compactness of the analytic expressions (cf. Eq. 2.1) for spectral line positions in 
hydrogenlike atoms is, of course, a consequence of their simple electronic 
structure. 

m 2 

(2.1) 



36 ATOMIC SPECTROSCOPY 

Though potassium (like hydrogen) has only one valence electron, its 
spectrum appears more complicated. It can be analyzed into several overlapping 
convergent series (historically named the principal, sharp, diffuse, and funda-
mental series) as shown by the line headers in Fig. 2.2. Potassium exhibits a 
larger number of visible spectral lines than hydrogen, and their wavelengths are 
not accurately given by analytic formulas as simple as Eq. 2.1. These differences 
are caused by interactions between the valence electron and the tightly bound 
core electrons in the alkali atom—interactions that are absent in hydrogen. No 
discrete absorption lines occur at energies higher than about 35,000 cm -1 , the 
ionization potential of potassium. 

The mercury spectrum is even less regular. The electron configuration in Hg 
consists of two valence electrons outside of a closed-shell core ... 
(5s) 2(5p) 6of) 14(5d , 10 .  ) The Hi spectrum features that are not anticipated in H or 
K arise from electron spin multiplicity (i.e., the formation of triplet as well as 
singlet excited states in atoms with even numbers of valence electrons) and from 
spin-orbit coupling, which assumes importance in heavy atoms like Hg 
(Z = 80). The mercury spectrum in Fig. 2.2 has been widely used as a spectral 
calibration standard. 

In this chapter, we review electronic structure in hydrogenlike atoms and 
develop the pertinent selection rules for spectroscopic transitions. The theory of 
spin-orbit coupling is introduced, and the electronic structure and spectroscopy 
of many-electron atoms is greated. These discussions enable us to explain details 
of the spectra in Fig. 2.2. Finally, we deal with atomic perturbations in static 
external magnetic fields, which lead to the normal and anomalous Zeeman 
effects. The latter furnishes a useful tool for the assignment of atomic spectral 
lines. 

2.1 HYDROGENLIKE SPECTRA 

The unperturbed Hamiltonian for an electron in a hydrogenlike atom with 
nuclear charge +Ze is 

h 2 	Ze 2  
Ro = 	V2 	 

2,u 	4ireor 
(2.2) 

The atomic reduced mass p is related to the nuclear mass m N  and electron mass 
me  by p = memNI(m e  + mN), V 2  operates on the electronic coordinates, and r is the 
electron-nuclear separation. The eigenfunctions 0, OD and eigenvalues 
En  of this Hamiltonian exhibit the properties 

/loll nim(r, 19, 	= Enitknar, 19 , OD 	 (2.3) 

n = 1, 2, ... 

1 = 0, 1, 	, (n - 1) 

m=0, +1,..., +1 
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Itknim(r, 0, 01> 	Rn1(r)Y1.( 0, 

plZ2(e 2/47re 0) 2  

The eigenfunctions factor into a radial part  R 1(r) and the well-known spherical 
harmonics YI„,(0, 0); n, 1, and m are the principal, azimuthal, and magnetic 
quantum numbers, respectively. The energy eigenvalues E„ depend only on the 
principal quantum number n. Since the total number of independent spherical 
harmonics Yin,(0, 4)) for 1 (n — 1) is equal to n 2  for a given n, each energy 
eigenvalue En  is n2-fold degenerate. While n controls the hydrogenlike orbital 
energy as well as size, the quantum numbers 1 and m govern the orbital 
anisotropy (shape) and angular momentum. Since the orbital angular mo-
mentum operators L2  and L z  commute with the Hamiltonian 110, the 
eigenfunctions 'Cum > of IL are also eigenfunctions of L2  and L z , 

L2  } m(0, 	= 	+  1)h 2  Y1,0, (k) 	 (2.6) 

Cz Yi,n(0, 4)) = mhYbn(0, 4)) 	 (2.7) 

(The radial part  R 1 (r) of 1 tfr nini > cancels out in Eqs. 2.6 and 2.7, because L2  and Lz  
operate only on  O and 0.) This implies that the orbital angular momentum 
quantities £2  and Lz  are constants of the motion in stationary state Itkni.> with 
values 1(1 + 1)h 2  and mh, respectively. A common notation for one-electron 
orbitals combines the principal quantum number n with the letter s, p, d, or f for 
orbitals with 1 = 0, 1, 2, and 3, respectively. (This notation is a vestige of the 
nomenclature sharp, principal, diffuse, and fundamental for the emission series 
observed in alkali atoms, as shown for K in Fig. 2.2.) An orbital with n = 2, 1 = 0 
is called a 2s orbital, one with n = 4, 1 = 3 a 4f orbital, and so on. Numerical 
subscripts are occasionally added to indicate the pertinent m value: the 2p0  
orbital exhibits n = 2, 1 = 1, and m = O. Chemists frequently work with real 
(rather than complex) orbitals which transform as Cartesian vector (or tensor) 
components. A normalized 2px  orbital is the linear combination 
( —12p 1 > + 12p _ 1 >)/li ( —1211> + 121, — 1>)/.1i, because the spherical har-
monics Y11  and 171 , _ I  are given in Cartesian coordinates by 

= 
2n 2 h 2  

(2.4) 

(2.5) 

Y1 , 1=  

—1 = 

3 x + iy 
87r 	r 

3 x — iy 
87r 	r 

(2.8) 

with r = (x2 ± y2 4_ z2\ 1/2 .  ) Contours of some of the lower-energy hydrogenlike 
orbitals are shown in Fig. 2.3. 

In accordance with the selection rules developed in Chapter 1, one must have 



3s 3p z  

  

2pz 2s 

is  
38 
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3d e 	 3d x, 

Figure 2.3 Contour plots of several low-lying H atom orbitals. Curves are surfaces 
on which the wavefunction exhibits constant values; solid and dashed curves 

correspond to positive and negative values, respectively. The outermost contour in all 

cases defines a surface containing —90% of the electron probability density. The 
incremental change in wavefunction value between adjacent contours is 0.04, 0.008, 
0.015, 0.003, 0.005, and 0.003 bohr -312  respectively for the 1s, 2s, 2p, 3p, and 

3d orbitals. Boxes exhibit side lengths of 20 bohrs (1s, 2s, 2p) and 40 bohrs (3s, 3p, 
3d), so that orbital sizes can be compared. Straight dashed lines in 3p, and 3d,2 plots 
show locations of nodes. 

for allowed one-photon transitions from state lik„im > to state lt,G„ T„,) 

	

<0.1.1oll1'„T. , > o 0, 	El transitions 

<0.1.11,10.T. , > 	o, 	M1 transitions 	 (2.9) 

	

o 0, 	E2 transitions 

To consider the specific selection rules on electric dipole (El) transitions in 
one-electron atoms, we evaluate the matrix elements of the pertinent electric 
dipole moment operator p=E i eiri =ZerN —er', where rN  and r' are the 
positions of the nucleus and electron referenced to an arbitrary origin in space. 
Then 

OknImIPIOnTm') = KOnlmIZerN er ' ItfrnTne> 

= (-Z — 	 — e<iknindrItfr.T.•> 

=  O  — e<0.1.1rICTne> 	 (2.10) 

since the hydrogenlike states are orthogonal and depend only on the electron's 
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coordinates r = r' — rN  relative to the position of the nucleus. Using 

r
r 
 sin 0 cos 0 I 

r= 	sin sin cP 
r cos 0 

the transition dipole moment integral is 

<tfr nintlfil0 n'l' m'› 

(2.11) 

2. 
= —e f r 2dr rR„,(r)R i ,(r) f sin 0 d0 f d4)Yr, n(0, 4)) 

o 

_sin 0 cos 0 
sin 0 sin 0 
	

Yr. ,(0, 0) 
	

(2.12) 
cos 0 

It can be shown that the angular part of this integral vanishes [1] unless 
Al 1'  — 1 = + 1 (not zero), and unless Am E-7 m' — m = 0 or + 1. Evaluation of 
the radial part is difficult; this factor is nonzero regardless of An n' — n, 
provided Al = + 1. Hence we can summarize the El selection rules for one-
photon transitions in hydrogenlike atoms, 

Al=  +1 
	

(2.13a) 
Am = 0,  ±1 
	

(2.13b) 

Since the hydrogenlike energy levels are given by Eq. 2.5, the transition 
energy accompanying emission of a photon of frequency co will be 

— hco = E„, —  E 	
_ itz 2(e2147tE0)2 [ 1 	1 ] 

2h2 	 ( )2 	n2 

= —hclA 	 (2.14) 

in going from state 10„ini > to state 10„,,,,„). The corresponding photon wavel-
ength is then 

8h 3 c 	[n 2(02  
A = tiz2(e2/E0)2 n2 	(nr)2 (2.15) 

which has a form identical to Eq. 2.1 if n' = 2. The visible H atom lines in the 
Balmer series thus result from transitions from n = 3, 4, 5, ... down to n' = 2. 
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Other H atom series arise from transitions terminating in different values of n' 
(Fig. 2.4). Since the hydrogenlike energy levels En  are independent of land m, the 
selection rules (2.12) do not preclude the appearance of a spectral line for any 
energy separation (En , — E„), and lines appear for all combinations (n',  n). These 
facts quantitatively account for the wavelengths of all of the H atom spectral 
lines in the low-resolution spectrum of Fig. 2.2. 

Another consequence of the selection rules (2.13) is that a hydrogenlike atom 
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Figure 2.4 Hydrogen atom energy levels and transitions. The Lyman, Balmer, Ritz-
Paschen, and Brackett series occur in the vacuum ultraviolet, visible, near-infrared, 
and infrared regions of the electromagnetic spectrum, respectively. 
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in any excited electronic state except the 2s state can emit a photon sponta-
neously by electric dipole radiation, and thereby relax to some lower energy 
state. For any such excited state ICerne >, there exists a lower state 11//„ /.> for 
which Al =  ±1  and Am = 0,  ±1.  The 2s state is the exception, because the only 
state with lower energy than the 2s state is the  is state, and the 2s is  
fluorescence transition (A/ =0) is El-forbidden. The 2s state is therefore called 
metastable since it will exhibit an unusually long lifetime, lacking an electric 
dipole-allowed radiative transition to any lower state. Metastable states are not 
simply states which have no El-allowed transition to the ground state: to be 
metastable, a state must have no El-allowed transitions to any states of lower 
energy. Such atomic states play an important role in the efficiency of He/Ne 
lasers (Chapter 9). 

Since the spherical harmonics Yi„,(0, 0) also describe angular momenta for the 
single valence electron in alkali atoms (Li, Na, K, Rb, Cs), the selection rules 
(2.13) apply equally well to valence electron transitions in such atoms (but not to 
transitions involving core electrons, where angular momentum coupling can 
become important). In this case, (nlm) and (nT m) denote the initial and final sets 
of quantum numbers in the valence orbital. Valence—core interactions in alkali 
atoms split the n2-fold degeneracy of energy levels belonging to a given principal 
quantum number n, so that the energies now depend on 1 as well as n. This is 
illustrated in the energy level diagram for potassium in Fig. 2.5. (Each of the 
levels is still (2/ + 1)-fold degenerate, since the m sublevels for given n and 1 are 
isoenergetic in the absence of external magnetic fields.) The larger number of 
distinct levels resulting from this degeneracy-breaking in K does complicate the 
emission spectrum. However, the selection rules (2.13) still limit the observed El  
transitions to a small subset of the total number that could conceivably occur. 
The allowed transitions (Al = + 1) are restricted to ones that connect levels in 
adjacent vertical groups of levels in Fig. 2.5, where the levels are organized in 
columns according to their 1 values. The principal series in K arises from np 4s 
transitions with n 4; the sharp series results from ns —> 4p transitions with 
n 5; the diffuse series occurs in nd 4p transitions with n 4; and the 
fundamental series is produced by nf —> 4d transitions with n 4. The origin of 
each of the lines in the low-resolution potassium spectrum (Fig. 2.2) can now be 
qualitatively understood with reference to Fig. 2.5. 

Each of the series in the H and K spectra converges in principle to a series 
limit, as the discrete atomic energy levels must converge when the onset of the 
ionization continuum is approached (Figs. 2.4 and 2.5). The lines are very weak 
in the neighborhood of the series limits, because their intensities are pro-
portional to the absolute value square of the transition dipole moment. The 
latter contains the factor 

1. 3  drRni(r)R r(r) 
f 

2 

which falls off rapidly with (n — re) for given (1, 1) [1 ].  For example, this quantity 
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Figure 2.5 Energy levels and observed transitions in K. This type of diagram is 
commonly referred to as a Grotrian diagram. All of these low-lying energy levels arise 
from electron configurations of the type (1 s)2(2s)2(2p)6 ( 3s)2(3p) 6 (no 1 	. . . 

The 2 9 112  level labeled "1", the 2 P 112  and 2 P 312  levels labeled "2", the 2 D 312  and 2 Ds/2  
levels labeled "3", and the 2 F 512  and 2 E7/2  levels labeled "4" correspond to the 
electron configurations • • • (4s) 1 , • • (4p) 1  , • (4d) 1 , and • • • (40 1  respectively. 
Reproduced, by permission, from G. Herzberg, Atomic Spectra and Atomic Structure, 
Dover Publications, Inc., New York, 1944. 

equals 0.464, 0.075, and 0.026 A2 , respectively, for the  i s  2p,  i s  3p, and 
is  4p transitions in hydrogen, and so good sensitivity is required to observe 
lines near the series limit. 

2.2 SPIN—ORBIT COUPLING 

If the low-resolution potassium spectrum in Fig. 2.2 is reexamined using a 
scanning monochromator that can distinguish between wavelengths that are 5 A 
apart, each of the lines becomes split into closely spaced multiplets or groups of 
lines. Lines in the principal and sharp series become doublets, and lines in the 
diffuse series appear as triplets. This fine structure arises from the interaction 
between the orbital angular momentum L and the spin angular momentum s of 
the valence electron. Analogous splittings occur in the hydrogen spectrum, but 
much higher resolution is required to observe them in this atom, and other 
relativistic effects have comparable importance in hydrogen. 
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We can derive the interaction between the electron's intrinsic spin angular 
momentum s and its orbital angular momentum L classically for an electron 
moving in a circular orbit around the nucleus. In this picture, the electron is 
instantaneously moving with a velocity Ve  perpendicular to a line that connects 
it with the nucleus. In the electron's rest frame, the nucleus appears to be moving 
in the opposite direction, VN = — Y e , relative to the electron. So the electron 
experiences a magnetic field from the apparent moving charge on the nucleus 
[2], 

1 	 1 
B = (VN  x E) =  — 4  (Ve  x = + 	2 (E X p) m ec 

(2.16) 

where me  is the electron mass and E is the electric field at the electron due to the 
nucleus. Since 

Zer 	Ze 
E = 

47r80r 3 
= 

4nEor2 

the magnetic field is 

Ze 	 Ze 
B 	 (r x p) — 	 = 

4ncom ec2r3 	47tgomec 2r 3  

(2.17) 

(2.18) 

where L is the electron's orbital angular momentum. The electron's intrinsic spin 
s carries an associated magnetic dipole moment [3] 

—g ses 
Ps = 	 2me  

(2.19) 

where gs  is the electronic g factor (g, = 2 according to Dirac, 2.0023 according to 
Schwinger [4]). The negative sign in Eq. 2.19 is due to the negative charge on the 
electron. The energy of interaction of the electron spin magnetic moment with 
the magnetic field B due to the moving nuclear charge is [2] 

(2.20) 

Since the potential energy of attraction between the electron and nucleus is 

V(r) = Ze2/4ne 0r 
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the spin-orbital energy is 

gs  av  (L • s) __ so  = 2m2ec2 r ôr 
(2.21) 

This actually overestimates the spin-orbital energy by a factor of 2, because we 
have neglected the fact that an electron in a circular or elliptical orbit does not 
travel at a uniform velocity Ve , but experiences acceleration. The effect of 
correcting for this is to cancel [5] (or nearly cancel, according to Schwinger) the 
g factor gs , and we write 

fiso= 	
av (L s) 

2,u 2  c2 r Or 
(2.22) 

where me  has been replaced by the atomic reduced mass tt. We note that since 
V(r) = - Ze 2/4ne0r, the magnitude of the spin-orbital Hamiltonian increases 
with atomic number Z. 

In hydrogenlike atoms, the total electronic Hamiltonian now becomes 

fi  = fi0  + f 

h2 	Ze 2 	- 
= - —2/1 V2 	 

4nEor H" 

(2.23) 

In the limit where rlso  can be treated as a stationary perturbation, the energy 
corrected to first order becomes 

pZ2(e2/47c6 0)2  
Eni.

2n2h2 	  w + 	nimInsoltiinim! (2.24) 

The latter matrix element requires an expression for L - s according to Eq. 2.22. 
It also requires knowledge of the total angular momentum states that can arise 
in an atom with orbital and spin angular momenta L and s (Appendix E). The 
spherical harmonics in the atomic states tfr„„n  are eigenfunctions of L2  and L z  
(Eqs. 2.6, 2.7). The electron spin states isms> obey 

:i 2 Ism5 > = s(s + 1)h2 Ism5 > 	(2.25a) 

kIsms> = mshIsms> 
	

(2.25b) 

with s = and ms  = +1 for a single electron [3]. Two alternative commuting 
sets of angular momentum operators are then 13, Lz , 	gs, and  13, 2  P 
where the total angular momentum J is defined as J = L + s. Eigenfunctions of 
the first commuting set form the uncoupled representation Ihnism s> Ilmi>lsms>. 
Since f2 does not commute with Lz  or  &  (Appendix E), these uncoupled states 
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are not eigenfunctions of  P.  Eigenfunctions of the second commuting set form 
the coupled representation Ilsjm>. The total angular momentum squared J2  must 

be a constant of the motion in an isolated atom, which is then appropriately 
described using the coupled representation. In this representation, the states 

lisim> are eigenfunctions of :i2 with eigenvalue j(j + 1)h2, where the possible 
values of j are 

j=i+s,/+s-1,...,11-s1 	 (2.26) 

Since 

L • s = -1(J 2  - L2  - s2) 	 (2.27) 

the energy 2.24 corrected for spin-orbit coupling becomes 

-itZ2(e2/47c80)2 ± 	 1 017 
/-1- Era. t 	 L 2 -  -1 s2)1 1/1  nt.> 

1 OV 
Itiini.> 

(2.28) 

(2.29) 

(2.30) 

..- 	
2n2h2 	2;2c2 \w nimi - 	- (J2  -  

r 
-
ar 2 

- pZ 2(e214ne0)2 	[j(j + 1) - 1(1 + 1) - s(s + 1)]h2  
= 2n2h2 	+ 

Letting 

h2  

4g2c2 

13V 
dr 	R„21(r) r2  

<Iiiniml ; w 

- s(s + 1)]/2 

Ant = 2p2c2  

the corrected energies are 

- pZ 2(e2147r80) 2  
+ Ani [j(j 

0 	
-
r 

—
ar 

+ 1) - 1(1 + 1) 
2n2h2 

The possible values of the quantum number j = 1 + s, 	,  il - si reduce to 
j = 1 + for 1 0 0 in hydrogenlike atoms. As an example, the possible j values 
for 2p states in hydrogenlike atoms are j = 1 +  4,  1 - =4,1.  The correspond-
ing energies of the j sublevels would then be* 

_ ItZ2(e2147rE0)2 

E312 	8h2 
	 + A 21 al + 1) - 2 - -D/2 for j = 

*It can be shown that for hydrogenlike atoms, the spin—orbit coupling constant Ani  is given by 

Z4e2h2 	1 
= 

2p 2c2ag n31(1 +1)(1 + 1) 

The radial wave functions  R 1(r) do not have closed-form expressions in many-electron atoms 
(Section 2.3), and so A n i is not given by simple formulas in such atoms. Note the sensitivity of A nt  to 
the atomic number Z; this gives rise to large spin—orbit coupling in heavy atoms. 
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pz2(e2 47re 0)2 
E112 	

8h2 	
+ A 2 l [4a ± 1) — 2 — i]/2 	for j =  4 	(2.31) 

and the energy splitting between these spin—orbital states is 

E312 E112 = 3A2 1/2 	 (2.32) 

This is an example of the Landé interval rule (1933) for the energy separation of 
spin—orbital states with successive j values: 

E.  —  E 1  = jAni 	 (2.33) 

To keep track of the different angular momenta in atomic states, term symbols 
are used to specify the values of 1, m, and j: 

2s+  1 L 	 (2.34) 

When 1 = 0, L is denoted with an S; when l = 1, L is denoted with a P, and so on. 
Similar term symbols are used to notate the angular momenta in many-electron 
atoms. For the hydrogenlike 2p sublevels with ]  =  4 and 4, the term symbols are 
22 P312  and 2 2P 112  respectively, where the first digit indicating n = 2 is useful for 
specifying the principal quantum number of the valence electron in hydrogen-
like and alkali atom States. 

Since each of the hydrogenlike levels with 1 0 0 is now split into doublets with 
j =  l  + 4, it becomes necessary to augment the El selection rules on An, Al, and 
Am with El selection rules on Aj. It turns out that these are Aj = 0, + 1. We will 
demonstrate this selection rule in the case of n2 S 112  n'2 13;  transitions,  where ]  
can be 4  or 4. The coupled (total) angular momentum states 1/sjm> Um> in 
atoms can be expressed as a superposition of uncoupled statesl/m isms > weighted 
by Clebsch-Gordan coefficients [1, 3], 

Lim>  =E ilmisms></mismskim> 	 (2.35) 
mi  
m

s 

For the n'2Pi  states, it is understood that 1 = 1, s = 4; the possible m i  values are 
0, + 1 and the possible ms  values are +4. The four components of the 2 P312  state 
(m = —4 through +4) are then 

fin 	m inis  
(2.36a) 

i> = 1 1 , I> 

14, 	= 	4>  + or2I1, -4> 	(2.36b) 

	

14, 	= (4)" 2 1 — 1 ,1> + (4) 1 12 1 0, — 1> 	(2.36c) 

	

14, 	= 1 — 1 , — 	 (2.36d) 
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The first of Eqs. 2.36 arises because there is only one combination of m i  and ms  in 
a 2 P3i2  state that can give a total m of (m 1 = 1, ms  = I). The second can be 
shown using the fact that the raising/lowering operator J+  has the effect 

.\/./G + 1) — m(m ± 1 )1./(m ± 1 )> 

when applied to state Lim>, and that 

J+  = L+  + S 

(2.37) 

(2.38) 

with 

     

      

= .0(1 + 1) — m l (m i  + 1)1/(m i  ± 1)) 	(2.39a) 

S ±  Isms > = N/s(s + 1 ) — ms (ms  ± 1)1s (ms  ± 1 )> 
	

(2.39b) 

The Um> state II, —4> can thus be obtained by applying the J_ operator toll, 4> 
and using Eqs. 2.37 and 2.39. 

The two components of the 2 P112 state are given by 

m 	m1 nis 	 MI % 

= VI210, 4> -6-W 2 1 1 , -4> 
11 	1\ 	‘2\

)
1/21

I 
 _ 1 ,  4> 	(1/210, - 4> 

t3  
(2.40a) 

(2.40b) 

These follow because the Lim> statell, i> must be normalized and orthogonal to 
the Um> state II, 4> in Eq. 2.36, and because II, —4> can be obtained from 14,4> 
by application of the J_ operator and use of Eqs. 2.37 and 2.39. Finally, the 
n2 S 112  state (1 = 0) has the two components (m = ms  = +1) 

1 0, i> and 1 0, --4> 	 (2.41) 

The electric dipole transition moments for the various fine structure transitions 
between the n 2 S 112  and  n' 2P112312  2  1/2,3/2 manifolds (i.e., groups) of levels can now be 
evaluated: 

(4 1=  + 1, Am =  +1)  

< 2 S1/2,1/2IPI 2P3/2,3/2> 	<°, 1101 1 , If> 
	

(2.42a) 

(4i=  + 1, Am = 0) 

< 2S 1/2,1/21P1 2 P3/2,1/2> 	(i) 112  121/11°, 12> ± (4) 112  

X <0, 1101 1 , -I> 	(2.42b) 
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(Aj = + 1, Am =  —1)  

< 2 S1/2,1/2101 2 P3/2, - 1/2>  = ()1"2<O  1101 -  l,4> 

o1 11 20, lipio, --21--> 	(2.42c) 

(Aj = + 1, Am =  —2)  

< 2 S1/2,1/41 2 P3/2, - 3/2> 	<09 1-101 - 1 9 -1> 	(2.42d) 

In evaluating these, we note that 

<nlims1P1m;InD = <miltilmDbms,m; 

since p does not depend on the spin coordinates. Further, this matrix element 
vanishes unless Am /  = — m, = 0 or + 1. Hence, the second terms on the right 
sides of Eqs. 2.42b and  2.42e both vanish, but none of the total transition 
moments in Eqs. 2.38a-2.38c vanish. The only El-forbidden transition is the 
one whose (zero) transition moment is given by Eq. 2.42d. 

For the n2 S 112  n2 13 112  transitions, we have 

(Aj 0, Am = 0) 

  

 

< 2 S1/2,1/21/1 1 2 P1/2, 112> = ar/ 2 <0, 1- 1/110, 1> 
—(i) 1/2 <0, (2.43a) 

(Aj = 0, Am =  —1)  

 

< 2 s 1 , 2 , 1/  21111 2 1)1,2, - 1 ,2> =  (2)1/2<0  iI —  1, 1> 

—( ) 1/2 <0, 41P1 0, 	 (2.43b) 

The first terms on both right sides are nonzero, and so these are both allowed 
transitions. A set of equations analogous to (2.42) and (2.43) can be obtained for 
transitions from I S . 2  - 1/2, - 1/2>> and will not be included here. Equations 2.42 and 
2.43 typify the El selection rules Al = + 1; Aj = 0,  ±1;  and Am = 0, + 1 for 
electronic transitions in hydrogenlike atoms. 

These angular momentum selection rules figure prominently in the fine 
structure of alkali atom spectra. The filled-shell core electrons have zero net 
orbital and spin angular momentum, so the term symbols 22 S 112 , 3 2 S 112 , 42 S 112 , 
5 2 S 112 , and 6 2 S 112  of ground states Li, Na, K, Rb, and Cs respectively are 
composed from the angular momenta of the single valence electron. The 
principal series of alkali atomic lines arises from n2 S 112  n'2 13 112 , 31 2  transitions; 
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since Aj = 0, + 1, there will always be two fine structure components (e.g., 
3 2S1 12 32.-sr  112  and  3 2 S 112  -+ 3 2P312  in Na) in this series. (Bear in mind that the 
various m sublevels of any Urn) state are degenerate, so that only transitions 
from a given level to final states with different j values will give rise to more than 
one spectral line—unless an applied magnetic field splits the m sublevels.) The 
diffuse series n2P 1/2,3/2 re 2D3 12 , 512 always yields triplets (e.g., 3 2 P 112  32D 312 , 
3 2P312  32D 312 , and 3 2 P3 12  32D 512 ; but not 3 2 P 112  32D 512 , for which 
Aj = +2.)  Doublets occur in the sharp series n 2 P112,312 re 2 S112. These El-
allowed  fine structure transitions are all summarized in Fig. 2.6. 

In the alkali atoms, the spin-orbit coupling is a small perturbation to the 
zero-order electronic Hamiltonian. In Na, the energy separation between the 
3 2P 1 12  and 3 2P3 12  spin-orbit sublevels of the lowest excited 3 2P state is only 
- 17  cm 1,  versus 17,000 cm -1  for the difference between the 3 2 P and ground 
state (3 2 S) levels. At the other extreme, the 5 2P ground state of the I atom is split 
by spin-orbit coupling into 5 2 P312 and 5 2 P 1 12  sublevels which are about 
8000 cm -1  apart! In this limit, the spin-orbit sublevels behave much like 
different electronic states—which they are, because the spin-orbit coupling is 
no longer a small perturbation to the electronic structure. 

When Rs0  is not a small perturbation, it becomes important to know which 
dynamical observables are still conserved in the atom. In the absence of spin-
orbit coupling, the electronic Hamiltonian 110  and the angular momenta obey 
the commutation relationships 

[110, 1:2] =  O 	[flo , P] = 0 	[no , gz] = o 

[fio, s-2] = 0 	[no , Lz] = 0 	[R0, fz] = 0 	(2.44) 

2 	 2 	 2 
P1/2,3/2 	D312, 5/2 	F5/2, 7/2 

Figure 2.6 Schematic Grotrian diagram showing fine structure transitions in Na. 
The spin-orbit splittings are greatly exaggerated: The 32p112-32P312 splitting is only 
17 cm -1 , as compared to 16,961 cm -1  for the 3 2 S 112  32 P 112  transition. 

2 
S 1/2 
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When Ilso  is turned on, the total Hamiltonian 1-1 becomes 1-? 0  + fist, gaining a 
term proportional to L • g. In this case, it can be shown (Problem 2.4) that 

[fi,  £2]  := 	 f2i = o 	[fi, 	o 

[fi, Pi = 0 	[II, tz] 0 	[I?, fz] = 0 	(2.45) 

so that mi  and ms  are not good quantum numbers (and L, and Sz  are not 
conserved) in the presence of spin-orbit coupling. 

We now briefly consider the magnetic dipole (M1) selection rules for 
transitions in hydrogenlike and alkali atoms. The relevant matrix element is 

(not as has sometimes been implied, because the 
derivation of the M1 selection rules in Chapter 1 makes it clear that only the 
orbital part of the angular momentum enters in this matrix element). Using [3] 

= 	+E) 	 (2.46a) 

- 	1 	- 
L = —

2i 
(L +  - L_) 	 (2.46b) 

Lz  = Lz 	 (2.46c) 

and using Eq. 2.39 immediately shows that since all matrix elements of  L are 
diagonal in 1 (i.e., proportional to S), the  Ml selection rule on Al is Al=-- 0. To 
obtain the M1 selection rule on Aj, one must again expand the coupled 11m> 
states in terms of the uncoupled states (e.g., Eqs. 2.36 and 2.40) and then get 
expressions analogous to Eqs. 2.42 and 2.43, with L replacing p. An example of 
an M1 (but not El) allowed atomic transition is the  2P112 

 _÷ 2 -m 312  r spin-orbital 
transition between the lowest two levels in the I atom, which forms the basis of 
the 1.2 kan CH 3I dissociation laser. That such a laser works at all is somewhat 
startling, because M1 transitions are inherently weak, and the overwhelming 
majority of laser transitions (e.g., in the He/Ne laser) operate on strong El 
transitions. 

2.3 STRUCTURE OF MANY-ELECTRON ATOMS 

We now extend our discussion of hydrogenlike atoms to complex atoms with a 
total of p electrons. The nonrelativistic Hamiltonian operator for such atoms in 
the absence of external fields is 

h2 	Ze2 	P 	e 2  

2me 
V 	 + E 	 

i=i 	 4ncori 	4ne0rii  
(2.47) 

where ri  is the distance of electron i from the nucleus and ri;  is the separation 
between electrons i and j. This Hamiltonian consists of a sum of p one-electron 
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hydrogenlike Hamiltonians 

h2 	Ze2 = 	 
2m, 	- 4ne0ri  

(2.48) 

combined with a sum of electron—electron repulsion terms of the form 
e2/4ns0rii . Were it not for these pairwise repulsion terms, the many-electron 
Hamiltonian R0  would reduce to 

110 = E ni 
i = 

whose eigenfunctions are  simply products of p hydrogenlike states 10 m 

 100, 2, • • • , 	= 10.0 1 m1( 1 )0n 21,(2) • • • 0.,,ip.„(P» 

(2.49) 

(2.50) 

Such expressions incorporating hydrogenlike states do not in fact provide 
useful approximations to electronic wave functions in many-electron atoms: the 
electron repulsions have a large effect on the total energy, and the wave 
function (2.50) is not properly antisymmetrized (see below). The concept of 
writing many-electron wave functions as products of generalized one-electron 
orbitals nonetheless provides a viable starting point for developing accurate 
approximations to the true nonrelativistic wave functions. As a prototype 
example, we consider the neutral He atom, for which the Hamiltonian operator 
is 

no -  n i  + n2 + e2/4nE0r 12 
	 (2.51) 

Since the Schrödinger equation using this two-electron Hamiltonian cannot be 
exactly solved, we use as a trial wave function for ground-state He the product of 
one-electron orbitals 14) 1 (1)> and 102(2)>, 

wo = 	<0(1, 2)I(1, 2)> 

is bounded from below by the true ground-state energy E 0 , 

E0  < W0  

As a first approximation to 101, 2)>, we may start with 

14)1 ( 1 )02(2)> = 10100( 1 )0100(2» 

100, 2» = 101( 1 )4)2(2)> 	 (2.52) 

According to the variational theorem [3], the trial energy 

<0(1, 2)1fi l  + IL + e214neor120( 1 , 2)> (2.53) 

(2.54) 

(2.55) 
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where 10 100(i)> = N exp(— Zrilao) is the normalized hydrogenlike  is  orbital 
with Z = 2 for electron i. This arbitrarily places both electrons in identical 
orbitals which are undistorted by electron repulsion. Substitution of this zeroth-
order wave function into Eq. 2.53 for the trial energy in He yields 

Wo = <01( 1 )1 11 1101( 1)> + <02(2)1H214)2(2)> 
 + <01(1 )02(2)1e 2/4ncori2101( 1 )4342(2)>  

= 2<0100( 1 )1R1P100( 1 )> 

+ 	100( 1 )0100(2)1e 2/4n60r1210100( 1 )0100(2)> 

= 2E1 + (e 2 147rgo)<0 no(1 )0100(2)1 1 /r1210100( 1 )0100(2)> 	(2.56) 

where 

tiZ 2(e2/4.7reo)2  E 1  = 	 = —4(13.6058  eV) 
2h2  

(2.57) 

is the exact nonrelativistic ground-state energy of the hydrogenlike ion He + 
(Z = 2). The matrix element of 1/r12  can be evaluated [6] to yield 
5ttZ(e2/4ne0)2  46n 2  = 34.0145 eV. Then Wo  becomes — 74.832 eV, as compared to 
the experimental energy 79.014 eV required to remove both electrons from a He 
atom. While Wc, so computed is obviously a large fraction of the true electronic 
energy, its error of 4.18 eV is of the same order as excited-state energy 
separations in He (cf. Fig. 2.11); a more sophisticated treatment is clearly 
necessary to obtain results of spectroscopic accuracy. 

An improved wave function can be obtained by replacing the fixed atomic 
number Z = 2  in 10100(0 > with a single variational parameter The trial energy 
Wo  is then calculated in a manner analogous to Eq. 2.56, and is minimized with 
respect to by setting W0/0C = 0. This procedure yields = 27/16 = 1.688 in 
He; this is phy%ically smaller than Z = 2, because each electron screens part of 
the nuclear charge from the other electron. The corresponding trial energy 
Wc, = — 77.490 eV is a closer approximation to true energy, but its error is still 
large. It is then logical to consider trial wave functions with more flexibility than 
Nexp( — Cri lao), which has only one variational parameter. An example of such a 
wave function is the Slater-type orbital (STO), which has the general form 

= Nr7- 	Yi.( 0i, 	 (2.58) 

STOs exhibit no radial nodes (unlike hydrogenlike orbitals for 2s and higher 
energy states), but both n and can simultaneously be varied to simulate the 
behavior of the outer (largest-r) lobes of orbitals in many-electron atoms. 
Optimization of n and  4  to minimize Wo , again using identical STOs for both 
electrons in ground-state He (with 1 = m = 0), yields n = 0.955, = 1.612, and 
Wc, = 77.667 eV. This is still closer to the true energy, but the error has been 
reduced by a factor of only 0.88 over that in the previous approximation. The 
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use of arbitrarily flexible functions in variational calculations that restrict both 
electrons to occupying identical orbitals in He yields no trial energies lower than 
— 77.8714 eV (Fig. 2.7). The remaining error in the energy is 
(79.014 — 77.871) eV = 1.143 eV, and is called the correlation error. It arises 
physically from the electrons' tendency to avoid each other in order to minimize 
their average Coulomb repulsion energy—a tendency that is ignored when 
identical hydrogenlike or Slater-type orbitals are used for both electrons. 

To reduce the trial energy Wo  below —77.8714 eV, the electrons must be 
placed in functionally distinct orbitals, or trial functions more general than 
single products of the form (2.52) must be introduced. In pursuing the first of 
these alternatives, the electrons could be placed in hydrogenlike orbitals 

ItAlôdrip = 	11.1  

10124(ri)> = N2e -r211 	4) 2(0 	 (2.59) 

with the two independently variable parameters C I  and C2 •  Such a calculation 
requires explicit construction of two-electron wave functions that are antisym-
metric [6] with respect to exchange of the electrons (which are fermions). Since 
the Pauli principle demands that no two electrons with the same spatial 
quantum numbers (n, 1, m) can have the same spin, the electrons in ground-state 
He (1s) 2  must have opposite spin, ms  = +1 (a) and ms  = (fi). An acceptable 
antisymmetrized trial function for He using the individualized orbitals (2.59) is 
then 

0( 1 , 2) = 1[0 1 (1)49 2(2) + 0 1 (2)0 2(1)] [a(1) )3(2) — a(2)/3(1)] 	(2.60) 

(Antisymmetrization of trial functions placing the two electrons into identical 
spatial orbitals 4) 1 (i) was unnecessary, since the use of the correctly antisym- 

He 

74.832 (hydrogenlike 40's, Z=2) 

, -77.490 (hydrogenlike AO's, optimized) 

77.667 (STO's, n and C optimized) 

—7N -77.8714 (SCF limit) 

correlation error =1.143 eV 

—I--- 79.014 (experimental) 

Figure 2.7 Energies obtained from variational calculations on the He atom. 
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metrized function 0 1 (1)0 1 (2)[a(1) 13(2) — a(2)/3(1)] in place of 0 1 (1)0 1 (2) in Eq. 
2.53 does not influence the value of the trial energy.) The simultaneous 
optimization of the orbital exponents ( 1  and C2 for 0 1  and 02 in Eq. 2.60 yields 
( 1 = 1.189, (2  = 2.173, and Wo  = 78.252 eV. It is clear that this simple 
calculation removes a substantial part of the correlation error, but the residual 
error of 0.762 eV still does not begin to approach spectroscopic accuracy. Better 
accuracy can be achieved by using trial functions that are linear combinations of 
many antisymmetrized functions like (2.60), in which a set of linearly indepen-
dent basis functions of spherical symmetry (e.g., 2s, 3s, 4s, ... hydrogenlike 
orbitals in addition to 1s) is used for (/), and 4) 2 •  This procedure corrects the so-
called radial correlation error. Incorporation of a sufficient number of suitable 
nonspherical orbitals (i.e., with higher order spherical harmonics Yin, in the 
angular part) as basis functions in such calculations removes the angular 
correlation error, and spectroscopic precision has been achieved in this manner 
for many atoms. 

Electronic structure calculations in atoms with more than two electrons 
require properly antisymmetrized trial functions. For a closed-shell atom with p 
electrons having paired spins, such a function can be written in the form of a 
normalized Slater determinant: 

0 1(1)0 (
1 ) 	01(2)*2) 	4)1(P)6 (P) 

01( 1 ))6( 1 ) 	01(2)fl(2) 	i(P)fl(P) 

1 	02(1)00) 02(20(2) 	02(P)Œ(P) 

N/P! 	• 

Op12( 1*( 1 ) 	 Opi2(P)Œ(P) 

4p/2( 1)/3(1) 	 4p12(P)13(P) 

(2.61) 

 

This determinant vanishes if any two rows are identical, which occurs if any two 
electrons are assigned the same spatial and spin states. The determinant changes 
sign if any two columns are interchanged, corresponding to exchange of two 
electrons. Hence, both the Pauli principle and antisymmetrization are built into 
the Slater determinant. Note that the determinant (2.61) assigns the same spatial 
function ck i  to both electrons in each orbital. Since the many-electron Hamil-
tonian has the form 

no
P  

= E H i  E e2147rE0rii 
 i=1 

it can be shown that that trial energy becomes [6] 

(2.62) 

wo = 
<00, 2, • • • , 01/010( 1 , 2, • • • ,  

<0( 1 , 2, 	P)10( 1 , 2,  • • , 

= 	[2Hii  + 	> — 	>)] 	 (2.63) 
i= 	j=1 
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with 

Hu= <45 itHikki> (2.64) 

<WU> = <0i(1)(ki( 2)1e 2/4nsori210i( 1 )(1);(2» (2.65) 

> = < Oi(1)0;(2)1 e2/47reori  210;(')02» (2.66) 

The matrix elements in Eqs. 2.64 through 2.66 are referred to as the core integral, 
the Coulomb integral, and the exchange integral, respectively. Minimization of 
the trial energy by varying the (P i  under the constraint that the basis functions 
remain orthonormal leads to the Hartree-Fock equation [6] 

p/2 

{Ha + E [2<4 ; (2)1e 2/42teor12 1C(2)> — <0;(2)}e 2/47rEoriziOi(2)>]}(ki(1) 
i=1 

{Hii  + 	[2.1;(1)— K ;(1)]} OM) = 	C(1)gii 	(2.67) 
=1 	 =1 

where the  c are elements of a (p/2) x (p/2) matrix having units of energy. This 
equation is frequently abbreviated as 

= E 	 (2.68) 

where F, called the Hartree-Fock operator, depends on the basis functions (P i 
 through Eq. 2.67. The Hartree-Fock equation can be solved numerically by 

setting the equal to eiiS ii , computing the F operator from an assumed set of 
basis function (P i , and using Eq. 2.68 to compute a new set of functions (P i . These 
new functions are used in turn to compute a new F operator. This cycle is 
repeated until the (P i  used for calculating the Hartree-Fock operator converge to 
the final solutions (P i  to within desired precision. When this self-consistent field 
(SCF) limit has been reached, the orbital energies ei  may be evaluated from Eq. 
2.63, 

gi= Hu+ E (2<m> - 

and the optimized trial energy (Eq. 2.63) becomes 

p/2 
Wo = E (Hii  + ei) 

i =1 

(2.69) 

(2.70) 

The spherical harmonics are ordinarily used for the angular part of the orbitals, 
and the Hartree-Fock equations are solved to obtain the radial wave functions 
numerically. The Hartree-Fock wave functions are the best radial wave 
functions that can be obtained in the form of the Slater determinant 2.61. For 



STRUCTURE OF MANY-ELECTRON ATOMS 	57 

He, the Hartree-Fock wave function is equivalent to the infinite-parameter 
variational wave function (2.52) with both electrons in identical spatial orbitals; 
the SCF energy of He is —77.871  eV (Fig. 2.7). Slater determinants like (2.61) 
and the derivation of the Hartree-Fock equations given here are specific to 
closed-shell atoms. For open-shell atoms (e.g., K, F) and for electronically 
excited atoms, different procedures must be followed. 

The difference between the SCF energy and the true nonrelativistic energy is 
the correlation error. For first-row atoms, the correlation error is less than 2% of 
the true energy. This implies that the physical picture offered by the Hartree-
Fock treatment—in which each electron experiences a centrosymmetric field 
due to the averaged interactions <1/ru  > with other electrons—accounts for the 
major portion of the electronic energy. However, the absolute correlation error 
is so large (1.14 eV for He) that the differences between SCF energies computed 
in atoms do not agree well with spectroscopically measured energy separations. 
A commonly used method of recouping part of the correlation error is 
configurational interaction (CI). In this technique, the ground-state wave 
function is expanded as a linear combination of determinants, rather than a 
single determinant as in closed-shell Hartree-Fock theory. One of these is the 
Hartree-Fock determinant wave function (2.61), and the remainder are determi-
nants for excited electron configurations. For He, a CI wave function may be 
expanded as 

11t( 1, 2) = C0A(1s2) + C I  A(1s2s) + C2A(2s 2) + C 3 A(1s3s) + • • • 	(2.71) 

where A(1s2) is the determinant describing two electrons in identical is orbitals, 

Table 2.1. s 

2s 2p 

3p 	3d 

4s 4p 	4d 4f 

17  
5s 5p 	5d 5f 
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etc. The expansion coefficients Co, C 1 , etc., are optimized in a variational 
calculation. Inclusion of many excited configurations in CI determinant expan-
sions like (2.71) reduces the radial correlation error to an arbitrary level, as the 
excitations permit the electrons to become more separated and decrease the 
average electron repulsion energy. 

This section barely scratches the surface of many-electron atomic structure 
calculations. They have mushroomed in complexity to multiconfigurational 
SCF calculations in which linear combinations of atomic orbitals (LCA0s) are 
used for each of the spatial orbitals (k i . With atomic orbital basis sets of sufficient 
size, close agreement is obtained with experiment. 

The Aufbau or building-up principle by which electrons are placed in 
successive atomic orbitals in many-electron atoms has been experimentally 
established to follow the pattern shown in Table 2.1. 

2.4 ANGULAR MOMENTUM COUPLING IN MANY-ELECTRON 
ATOMS 

Since filled shells do not contribute to the net orbital or spin angular momentum 
in atoms, one needs to consider only the electrons in unfilled orbitals when 
calculating the possible angular momenta for a given electron configuration. 
The simplest case is an atom with two electrons in unfilled orbitals. We use 1 1  
and 1 2  to denote the orbital angular momenta of the individual electrons, and 
likewise use s 1  and s2  for their spin angular momenta. In the limit of weak spin—
orbital coupling, the total atomic angular momentum is composed by first 
coupling the above vectors to obtain resultants for the total orbital and total 
spin angular momenta, 

L= 11+  12  

S = si  s2 	 (2.72) 

According to the rules for composition of angular momenta, the possible 
quantum numbers L and S for the resultant orbital and spin angular momenta 
are 

L =  1 1 + 1 2, • • • , 1 1 1 

S = s1  + s2 , 	,  s i  — s 2 1 

The total angular momentum J is then the vector sum 

J = + S 

and exhibits the possible quantum numbers 

(2.73) 

(2.74) 

(2.75) 
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This coupling scheme is known as Russell-Saunders coupling. As an example, we 
treat the equivalent p 2  configuration in which the two valence electrons have the 
same principal quantum number n (e.g., the ground state of a carbon atom that 
has the configuration (1s) 2(2s) 2(2p) 2). In this case / 1  =  12  = 1, so that 

L = 	+ /2 , 	, li t  — /2 1 = 2, 1, 0 

S = s1  + s2, 	, is, — s 2 1 = 1, 0 	 (2.76) 

In an equivalent p2  atom we thus expect to find S, P, and D states (i.e., L = 0, 1, 
2); some will be singlet states (S = 0) and some will be triplets (S = 1). Schematic 
vector diagrams illustrating these resultant angular momenta are shown in Fig. 
2.8. At first sight, one might predict that all possible combinations of L and S 
could appear ('S, 3 S, '13, 3 P, 1 13, 3 D)—but some of these combinations will 
violate the Pauli principle, and the possible states must be considered more 
directly. One may count the ways in which two electrons can legally be 
distributed among the equivalent (degenerate) p states; for example, the allowed 
configuration 

=  — 1  in t  = 0 m 1 = +1  

   

contributes one state with M L  = m + 11 	m • 12 == el, A/4 = rns1 	rns2  = O. The total 
numbers of states counted for all combinations of ML  and Ms  may be tabulated 

II 	 11 11 1 2 

L= 2 
	

L= I 	 L= 0 

S= I 	 S=O 

Figure 2.8 Vector addition of orbital and spin angular momenta for two valence 
electrons with /1  = 1, /2  = 1 in the Russell-Saunders coupling scheme. 
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in the Slater diagram 
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+1 

 0 

—1  
—2  

1 

1 
1 

1 

1 

2 

3 
2 

1 

0  

1 

1 
1 

+1  Ms 

which can be viewed as the sum of the diagrams 

1 
111 1 

1 

 
+111+  1 

111 1 

1 

('S) 	( 3 P) 	(D) 

The last diagram, for example, represents a ID state, because it restricts M s  to 
zero (i.e., it is a singlet state) but allows ML  to range from +2 to —2. Thus, the 
possible states in an equivalent p2  configuration are IS, 3 P, and D. In each of 
these, the possible J values range between L + S and IL — SI; i.e., the allowed 
term symbols are 1 S0, i D2 , 3 P2 , 3 1) 1 , and 3 P0 . The J subscript is superflous 
in singlet term symbols (since only one J value is possible for a given L in singlet 
states, namely J = L) and it is often omitted. The total number of states in an 
equivalent p2  configuration is 

is 	3 P 
	1D 

E (2L + 1)(2S + 1) = 1(1) + 3(3) ± 5(1) 15 
L,S 

which must equal the sum of the integers in the Slater diagram. Another way of 
summing the states is to count (2J + 1) for each 2S+  I L ./  term symbol, 

i S0  1D2 3 P2 3 13 1 3 P0  

E (2J + 1) = 1 + 5 + 5 + 3 + 1 = 15 

For nonequivalent p2  configurations in which the two electrons are in different 
shells (e.g., the (2p) 1 (3p) 1  excited state of carbon), states exist for all combinations 
of the allowed L and S values generated in Eqs. 2.76. Slater diagram tabulations 
of the allowed (ML, Ms) combinations are then superfluous; the nonequivalent 
p 2  configuration gives rise to 1 s,  3s,  1p,  3 -1-%,  r i D, and 3D term symbols. Slater 
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diagram tabulations are readily extended to open-shell configurations with 
three or more electrons (although they can become tedious). A simplification 
occurs for nearly filled (n, 1) shells: The possible term symbols are identical to 
those for configurations consisting of the absent electrons. For example, 
equivalent p 5  and p' configurations both exhibit only P 2 - 1/2 and 2P312  term 
symbols, and equivalent d2  and d8  configurations both yield the term symbols 
1S0, 3130,1,2 , 11329 3F 2,3,4,  and i G4. 

The energy level scheme for a p2  atom can now be described for the case of 
small spin—orbit coupling (Fig. 2.9), where Russell-Saunders coupling applies. In 
the absence of electron—electron interactions, all of the configurations counted 
in the Slater diagram would have the same energy, because the one-electron p 
orbitals with m 1  = 0, + 1 are degenerate. When the electron—electron inter-
actions are turned on, the states with term symbols 2S  +1- Lj have different 
energies for different L, S. By Hund's rule (the states with the highest multiplicity 
from a given configuration—in this case  p2 —will be lowest in energy), the 
3P states empirically lie below the others. When the spin—orbit coupling is 
turned on, 'the energy levels assume a J-dependence of the form E(L, S) 
+ A[J(J + 1) — L(L + 1) — S(S + 1)]/2; in this case A is not analytic, because 
the radial wave functions in a many-electron atom are of course no longer 
hydrogenic. 

Russell-Saunders coupling applies only when the spin—orbital coupling is 
small enough to be treated as a perturbation to the electronic Hamiltonian. In 
the limit of large 11 an alternative scheme called jj coupling applies. In this 
case, the total angular momenta of each electron are added to form the resultant 
total angular momentum J. For a two-electron configuration, we have 

+  s i  = j i  

+ S2 = j2 
	 (2.77) 

= 	j2 

Figure 2.9 Qualitative energy levels for a 
/3 2  atom under Russell-Saunders coupling. 
Electron correlation splits the energy levels 
of states with different (L, S); spin—orbit 
coupling further splits levels with different 
J. 

electron 
correlation 

spin-orbit 
coupling 
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H 
SO 

J. 

I 	 2 
S (0) 
	 2 

D(2)  

3
P2 

O  

O 	Figure 2.10 Correlation between levels under 
Russell- 	 Russell-Saunders coupling (left) and jj coupling Saunders 
coupling 	 jj- coupling 	(right). 

In a p2  configuration, each electron i can have ji  = / i  + s i , . . . ,  l  — s i l, or ji  
Then the possible J values are j 1  +129 • • • 	—121; this leads to J =0, 1, 2, 3. 
However, the last of these values violates the Pauli principle. (Allowing J = 3 
would require ji  =12  = 4; this means that / 1  =  12  = 1 and s 1  = s2  = 1, which 
would require that one of the possible states has m 11  = ml, = 1 and 
ms , = nis2  = 1. This would place two electrons with the same spin into the same 
orbital). Hence, the only allowed J values in an equivalent p2  configuration are 
0, 1, and 2. This is reasonable, since J2  is conserved even for large lis„ according 
to the commutation relationships in Eqs. 2.45. Hence, the J values that are 
possible for a given electron configuration in the limit of Russell-Saunders 
coupling will be the same as the ones accessible in the limit off/ coupling, and a 
conceptual correlation diagram can be drawn between J states in the Russell-
Saunders and  f/ limits  (Fig. 2.10). In the latter limit, the splittings between term 
energies depend primarily on J, rather than on L and S. The noncrossing rule 
states that no two energy curves representing states with the same symmetry 
(which is indicated by J, M in the full rotation group of spherical atoms) can 
intersect, and this rule is observed in Fig. 2.10. Most atoms are Russell-Saunders 
or intermediate coupling cases; few atoms are  if-coupled.  

2.5 MANY-ELECTRON ATOMS: SELECTION RULES AND 
SPECTRA 

An interesting example of a many-electron spectrum is that of He, in which the 
shown low-energy transitions involve orbital jumps of one of the two electrons. 
For this case our one-electron atomic selection rules (Al = + 1, Aj = 0, + 1) hold 
for the electron involved in the transition. The He electronic spectrum resembles 

o 
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a superposition of two independent alkali spectra [7]: It exhibits two indepen-
dent principal series, two independent sharp series, and so on (Fig. 2.11). This 
occurs because in He, where the spin—orbit coupling is very small (Z = 2), the 
electronic states have nearly pure singlet or triplet character. Since the electric 
dipole operator p does not contain any spin coordinates, the spin selection rule 
AS = 0 is strict in He. Hence there are two families of El transitions, one among 
the singlet levels (S = 0) and the other among the triplet levels (S = 1). The 
separations between lines within fine structure multiplets in this light atom are 
too small to depict in Fig. 2.11, and the J subscripts in the level term symbols are 
omitted in this figure. 

The spin—orbit coupling is much larger in Hg (Z = 80), whose strongest 
transitions are shown in Fig. 2.12. This complicates the emission spectrum in 
two ways. The fine structure levels arising from each triplet multiplet (e.g., the 
3 Po, 3P1, and 3 P2  levels arising from the (6s) 1 (6p) 1  configuration) are now well 
separated in energy, increasing the number of spectral lines observed under low 
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Figure 2.11 Grotrian diagram of energy levels and observed transitions in He. All 
shown levels arise from electron configurations of the type (1s) 1 (n0 1 . The 1 S level 
labeled "1" is the (1s) 2  ground state. The 1 S, 3 S levels labeled "2" arise from 
(1s) 1 (2s) 1  configurations, the l P, 3 P levels labeled "2" arise from (1s) 1 (2p) 1  
configurations, and so on. Reproduced by permission from G. Herzberg, Atomic 
Spectra and Atomic Structure, Dover Publications, Inc., New York, 1944. 
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Figure 2.12 Grotrian diagram for low-lying Hg levels with the configuration • • 
(6s) 1 (n1) i . Excited levels are labeled with the quantum numbers of the valence 
electron which is excited; for example, the 1 P 1  level labeled "7p" arises from the 
electron configuration • (6s) 1 (7p) 1 . Reproduced by permission from G. Herzberg, 
Atomic Spectra and Atomic Structure, Dover Publications, Inc., New York, 1944. 

resolution. The large spin—orbit coupling in Hg also endows the  electronic  
states with mixed singlet/triplet character, with the consequence that many 
intersystem transitions (AS = + 1) are observed. These factors lend the Hg 
emission spectrum in Fig. 2.2 an appearance of irregularity which is absent in the 
emission spectra of H and K. 

Strong El transitions in many-electron atoms are observed only when one 
electron changes its orbital quantum numbers; for this electron, the selection 
rule Al = + 1 must be obeyed (cf. our discussion following Eq. 2.12). To 
appreciate this, we recall that spatial wavefunctions in many-electron atoms 
may be expressed (Section 2.3) in terms of products ik(1, 2, ... , p) = 0 1 (1)0 2(2) 

01,(p) of one-electron orbitals C(1), 4' 2(2), , Op(p). Since the pertinent 
electric dipole operator is p = — eZ ri , the El transition moment from 
electronic state 0(1, 2, ... , p) to state On 2, ... , p) =  4 (1)0'2(2) ... Op' (p) 
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behaves as 

  

—e<4 1(l)4' 2(2) • • Op( p) C(1 )4Y2(2) • 4);(p)> 

   

= —e< 01( 1 )11. 1 1 0 /1( 1)> <4) 2(2) 1 02(2) > 

—e<02(2)1 r2 1 0 `2 (2)X 4) 1 (1 )144( 1 )> • • <Op(P)14Y„,(P)> 
—e<Op(p) Irp ld);(p)><C (1 ) 1 44 ( 1 ) > • • <Op- itp — 1 ) 1 44-1(p — 1 )> 

Each of these terms contains a factor <01(i)tri l4ii(i)> analogous to the hydrogen-
like transition moment (2.10), multiplied by orthogonality integrals 
<(/)i ( j )144 jp for all other electrons j i. Hence, if electron i jumps to a new 
orbital, i.e., (ni) NO, orthogonality requires that all other electrons remain in 
their original orbitals because <C(j  )1(/);(j)> = 0 unless (/).; =  4. 

The El selection rules may also be formulated in terms of the quantum 
numbers L, S, and J for the many-electron orbital, spin, and total angular 
momentum. These prove to be 

El 

AL = 0,  ±1 
	

except L = 0—x—  = 0 

AS = 0 
	

(2.78) 

AJ 0,  ±1 
	

except J = 0 4—x—* J' = 0 

Not all transitions consistent with these selection rules are El-allowed, since 
Al = +1 must be simultaneously obeyed by the electron that jumps. For 
example, a transition from a state with L = 3, / 1  = 3,  12  = 1 to a state with 
L = 2,  l  = 1,  12  = 1 is forbidden because A/ 1  =  —2  and A/2  = 0, even though 
the AL = 0, + 1 selection rule is obeyed. 

The corresponding M1 and E2 selection rules are 

M1 

E2 

except J = 0 	J' = 0 

(2.79) 

A./ = 0, + 1, + 2 and (J + J') 2 

AL = 0,  ±1,  + 2 except L = 0 4—x—  L  = 0 	(2.80) 

AS = 0 
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In all cases, the AS = 0 selection rule becomes relaxed when the spin—orbit 
coupling is large. 

To illustrate one final point, we return to the example of the equivalent p2  
configuration, for which the possible atomic term symbols are 1 S, 3 130 , 1 , 2 , and 
'D. The El selection rules in Eq. 2.78 indicate that there are no El-allowed 
transitions connecting any two of these levels with different L if the spin—orbit 
coupling is small. This is an example of a general rule that no El transitions 
connect two term symbols arising from the same electron configuration (in this 
case, p2). El-allowed transitions can, however, occur between states from 
different electron configurations, say s ip' p2 . This proves to be a useful 
principle that carries over to the electronic spectroscopy of diatomic and 
polyatomic molecules. 

2.6 THE ZEEMAN EFFECT 

When atoms are subjected to external magnetic fields, their spectral lines 
become split into several components whose separations depend on the field 
strength B. In atoms with zero net electronic spin (S = 0), the splittings turn out 
to be identical for all spectral lines. For weak, static magnetic fields B, the 
interaction energy for a spinless atom of angular momentum J = L with the 
field is 

W = —p„,-B. 2mee  LB 	 (2.81) 

and it may be treated as a stationary perturbation to the atomic Hamiltonian 
110 . The first-order correction to the electronic energy of any level characterized 
by angular momentum quantum numbers (L, ML) in the presence of a magnetic 
field B = B is 

— 
e 	 e 

2me 
<LMLIL - BILM L > = 2me Bz<LMLILILML> 

eh 
= 	B M 

2me  z  L  
(2.82) 

Since ML  ranges from + L to — L, a level with orbital angular momentum L 
becomes split into (2L + 1) components separated in energy by the amount 
ehB z /2m e . A spectral line that appears at energy AE in zero magnetic field then 
appears at energy 

ha) = AE + 	
eh

B AM 
2me  

(2.83) 
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in the presence of the field, where AML  is the change in ML  accompanying the 
electronic transition. The El selection rules on AML  (Eq. 2.78) then imply that 
two new lines will appear for AML  = + 1, in addition to an unshifted line 
corresponding to AML  = 0 (Fig. 2.13). The only exception to this nominally 
occurs when both electronic levels in the transition are S states with L = 0, but 
such a transition would be El-forbidden to begin with. Such splittings were 
predicted classically by Larmor many years before they were observed in atoms 
with S = O. This phenomenon is historically known as the normal Zeeman effect. 

In atoms with nonvanishing spin as well as orbital angular momentum, the 
situation is far more interesting. The Hamiltonian for such atoms in external 
magnetic fields assumes the form 

11=flo +f (r)L -S—p m •B 	 (2.84) 

where the second and third terms represent the spin—orbit and Zeeman 
Hamiltonians, respectively. (The function f(r) in the spin—orbit Hamiltonian 

B z  = 0 	 B 

Figure 2.13 Transitions observed between 'D and 	states under the normal 
Zeeman effect. Since the separation between adjacent sublevels is invariably 

At 3,12m e  and the selection rule restricts AML  to 0, +1, spectral lines appear at only 

two new frequencies when the magnetic field is turned on. 
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depends only on the electronic radial coordinates.) The atomic magnetic 
moment  Pm  is now given by 

eL gseS 
= 	 2m, 2me  

!IL+ Ps 	 (2.85) 

where the electron spin g factor is approximately given by gs  cs._,  2.0. The Zeeman 
Hamiltonian 

= — fi. • B 	 (2.86) 

for B = 	could be taken to be 

	

= 	e  (L. + 2me    (2.87) 

which could then be used in principle to calculate the new levels using first-order 
perturbation theory in weak magnetic fields. The problem here is that in the 
presence of spin—orbit coupling the atomic stationary states are not 
eigenfunctions of Lz  and Sz , due to the commutation rules (2.45). Hence, Eq. 2.87 
cannot be used to calculate the first-order Zeeman energies directly. In the 
classical view of Russell-Saunders coupling, L and S precess about J, which in 
turn precesses about the magnetic field direction  1 as shown in Fig. 2.14. 
(This corresponds to the quantum mechanical picture in which Jz  is stationary, 
but Lz  and Sz  are indefinite.) Since PL  and ps  are proportional to L and S, 
respectively (Eq. 2.85),  PL  and ps  also precess about J, with the consequence that 
only the components of PL  and ps  directed along J contribute to the expectation 
(averaged) value of pm  =  PL  + ps . The vector along J with length equal to sum 
of these components is 

1k1 = 	Ps)•JP/J 2 
	

(2.88) 

The Zeeman Hamiltonian then effectively becomes 

flz = 	B 

because components of  PL  and  lis  normal to J average out to zero during 
precession. Now the fact that 

1 41/. + Ps) • J e (L + gsS) ' • yi j2 	2me 
(2.89) 
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8, 

 

Figure 2.14 Angular momentum vectors L, S, J (left) and their associated 
magnetic moments pL ,  fis'  p, (right). Under Russell-Saunders coupling, the orbital 
and spin angular momenta L and S precess about the total angular momentum J. The 
magnetic moments 0,, ps  (which are antiparallel to L and S) undergo similar 
precession. Since gs  2, we have Ipsi/ISI 2IpL VI1I, with the consequence that the 
vector sum Oh + ps ) is not parallel to J. The effective g factor g, is the projection of 
(pt  +  i's)  upon the direction of J, since precession rapidly averages the other 
components of Oh +  fis)  to zero. 

combined with the identities 

allows us to write 

S2  = (J — L) 2  = J2  + L2  — 214 -.I 

L2  =(J — S) 2  = J2  +  52_  2S J (2.90) 

Pr = 
e J2  + L2  — S2  + g .,(J 2  + S2  — L2) j 

 2m, 	 2J2  
(2.91) 

Replacing J 2, L2 , and S2  with h2J(J + 1), h2L(L + 1), and h2 S(S + 1), re-
spectively, yields 

g jeJ 
(2.92) PJ = 2me  
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with the effective Land& g factor 

(2.93) 

Using the approximate value 2.0 for the electron spin g factor gs  results in the 
common expression [1] 

 

J(J + 1) + S(S + 1) — L(L + 1) 
(2.94) 

2J(J + 1) 

Finally, the Zeeman correction to the energy in a state with angular momentum 
quantum numbers L, S, J, M, becomes in the weak-field limit 

eg, 
—<LSJM,Iii ni -BILSJM„> = —

2m, 
<LSJA/ JIJ • BILSJM,> 

gjeh 
= 	B zM, 

2m, 
(2.95) 

The remarkable property of the effective g factor g, is that it depends on L and S 
as well as on J (Eqs. 2.93 and 2.94). In the limits where L =  0 and S = 0, g, 
reasonably approaches gs  and unity, respectively. If gs  were unity rather than 
approximately 2.0, g, would also be unity according to Eq. 2.93; p in  would then 
be parallel to J. Since the orbital and spin angular momenta have different g 
factors, pn, does not point along J (Fig. 2.14), and the Zeeman energies depend 
on the orbital and spin as well as total angular momentum quantum numbers. 
They are independent of the radial quantum numbers. Since atomic spectral lines 
in the absence of external fields do not appear with little flags exclaiming "I came 
from J = 4, L = 3, S = 1," this anomalous Zeeman effect observed in atoms with 
nonvanishing L, S has proved to be an invaluable experimental tool for 
assigning them. The fact that g, depends only on L, S, and J is known as 
Preston's Law. 

Figure 2.15 illustrates the anomalous Zeeman effect in Na atom transitions 
from the 3 2 S 112  ground state to the lowest lying excited fine structure levels 
3 2P112  and 3 2P312 . (These are the well-known D line transitions which occur at 
5895.93 and 5889.96 A in zero field.) According to Eq. 2.94, the respective 9, 
values for the 3 2 S 112 , 3 2 11 112 , and 3 2P 312  terms symbols are 2, 4, and 4;  a weak 
magnetic field splits the fine structure levels into 2J + 1 = 2, 2, and 4 
components, respectively. The El transitions displayed in Fig. 2.15 obey the 
selection rules AJ = 0,  ±1  and AM., = 0, + 1. Their wavelengths may be 
analyzed using Eqs. 2.94 and 2.95 to deduce the angular momentum quantum 
numbers a priori. 

(1  + gs)J(J  + 1) + (1 — gs)[L(L  +  1) — S(S  + 1)]  
= 	 2J(J + 1) 
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2P
1/2 _ 

2S 1/2 

-1/2 

g  = 2  

Figure 2.15 Transitions observed between a 2 S 112  state and 2 P 112  and 2 P 312  states 
under the anomalous Zeeman effect. Since the Lande g factor gj  = 1 + 
[J(J +1) + S(S + 1) L(L + 1 )]I2J(J +1) has a different value in each of these 
electronic states, a unique frequency is associated with each of the shown 
transitions. These frequencies can be analyzed to infer the angular momentum 
quantum numbers for each electronic state. 
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PROBLEMS 

1. Consider the 2 D 312  and 2D512  fine structure levels in a one-electron atom. 

(a) Express the coupled states lisjm> in terms of the uncoupled states 1/m1sms > 
for these levels by working out the Clebsch-Gordan coefficients using 
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angular momentum raising and lowering operators (there are 10 of these 
coupled states in all). 

(b) Determine which of the 24 transitions between 2D312  and 2 D512 fine 
structure levels are M 1 -allowed. Can you extend your reasoning to obtain 
general selection rules on Ai and Am for M1 transitions? 

2. In a hydrogenlike atom, the magnitude of the unperturbed Hamiltonian Ro  
is on the order of Ze 2/47re0r, and that of the spin—orbit Hamiltonian ilso  is 
eze2/87re0me2c2r3. Considering that r is typically equal to ao/Z (where ao  is the 
Bohr radius), calculate the numerical magnitude of fiscilio, and comment on the 
validity of using perturbation theory to describe spin—orbit coupling. (The fine 
structure constant a = e 2/47re 0hc is equal to 1/137.0372; the Bohr radius is 
ao  = 47rEo h 2/mee2 .) 

3. Which of the Hg atom levels shown in Fig. 2.12 are metastable? 

4. Use the angular momentum commutation rules [Lx, Ly] = ihL z , [Ly , 
Lz] = ihL„,  [Li ,  Lx] = ihLy , [L, L2] = 0, along with the analogous rules for the 
components of S and J, to prove the commutation relationships (2.45) that hold 
in the  presence  of spin—orbit coupling. Take the spin—orbit Hamiltonian to be 
H 0  = f(r)L • S, with f(r) a function of the radial coordinates only. 

5. Determine the atomic term symbols 2S  +1L, that may be obtained from the 
equivalent p3  configuration using a Slater diagram. Ascertain explicitly whether 
there are any El-allowed transitions among sublevels of this p3  multiplet. 
According to Hund's rule, what should be the term symbol for ground state N? 

6. Which levels in K could be reached by E2 transitions from the 42 S 112  
ground state? 

7. An El transition at 3125.66 A connects the 6p 3 P 1  and 6d 3 D2  fine structure 
levels in Hg. A weak magnetic field splits these levels via the anomalous Zeeman 
effect. Evaluate the g j  factors for both levels, indicate all of the El transitions 
that will occur using a schematic energy level diagram, and draw the resulting 
"stick spectrum" on a wavelength scale. 
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ROTATION AND VIBRATION 
IN DIATOMICS 

Many of the features that are prominent in atomic spectroscopy have close 
analogies in electronic spectroscopy of diatomic molecules. Like atoms, dia-
tomics exhibit electron correlation, spin—orbit coupling with its associated fine 
structure and angular momentum coupling schemes, and the Zeeman effect. In 
diatomics as in atoms, the symmetry of the electronic Hamiltonian plays a 
major role in the electronic state degeneracies and selection rules. The 
distinctions encountered here in going from atoms to diatomics are rather trivial 
ones that accompany the reduction of spherical symmetry in atoms into the 
and 1),ot  point group symmetries in diatomics. 

These analogies fail to explain the coarse structure observed in diatomic 
electronic spectra under low resolution (Chapter 4), because the additional 
nuclear coordinates introduced by the second atom in a diatomic molecule AB 
create new internal modes that have no counterpart in atoms. The nuclear 
positions relative to an arbitrary origin fixed in space can be specified using the 
Cartesian vectors RA and RB (Fig. 3.1). They may be equivalently described in 
terms of the coordinates 

Rem  = (MARA  + MBRB)/(MA + MB) 
	

(3.1) 

and 

R RB RA 	 (3.2) 

where MA and MB are the nuclear masses. The vector Rem  locates the nuclear 
center of mass; R is a vector whose length R gives the internuclear separation 

73 
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Figure 3.1 The nuclear positions in a diatomic 
molecule may be specified in terms of either the 
laboratory coordinates RA, RB, or the center-of-
mass coordinates R cm , R. 

and whose direction k gives the orientation of the internuclear axis in space. It 
can readily be shown [1] (see also Appendix G) that the kinetic energy 

T =-IMA lk i2t  + IMBIk4 	 (3.3) 

of nuclear motion in Cartesian coordinates becomes transformed using Eqs. 3.1 
and 3.2 into 

T =
IN12= 

 Im1tc2in  Itt1 2 I tiR202 	(3.4) 

in terms of the center-of-mass coordinates Rcff, and R. The masses appearing in 
Eq. 3.4 are the total nuclear mass 

M = MA ± MB 	 (3.5) 

and the nuclear reduced mass 

MAMBAMA + MB) 
	

(3.6) 

The first term in the kinetic energy (3.4), associated with center of mass 
translation, does not affect the internal energy levels in the molecule. The 111N/1 2  
term is the vibrational kinetic energy arising from changes in the diatomic's bond 
length R. The last term, 11.LNR 2 62 , is the nuclear rotational kinetic energy 
connected with molecular rotation through an angle 0 about an axis normal to 
the molecular axis. The usefulness of the center-of-mass coordinates in Eq. 3.4 is 
that they separate the total nuclear kinetic energy into contributions from the 
overall molecular translation and the internal modes (vibration and rotation). 
These internal modes in diatomics are responsible for spectroscopic transitions 
occurring in the microwave to near-infrared regions of the electromagnetic 
spectrum. 

An example of  a far-infrared absorption spectrum of a diatomic gas is shown 
in Fig. 3.2. The vertical coordinate is light intensity transmitted by an HC1 
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100 200 

wavelength (0 

Figure 3.2 Far-infrared absorption spectrum of HCI gas. The vertical coordinate is 

light intensity transmitted by the gas sample; the horizontal coordinate is wave-

length. Reproduced by permission from D. Bloor et al., Proc. London Ser. A 260: 510 
(1961). 

sample after passing through a scanning monochromator operating at wave-
lengths A betwen —90 and 300pm. The intensity envelope peaking near 130 ,um 
is determined primarily by wavelength-dependent light transmission (techni-
cally, the grating blaze) in the monochromator. The characteristic HC1 ab-
sorption lines appear as minima at = 240, 160, 120, and 96 pm. The regularity 
in this sequence of lines is more striking when these wavelengths are converted 
into frequencies i-,  = 1/.1 = 41.7, 62.5, 83.3, and 104 cm', respectively: These 
frequencies are uniformly spaced by 20.8 cm'. The energy changes associated 
with these absorption lines, which arise from transitions between different 
rotational levels in HC1, are smaller than those observed in the atomic line 
spectra in Fig. 2.2 by factors of typically 103 . 

The far-infrared spectrum in Fig. 3.2 exhibits poor signal-to-noise ratios 
(S/N) and low resolution in comparison to other forms of molecular spec-
troscopy that will be studied later. As far-infrared spectra go, it represented 
nearly state-of-the-art technology in 1961. The experimental difficulties of far-
infrared spectroscopy stem from the low intensities available from continuum 
light sources at such wavelengths (a 104  K blackbody emits only 1 part in 108  of 
its total output between 150 and 350 pm) and from the low efficiency of 
specialized light detectors (e.g., Golay thermal detectors, superconducting 
bolometers) that can be used in this regime. The linewidths displayed in Fig. 3.2 
(defined as full width at half maximum, or fwhm) are on the order of 5 cm '. 
They are not intrinsically a property of the HC1 gas, but arise from the necessity 
of relaxing the monochromator resolution (using wider entrance and exit slits) 
to bring the signal to a detectable level. Far higher resolution is now routinely 
available in this wavelength regime using Fourier transform techniques. 
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Figure 3.3 Near-infrared absorption spectrum of HCI gas: transmitted light 
intensity versus frequency in  cm'. Reproduced by permission from Pyler et al., J. 
Res. Nat. Bur. Stand. A 64: 29 (1960). 
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HC1 gas also exhibits a series of absorption lines in the near-infrared, as 
shown in Fig. 3.3. The S/N in this spectrum is considerably higher than 
in the far-infrared spectrum; the fwhm linewidths in Fig. 3.3 are approximately 
1 cm'. This reflects on the relative facility of generating and detect-
ing light with near-infrared wavelengths; the energy changes associated with 
the transitions in Fig. 3.3 are larger than those in the far-infrared spectrum by 
factors on the order of 102 . The absorption lines in the near-infrared HC1 
spectrum are grouped into closely spaced doublets separated by 2 cm -1 . It 
will be shown that these doublets appear because HC1 naturally occurs in two 
common isotopes, H"Cl and H 37 C1, with 75.5 and 24.5% abundance, re-
spectively. (Under sufficient resolution, the far-infrared absorption lines in Fig. 
3.2 would similarly be split into isotopic doublets.) The near-infrared spectrum 
results from simultaneous rotational and vibrational level changes in HC1, and 
is called a vibration-rotation spectrum. The frequency spacings of — 20 cm 
between successive absorption lines are similar to those occurring in the far-
infrared spectrum, although they are not nearly as constant as in the pure 
rotation spectrum of Fig. 3.2. The vibration-rotation spectrum shown in Fig. 3.3 
is centered near 2900 cm -1 ; similar (but weaker) families of vibration-rotation 
lines can also be observed at frequencies near multiples of 2900 cm '. 

These spectra can be analyzed to yield detailed information about the 
molecular bond length, about the potential energy function that governs the 
vibrational motion, and about the interactions between vibrational and rota-
tional motions which résult in small corrections to the total molecular energy. A 
remarkable property of pure rotational spectra is that no knowledge of 
electronic structure is required to interpret them. This situation contrasts 
strikingly with that in atomic line spectra, where extensive configurational 
interaction calculations must be performed to correctly predict spectral line 
positions. The implication here is that electronic and nuclear rotational motions 
are in some way essentially decoupled. Vibrational and electronic motions often 
prove to be separable in a similar sense, although details of electronic structure 
do influence vibrational motion via their effect on the vibrational potential 
energy function. The concept of separability between electronic and nuclear 
motions forms the basis of the Born-Oppenheimer approximation, which we 
discuss in Section 3.1. In the remainder of this chapter, we build on the 
foundation provided by the Born-Oppenheimer principle to develop the 
eigenfunctions, energy levels, and spectroscopy of diatomic rotations and 
vibrations. 

3.1 THE BORN-OPPENHEIMER PRINCIPLE 

The Born-Oppenheimer principle is a cornerstone of molecular spectroscopy, an 
organizing principle that vastly simplifies the assignment of different spectral 
features to different types of molecular motion. Without it, electronic and 
nuclear motions would be scrambled in complicated molecular Hamiltonians, 
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and extensive numerical calculations would be necessary to extract even the 
most qualitative features of vibrational and rotational structure—as must now 
be done to compute energy levels that are influenced by correlation in many-
electron atoms. The well-known approximations to diatomic vibrational and 
rotational energy levels [E, ho(v + I) and E, hcBAJ + 1)] would have no 
reality. The Born-Oppenheimer principle sometimes breaks down, and the cases 
in which it does so have attracted considerable research interest from people 
interested in molecular dynamics and energy transfer. Examples of such 
breakdowns are vibronic coupling effects in electronic spectroscopy of polynu-
clear aromatic hydrocarbons, and nonadiabatic transitions in reactive mole-
cular collisions. 

The total Hamiltonian for a diatomic molecule with n electrons is 

2 	h2 	n  — h2 	1 	e2 
fl = E 	 + E 	 + 	 

	

i = 1  2m, 	47rEc, 	Ir i  — ri l N = 1 2M N 

	

1 n 2 	ZNe2 	1 ZAZBe 2  
	 E E   	+ Rso 	(3.7) 
4ne0  i= 1 N = 1 Ir i  — RNI 4720  IRA  — RB I 

These contributions to  il  include the nuclear kinetic energy, the electronic 
kinetic energy, the electron—electron repulsions, the electron—nuclear attrac-
tions, the nuclear—nuclear repulsion, and the spin—orbit coupling. A priori, the 
electronic coordinates r and nuclear coordinates R appear to be inseparably 
mixed in  H , and the electronic and nuclear coordinates are strongly coupled. 
The Schrödinger equation for the diatomic becomes 

Mr, 	R)> = EIT(r, R)> 	 (3.8) 

where r and R represent the sets of electronic and nuclear coordinates, 
respectively. 

We now define the electronic Hamiltonian fiel  as 
2 	h2 

Hei H 
 

N = 1 z-MN 

 ' 

	

N SO 

	 (3.9) 

Re ' differs from II by lacking the nuclear kinetic energy and spin—orbit 
operators Î and Ito . It is possible to find eigenfunctions of ILI  for fixed R (i.e., 
for nuclei motionlessly clamped in position), such that 

11.1(1, R)Mar; 	= ek(R)10k(r; R)> 	 (3.10) 

The resulting electronic states 11// k(r; R)> will depend parametrically on R in that 
the choice of fixed nuclear positions influences the electronic states (physically, 
pulling the nuclei apart will naturally distort the molecule's electron cloud). The 

k(R) are the diatomic potential energy curves—the electronic energies of the 



Tk,  = 

Tk"k , = 

U kk ,  = < 111 	el ± 	sollfr k'› 	Elc(R) (5 kk' 

- h2 	1.7  

Wt. ,  • V R 
211N 

—h2  
	Dkk' 

dkie — 	kiV 	k'› 

n 	<tfrklViltPle> 

(3.14a) 

(3.14b) 

(3.14c) 

(3.14d) 

(3.14e) 
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various states k as functions of the internuclear separation R. Numerous 
potential energy curves are shown for several diatomic molecules in Figs. 3.4, 
3.10, 4.2, 4.6, 4.7, 4.8, 4.9, 4.14, 4.29, 4.30, and 4.31 in this book. 

For the solutions  Y(r, R)> to the full diatomic Hamiltonian, we now try 
expansions of the form 

R)> = 	aklikk(r; R)>IXIAR)> 
	

(3.11) 

where the lxk(R)> are the diatomic nuclear (vibrational—rotational) wave 
functions in electronic state k and the ak  are expansion coefficients. If we have 
complete sets ',Pk > and lx k >, IT(r, R)> can always be expanded as in Eq. 3.11. It 
is only when IT(r, R)> can be well approximated by a single term of the form 
li/i k >lxk > that one can be said to have achieved separation between electronic and 
nuclear motion, by factorizing the total wave function into electronic and 
nuclear parts. Such a factorized state is called a Born-Oppenheimer state. 

If we substitute from Eq. 3.11 for jkli(r, R)> into the diatomic Schrödinger 
equation using the Hamiltonian of Eq. 3.7, we obtain [2] 

ak 

 [

„.7  42 	± 	+ Ukk — Ell X k(R» N= 1  ,LMN 

= - E 	+ TZk' 	kkliXk'(R)> 	(3.12) 
k' * k 

According to Eq. 3.4, the nuclear kinetic energy operator may be recast in terms 
of center-of-mass coordinates, 

2 	h 2 	 h2 	h2 

	 V= 	 _ 	VB2 
N = 1 2MN 	 2MA 	LMB 

h2 
 çj 

V 
v2 

2M ' 2p.N  R  
(3.13) 

Since the electronic and nuclear wave functions are independent of the center-of-
mass position Rc„„ the term in  TN  involving Ve2rn  drops out in Eq. 3.12. The new 
quantities introduced in Eq. 3.12 are defined as 
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The operators VR and Vi are given by 

ai a k. 	 a 
VR 	OR + 	a0 +  R sin 0 00 

1 	0( i   1 	02 004._ 	

sin2 
V2  " 	

R 
(R 2  —a 	 (3.15) 

R  — R 2  OR 	OR/ ± R2  sin 0 00 n  00) 	2    

where (0, 4)) define the orientation of the internuclear axis in space, R is the 

MX 

M -FX- 

Figure 3.4 Lowest two bound potential energy curves for an alkali halide molecule 

MX. The zeroth-order ionic and covalent curves, which intersect at the crossing 
radius R = Re , are shown at left. The adiabatic curves e. (R) and  i 2 (R) are shown at 
right; the avoided crossing at R = R e  is caused by mixing of the degenerate ionic and 
covalent states, which have the same symmetry. The lower adiabatic state  Ji1  (r; R)> 
describes ionic II/1+X -  for R < Re , but correlates with uncharged separated atoms 
M + X for large R. The higher adiabatic state 10 2 (r; R)> describes covalent MX 
(which is far more weakly bound that ionic MX) for R < Re , and correlates with 

M + X -  at large separations. 
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internuclear separation, and (r, f k') in this context are unit vectors associated 
with the coordinates (R, 0, 4)). 

Equation 3.12 is actually an infinite set of coupled equations that tell us that 
nuclear motion generally takes place in all electronic states simultaneously 
(since motion in a given state k is coupled by the right side to motion in all other 
electronic states V). When this is true, the electronic and nuclear motions cannot 
be separated. 

We now briefly consider the special case in which the right side of Eq. 3.12 is 
negligible. The quantity Tja, on the left side of Eq. 3.12 is usually small (i.e., the 

electronic states 11/4 > do not normally oscillate violently with internuclear 
separation R!) and so in this case we obtain 

[— h 2 	, 
Viz ± kk (i.) — Liak(it) 	u 

2 [IN  
(3.16) 

When the spin—orbit coupling is small, Ukk (R) = sk(R) according to Eq. 3.14a: 
Ukk (R) = <441 1/01 1frk> = sk(R). Then Eq. 3.16 becomes a Schrödinger equation 

Figure 3.4 (Continued) 
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for nuclear motion (vibration and rotation) in the potential Ukk (R) specified by 
the potential energy curve ek(R) of electronic state k. This eigenvalue equation 
then leads to the diatomic rotational and vibrational states as they are 
commonly understood in molecular spectroscopy. When Eq. 3.16 is approx-
imately valid, the Born-Oppenheimer principle applies. 

We now consider reasons why the Born-Oppenheimer approximation can 
break down, i.e., why the right side of Eq. 3.12 can become appreciable. Since 
Ukk' = klitoliPk'› for k k', large spin-orbital Hamiltonians Ito  can be a 
culprit—and Born-Oppenheimer violations can indeed result from large spin-
orbit coupling. The term Tk"kr in Eq. 3.14 is generally small, for the same reason 
that Tk is usually negligible. So we now focus on rkk. This term can become 
large when the potential energy curves for two electronic states k and k' 
approach closely, causing nohadiabatic transitions from nuclear motion in state 
k to nuclear motion in state k'. 

As an example, we discuss the approach of an alkali atom M and a halogen 
atom X. The lowest two potential energy curves e i (R) and 82(R) for the alkali 
halide MX are schematically shown in Fig. 3.4. The lower of the two states 
11// 1 (r; R)) correlates with the ground-state neutral alkali atoms M + X, and has 
'V symmetry. The upper state 102(r; R)>  correlates with the ions M + X 
and also has 1 E +  symmetry. The two potential energy curves s 1 (R) and 82(R) 
exhibit an avoided crossing at R = Rc , in consequence of the noncrossing rule 
[3] for curves corresponding to states of the same symmetry. Because of this 
noncrossing rule, the adiabatic states M I > and 10 2 > rapidly change in character 
near R = R. In particular, 10 1 > describes ionic M 4" X - for  RR—since  the 
deep well in e l (R) results primarily from Coulomb attraction between the ions at 
smaller separations—but corresponds to covalent MX for R Z,R c , where 
covalent MX has lower energy than ionic M ÷X -. Conversely, WI 2  > switches 
from covalent to ionic character as R, is passed going outward; s 2(R) has a 
shallow well since covalent MX is considerably more weakly bound than ionic 

In the neighborhood of R c  where the potential curves 8 1 (R) and 82(R) 
approach closely, Tk'  k, becomes large for k = 1, k' = 2, because the quantity 

d 12  = < l lVRI2> = 	Trza  102> 
	

(3.17) 

is large in this region where 14/ 1  > and 10 2 > are switching between ionic and 
covalent behavior. 

The implications of this for collisions between the neutral atoms M + X are 
as follows. The collision starts out at large R in state ItP i > (corresponding to 
M + X). As the atoms approach at R » R c , the system remains in state 100, 
because in this region the right side of Eq. 3.12 is small. But as R approaches R c , 
d 12  becomes appreciable, and then 

- h2  
r12 	211,N  U12 • VR (3.18) 
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can become important if the atoms approach with sufficient relative velocity 
(which is proportional to VR). At this point, Eq. 3.12 informs us that the system 
has a finite probability of hopping to state 11//2> near R = R, . If it does, the atoms 
will momentarily form covalent MX (following curve c2(R)) on closer approach, 
R R, . If the curve-hopping fails to occur, the system remains adiabatically in 
state Ili/ >, and forms ionic M + X when R becomes smaller than R, . The 
probability of this curve-hopping (which amounts to a breakdown of the Born-
Oppenheimer principle) depends on the relative nuclear velocity: the larger VR 

is, the more probable the nonadiabatic jump. The widespread use of Eq. 3.16 in 
molecular spectroscopy rests on the assumption that such nonadiabatic trans-
itions never occur, and that nuclear motion is restricted to motion on one 
potential energy curve (or surface in polyatomic molecules) corresponding to a 
single electronic state. This is valid in the limit of small spin—orbit coupling, and 
when the electronic potential energy surface in question is not closely 
approached by other surfaces at the total (electronic plus nuclear) energies of 
interest. 

Interested readers are referred to the chapter by J. C. Tully in Dynamics of 
Molecular Collisions, Part B, edited by W. H. Miller (Plenum, New York, 1976) 
for additional information on this subject. 

3.2 DIATOMIC ROTATIONAL ENERGY LEVELS AND 
SPECTROSCOPY 

In the remainder of this chapter, we assume that the Born-Oppenheimer 
approximation is good, and that Eq. 3.16 holds. In this section we consider the 
rotational motion of a idealized rigid diatomic rotor, in which R is fixed at Ro . 
Then Ukk (R) = Ukk. o, R 1 is a constant that we may set to zero for convenience. 
Using Eq. 3.15 for VI in the Schrödinger equation (3.16), we immediately have 

•- 2[ 1 	a ( R2  a 	f2 

	

LR2 0R 	aR) h2R2iix-t )  

J2 

212NR6 I xrot(0, 	= Erotlx,00, (3.19) 

where we have used the fact that rotor's rotational angular momentum operator 
Pis 

1 	a2  f2 = —h2[  1   a  (sin e a ) + 	 (3.20) sin e ae 	ae 	sin2  e 802 

and the fact that terms in aiaR drop out when R is held constant. Hence the rigid 

rotor Hamiltonian is 

'tot = .12  /2/1NR6 = P/21 	 (3.21) 



Erot = 2/ 

J(J + 1)h2  
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where I is the rotational moment of inertia, I = ,tiNn. The eigenfunctions of 
are the spherical harmonics 

IX,ot( 0, 4))> = 17.(m( 0, 0) 

J = 0, 1, 2, ... 

M = 	, —J 
	

(3.22) 

and its eigenvalues are 

J = 0, 1, 2, ... 	 (3.23) 

According to Eq. 3.22, the rotational levels are (2J + 1)-fold degenerate. 
Equation 3.23 gives the rotational levels in joules (J) when h is in J • s and I is in 
kg • m2 . They are more commonly expressed in  cm' numbers) via 

Erot(cm -1) = BJ(J + 1) 
	

(3.24) 

where B (the rotational constant in cm ') is 

B = h2/2hcI = h/87r2cl 
	

(3.25) 

The rotational energy spacing in cm between level J and level (J — 1) is 
BJ(J + 1) — B(J — 1)J = 2BJ, which increases linearly with J (Fig. 3.5). 

We now derive the pure rotational selection rules (i.e., in the absence of 
vibrational or electronic transitions) for the rigid rotor. If a rotor of fixed length 
Ro  has charges + 6 glued to its ends, it has a permanent dipole moment 

Po =45R = 6R oft 	 (3.26) 

along the molecular axis. The El transition moment for the JM —>J'M' 
rotational transition is then 6Ro < Yjm(0, yrig,(0, OD, which vanishes unless 
AJ  J' — J = +1, AM M' — M = 0,  ±1,  and 6 0 0. Accordingly, El trans-
itions occur only between adjacent rotational levels for which 
AE, = E(J) — E(J — 1) = 2BJ. Note that this El transition moment integral is 
formally identical to the angular part of the El transition moment for 
hydrogenlike atoms—which is why it yields identical selection rules. The factor 
of 6 means that only heteronuclear diatomics with permanent dipole moments 
(6 0)—such as HBr and CO—can exhibit a pure El rotational spectrum. 

Since the energy changes in cm for transitions from state (J — 1) to state J 
are equal to 2BJ for a rigid rotor, the observed rotational absorption lines are 
predicted to be uniformly separated by the spacing 2B (Fig. 3.5). This is borne 
out to within experimental error in the far-infrared spectrum of HC1, Fig. 3.2. If 
the nuclear masses (and hence the nuclear reduced mass ptN) are independently 
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E j  

J  =0  

2B 	48 	6B 	8 8  

Figure 3.5 Rotational levels in a diatomic molecule. Allowed absorptive trans-
itions (6al = +1) are shown by vertical arrows. Schematic absorption spectrum is 
shown at bottom. 

known, the rotational constant B inferred from such a spectrum can be used to 
calculate the apparent internuclear separation 

R o  = (h2  12hc 11NB) 112 	 (3.27) 

Indeed, a principal application of rotational (and vibrational—rotational) 
spectroscopy is determination of molecular bond lengths (and bond angles in 
polyatomics, Chapter 5). 

The intensities of the absorption lines in a far-infrared spectrum like Fig. 3.2 



900 K 300 K 

5 10 

Figure 	3.6 Relative 	rotational 	state 	populations, 	given 	by 
gj  exp[ -hcBJ(J + 1 )1kTylj gj exp[-hcBJ(J +1)101 	versus 	rotational 
quantum number J for B = 10.6 cm'. 

Table 3.1 
- cm 1  

Rotational constants of diatomic molecules, 

Molecule B e  Œe  De  

"Ar2  0.05975 0.00375 11.3E-7 
138Ba 160 0.3126140 0.0013921 2.724E-7 
"C l60 1.93128087 0.01750441 6.1214E-6 
1 H 2  60.853 3.062 4.71E-2 
1 1-1 35C1 10.59341 0.30718 5.3194E-4 
1271 2  0.03737 0.000113 4.2E-9 
1271 35c1 0.1141587 0.0005354 4.03E-8 
23Na35C1 0.2180630 0.0016248 3.12E-7 

4.9012 0.1353 3.32E-4 
"Na2  0.154707 0.0008736 5.81E-7 
14N2  1.99824 0.01731 5.76E-6 
14N 160  1.67195 0.0171 0.5E-6 
1602  1.44563 0.0159 4.839E-6 
' 60 1 11 18.910 0.7242 19.38E-4 

Data taken from K. P. Huber and G. Herzberg, Molecular Spectra 
and Molecular Structure: Constants of Diatomic Molecules, Van 
Nostrand-Reinhold, New York, 1979. 

86 
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are also of interest. The optical densities of absorption lines in a sample at 
thermal equilibrium will be weighted by the Boltzmann factors 

Th exp(—.E. Ii IkT) = (2.1 1 + 1)exp[ — hcBJI(Ji  + 1)1k7] 	(3.28) 

where J1  is the rotational quantum number of the lower (absorbing) level. 
(Optical densities are defined in Appendix D.) This causes the pure rotational 
spectrum to peak its intensity at some J1  determined by the sample temperature 
and rotational moment. In Fig. 3.6, relative rotational state populations are 
shown for J = 1 to 10 in HC1 for two contrasting temperatures. 

Most values of heteronuclear diatomic rotational constants B fall between 
the extremes of HF (20.9 cm -1 ) and IC1 (0.114 cm  -1 ). For these species, the 
frequencies of the J = 0 -+ 1 rotational transitions are 41.8 and 0.228 cm -1 ; both 
are in the far-infrared to microwave region of the electromagnetic spectrum. 
Some representative rotational constants are listed in Table 3.1. 

3.3 VIBRATIONAL SPECTROSCOPY IN DIATOMICS 

With the aid of Eqs. 3.15 and 3.20, the Schriidinger equation (3.16) for nuclear 
motion in the Born-Oppenheimer approximation becomes 

h2   (1  	a  

[ 	 f2 	 fri‘\ 	 in\  \ 	 „tnx  

„ 	R 2 	 ukk (R) 
21.11,1  R 2  0R( 	aR) h2R 2)11Xkln)/ EdiXklIt)J 

where lxk(R)> is the wave function for nuclear motion in electronic state k. If we 
make the substitution IX,JR)> = S k(R)Y, k{ (0, 4))IR, and recall that j2  Yjm(0, 49) 
= J(J + 1)h2 Yjm(0, 4)), we obtain 

d2Sk(R)  21IN [E Ukk (R) j(j 	1)h2  dR 2 	h2 	
Sk(R)= 0 	(3.30) 

2tINR 2  

This is the Schrödinger equation for vibrational motion, with eigenstates Sk(R) 
representing vibrational wave functions in electronic state k, under the effective 
vibrational potential 

, D, J(J  + 1)h 2 
 Uvib(R) — u kw./ + 

211NR 2  
(3.31) 

We recall that Ukk (R) = Ktkklfleilth> + <OM soltk 1); it is the electronic potential 
energy curve  k (R), corrected by the expectation value of the spin-orbit coupling 
Hamiltonian. The second term in Eq. 3.31 is the centrifugal potential which is 
occasioned by the rotational motion in state jx,..,> = Yjm(0, 0); it reminds us that 
the rotational and vibrational motions cannot be truly independent, since the 
rotational state influences the effective vibrational potential. 
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Needless to say, the R-dependence of Ukk (R) = ek(R) is not analytic. For 
bound electronic states that exhibit local minima in  k(R), it can be usefully 
expanded in a Taylor series about the equilibrium separation R = R e , 

U k
k 	

d2 kk  U kk(R) = U kk(Re) (d
dR

)
Re

(R 	R.) + 2 dR 2  ) Re (R — Re) 2  + • • • 	(3.32) 

If we set Ukk(R e) = 0 and recognize that dUkk/dR vanishes at the local minimum 
R = R e , then 

	

U kk (R) 2e lk(R — R e)2 	 (3.33) 

where the vibrational force constant k is defined as 

k = (d
d2U

kk
R 2  )iz 
	 (3.34) 

This is the familiar potential for a one-dimensional harmonic oscillator (Fig. 

Figure 3.7 Harmonic oscillator approximation (dashed curve) to true potential 
energy curve c(R) in a diatomic molecule. 
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3.7). If we restrict ourselves to pure vibrational motion (J = 0), Eq. 3.30 then 
becomes 

( —h2  d 2  
2/I dR2 

+ 7k(R — R e)2)Sk(R) = ES k(R) 
N   

(3.35) 

From prior experience with the one-dimensional quantum mechanical har-
monic oscillator [4], we know that its eigenfunctions and eigenvalues are 

Sk(R) -= Ny e x212 11v (X) 	Iv> 
	

(3.36a) 

Ev ib hco(v +1) 
	

(3.36b) 

= 0, 1, 2, . 

where x = (R — R e).\/p Nw/h, 	\./k/p N , and the Hv  are the Hermite poly- 
nomials in x. To keep things in perspective, we recall that these are the diatomic 
vibrational states only in the harmonic approximation (ignoring higher than 
second-order terms in the Taylor series expansion (3.32)) in the absence of 
rotation (J = 0). 

In the El approximation, absorption or emission of radiation can accom-
pany a one-photon transition between vibrational states Iv> and Iv'> only if 
<z) 0 O. Since the vibrational states depend on R, the value of this transition 
moment is affected by the R-dependence of p = p(R), the permanent dipole 
moment. In homonuclear diatomics, p(R) -= 0 for all R. In heteronuclear 
diatomics, the R-dependence of p must resemble the schematic behavior shown 
in Fig. 3.8. This is so because p(R) 0 both in the united-atom limit (R = 0) and 
in the separated-atom limit (R = co) where the diatomic dissociates into neutral 
atoms. Thus p(R) generally is not given by a closed-form expression, but can be 
approximated by a Taylor series about R = R e: 

1  ( 02„ 
• • p * (R) = R e) + 	(R — R e) 

OR R. 	 + 2 OR2)R e 

(R — R e) 2  + 	(3.37) 
 

This should not be confused with the Taylor series expansion of Ukk (R), Eq. 3.32. 
The validity of terminating the expansion for Ukk(R) with the second-order term 
(i.e., the harmonic approximation) is not connected with the validity of breaking 
off the expansion of p(R) with some low-order term—these two approximations 
are unrelated. Textbooks commonly base their derivation of El vibrational 
selection rules on the premise that the series for p(R) can be terminated with the 
term that is linear in (R — R e). This can be approximately valid over limited-R 
regions, but is (strictly speaking) unphysical for general R. The error of using this 
linear approximation is mitigated by the fact that the vibrational eigenstates 
tend to limit contributions of p(R) in the matrix element <v1p(R)Iv'> to small 
regions near R = R e  (Fig. 3.8). 
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Figure 3.8 Qualitative behavior of the dipole moment function p(R) for a 
heteronuclear diatomic molecule that dissociates into neutral atoms. The straight line 
tangent to p(R) at R =  R0  represents the linear approximation to ti(R) which breaks 
off the Taylor series (3.39) after the term proportional to (R —  R e ).  When the 
vibrational motion is limited to a small range of internuclear separations 
R_ 5 R  5  R,  the deviations between the true dipole moment function and its linear 
approximation remain small. 

Using the series expansion for p(R), the vibrational transition dipole moment 
becomes 

Op 
<vip(R)10 = p(Re)(*) + 

 ()Re 

(vi(R — R e)Iv'> 
urc  

+ 1  ( °

le

211 )  <1AR — R e)2 1e> 	• 	(3.38) 
2 O 	Rc  

We now need a systematic way to evaluate matrix elements like 
<OR — R erle>. This is provided by the second quantization formulation [5] of 
the one-dimensional harmonic oscillator problem, which parallels in some ways 
the ladder operator treatment of angular momentum. The harmonic oscillator 
Hamiltonian is 

h 2  d2 	 132 

rivib 	 e) 2  =  	 R   lkq 2  
2itN  dR 2 	 2/1N 
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with i3 = (hli)(010R) and q = (R — R e). Since the harmonic oscillator frequency is 
= (k/p10 1 / 2 , this is the same as 

,^ 2 
1 

nvib = 	ViNa)211
2 

z-tiN  

We now define the destruction operator 

a 	— ip Ncoq)IN/2/2Nhco 

Its Hermitian conjugate, known as the creation operator, is 

= + itiNweN/ 21tNhco 

(3.39) 

(3.40) 

(3.41) 

because both /5 and q are Hermitian. The inverses of Eqs. 3.40 and 3.41 are 

/5 =  
 2 

(pNh11/2 
 (a + a +) 

q = i 	
h  )112 

(a — a +) 
21210 

(3.42) 

and these allow us to rewrite the Hamiltonian (3.39) compactly in terms of the 
creation and destruction operators, 

hco 
vib = —

2 
via • --F a +  a) (3.43) 

A useful commutation relationship for these operators is 

[a, al = 
2/iNhco C/5 — ittNaq, fi + imNoN1 

= 	[q, /5] + -2
i
h [1'7, 	= 1 

so that 

[a, al = 1 	 (3.44) 

Using this, the Hamiltonian becomes 

hco 
vib = —2 (a + a + 1  + a 1-  = hco(a + a + (3.45) 
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because aa+  — a+  a = 1 from Eq. 3.44. If we call the operator product a +  a 
the number operator, the Hamiltonian (3.45) can be rewritten as 

	

fivib = hae7  + 	 (3.46) 

However, we know from prior experience that 

fiviblv> = ha(v + 1-)1v> 	 (3.47) 

Comparison of Eqs. (3.46) and (3.47) then shows that 

	

RIO  = vlv> 	 (3.48) 

The state Iv> is then an eigenstate of the number operator with eigenvalue y, 
which shows the number of vibrational quanta in that state. 

We now wish to determine what kind of state a +  Iv> is. We can do this by 
testing the new state a +  Iv> with the number operator, 

lq(a +  Iv>) 	(a +  1■7 + [N, a 4 ])1y> 	 (3.49) 

But 

[N, a +] = [a+  a, a +] = a +  [a, a +] = a + 
	

(3.50) 

using the commutator in Eq. 3.44. Then Eq. 3.49 becomes 

N(a10) = (a+ + a ) ly> = (1) + 1 )(a ± 1v>) 
	

(3.51) 

Hence the new state (a +  Iv>) is an eigenstate of  N with eigenvalue (v + 1). Since 
the eigenstates of a one-dimensional harmonic oscillator are nondegenerate, this 
implies that 

ely> cc Iv  + 1> 	 (3.52) 

We can similarly show that 

ctIv> ,x  Iv  — 1> 	 (3.53) 

so that the operators a +  and a have the effect of creating and annihilating one 
quantum respectively in the harmonic oscillator. It can further be demonstrated 
that 

<vlaa+  Iv> (a + 10) +(a +10) 

= (v + 1)<v + 11v + 1> = (v + 1) 	 (3.54) 
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and that 

<vlealv> 	(alv>) + (alv>) =  y 	 (3.55) 

so that to within a phase factor 

aly> =  v+  1 ly + 1> 

aly> = 	I — 1> 
	

(3.56) 

Then we finally have the matrix elements useful for evaluating the contributions 
to the transition moment in Eq. 3.38, 

<vja+ Iv'> = 

<OW> -= N/y + 16v,v' -1 
	 (3.57) 

We now calculate the first few terms in the transition moment (3.38) explicitly. 
The leading term ii(12,)<yly'> vanishes by orthogonality of the harmonic 
oscillator states. For the next (first-order) term, the substitution for q using Eq. 
3.42 leads to 

h  
(vI(R — R e)iv'> = i(

2/)
)1/2 

[NA 	 +1] 	(3 . 58) 

so that the linear term in the expansion (3.37) of p(R) yields the selection rule 
Av = y' —  y = + 1 for vibrational transitions. The second-order term is pro-
portional to 

h  
<vi(R — Re) 2 10 = 	<vlaa — a+  a — aa +  + a+  a + Iv'› 	(3.59) 

.21.1N co 

The respective integrands resulting from expansion of (a — a +)2  can be easily be 
shown to give Ay =  +2,  0, 0, and  —2. Hence the second-order term allows 
Av =  ±2  overtone vibrational transitions to occur, and higher overtones can 
result from the succeeding terms in the expansion of p(R). In practice, the 
fundamental transitions Ay =  ±1  are usually the ones with the largest proba-
bilities, and the overtone transition probabilities for Ay = + n fall off rapidly 
with increasing n, because the transition moment integral samples a com-
paratively limited region of R near R e . 

Typical vibrational frequencies in heteronuclear diatomics tend to be 
bracketed between those of IC1 and those in hydrides (in which low reduced 
masses are accompanied by high vibrational frequencies). In wave numbers, the 
fundamental vibrational frequencies W e  = col2irc are — 384 cm -1  and 

2990  cm' 	IC!  and HC1, respectively. Vibrational frequencies are listed for 
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Table 3.2 

cm -1 
Vibrational constants of diatomic molecules, 

Molecule We  CO,X, WeYe 

40Ar2  25.74 
138Ba160 669.76 2.02 -0.003  
12060 2169.81358 13.28831 0.010511 
1H2  4401.21 121.33 0.812 
1H35a 2990.946 52.8186 0.2243 
12712  214.50 0.614 
127135a 384.29 1.501 
23Na35C1 366.0 2.0 
23Na 1 1-1 1172.2 19.72 0.160 
23Na2  159.12 0.7254 - 0.00109 
141,42  2358.57 14.32 -0.00226  
14N160 1904.20 14.075 0.011 
160 2  1580.19 11.98 0.0474 
160'll 3737.76 84.881 0.540 

Data taken from K. P. Huber and G. Herzberg, Molecular and 
Molecular Structure: Constants of Diatomic Molecules, Van 
Nostrand-Reinhold, New York, 1979. 

several other diatomic molecules in Table 3.2. These frequencies lie in the 
infrared to near-infrared regicr of the electromagnetic spectrum. 

3.4 VIBRATION-ROTATION SPECTRA IN DIATOMICS 

Molecular vibrational spectra exhibit fine structure in gases, because rotational 
transitions can occur simultaneously with vibrational transitions. In 
diatomics with small vibration-rotation coupling, the selection rules on Av and 
AJ are exactly as in the cases of pure vibrational and pure rotational 
spectroscopy, respectively: 

AJ =  ±1 

Av = +1, (+2, +3, ...) 
	

(3.60) 

These rules hold provided the electronic state in question has no component of 
orbital angular momentum along the molecular axis (Chapter 4). When this 
component is nonvanishing, the selection rules are influenced by interaction 
between electronic and rotational angular momenta, and the AJ 0 transition 
becomes allowed: 

AJ = 0,  ±1 

Av = +1, (+2, +3, ...) 
	

(3.61) 
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Figure 3.9 Energy levels and transitions giving rise to vibration—rotation spectra in 
a diatomic molecule. The upper state and lower state quantum numbers are (v', J') 
and (y", J"), respectively. The schematic spectrum at bottom shows line intensities 
weighted by rotational state populations, which are proportional to 
(2J" + 1) exp[—hcBJ"(J" +1)1k7]. The rotational constants and  B. are as-
sumed to be equal, resulting in equally spaced rotational lines. This assumption is 
clearly not valid in the HCI vibration—rotation spectrum in Fig. 3.3. 

The vibration-rotation spectrum can be understood on the basis of a partial 
energy level diagram for the lowest vibrational and rotational levels (Fig. 3.9). 
The upper and lower level quantum numbers are denoted by (v'f) and (v"J"), 
respectively. Transitions for which AJ = + 1, AJ =  —1,  and AJ = 0 (the latter 
occurring only in states with nonzero orbital angular momentum along the 
molecular axis) are called R-, P-, and Q-branch transitions. The transition 
frequencies are derived from 

hv = AE vib  + AEr„, = hco(v' + — ko(v" + D 
+ hcB'J'(J' + 1) — hcB"J"(J" + 1) 	 (3.62) 

or 

-Acm -1 ) =  i7  + B'J'(J' + 1) — B"J"(J" + 1) 	 (3.63) 
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where T,0  = co(y' — v")127rc is the frequency for the pure vibrational transition. In 
the case of the P branch, letting J" = J and J' = J — 1 gives 

= — (B' + B")J + (B' — B")J2  vp(J) 
	

(3.64) 

whereas for the R branch in which J" = J, J' = J + 1, 

= Ti c)  + (3B' — B")J + (B' — B")J 2  + 2B' 	)1z(.n 
	

(3.65) 

If B' = B" B (i.e., if the diatomic exhibits identical rotational constants in both 
vibrational states le> and Iv"» 

i3p(J) = -13 0  — 2BJ 

VR(J) =  o + 2B(J + 1) 
	

(3.66) 

Hence the rotational fine structure lines are predicted to be equally spaced in 
frequency if B is independent of the vibrational quantum number v. In fact, the 
rotational constant, described earlier as B = h212hcpNR4 for a rigid rotor with 
separation Ro, becomes 

h 2 	1 
By= 

2hcilly <vi R2  Iv> (3.67) 

in a vibrating diatomic. B„ then acquires a y-dependence, largely because the 
harmonic oscillator potential is asymmetric about R = R e . Since Ukk(R) levels 
off to the separated atom asymptote for large R (Fig. 3.10) but falls rapidly for 
small R, <yi 1/R 2 iy> (and therefore B y) decreases as y increases. This fact is 
accommodated experimentally by fitting measured B y  values to the expression 
[6] 

B y = Be — Œe(1'  +  4  + y e(v + 4)2  + (5,(v + 4) 3  ' • • 	(3.68) 

The y-dependence in the rotational constant B y  is clearly visible in the HC1 
near-infrared spectrum shown in Fig. 3.3. This vibration—rotation spectrum 
consists of the y' = 0 to y' = 1 absorptive transition with rotational fine 
structure in a P branch (whose absorption lines at successive J values appear at 
ever lower frequencies according to Eq. 3.64) and an R branch (whose 
absorption lines run to higher frequencies as J is increased, Eq. 3.65). No Q 
branch line occurs, because HClin its closed-shell electronic ground state has no 
electronic angular momentum. The absorption lines are labeled according to the 
value of J" in the lower vibrational state: R(0) is the R-branch line from J" = 0, 
P(1) is the P-branch line from J" = 1, etc. The rotational line spacings decrease 
at higher frequencies in both branches, in consequence of the quadratic 
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Figure 3.10 Potential energy curve for the electronic ground state of Na 2 , with 
effective internuclear separations R y  indicated by dots for y  = 0 through 45. These R, 
values are computed from the experimental rotational constants B y  via 
hcB y =h 2 12p m fq. R y  is close to R e  in the lowest vibrational states, and increases 
with v. 

(if - B")J2  terms in  v(J) and vR(J). This implies that B" > B', or that the 
rotational constant is larger in vibrational state y = 0 than in y = 1. 

Each of the rotational lines in Fig. 3.3 is split into doublets spaced by 
2 cm -  because the isotopes H"Cl and 1-1 37 C1 have slightly different reduced 

masses, and therefore different rotational constants according to Eq. 3.25. 
Vibration-rotation spectra like the one in Fig. 3.3 can be analyzed to obtain 
accurate values of the rotational constant in the upper and lower vibrational 
levels for both isotopes. 
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3.5 CENTRIFUGAL DISTORTION 

Since chemical bonds can be stretched, the centrifugal force accompanying 
diatomic rotation pushes the nuclei farther apart than they would be in a 
nonrotating diatomic. This in turn reduces the rotational constant B„ which 
then depends on J as well as on v. To treat this effect quantitatively, we begin by 
defining F, as the centrifugal force pulling the nuclei apart, F, as the harmonic 
oscillator restoring force pulling the nuclei together, R e  as the equilibrium 
separation when J = 0, and R, as the separation when J O. Clearly R, > Re , 
due to the centrifugal force. Classically, the centrifugal force is given by 

	

F, = ,u0,02Rc= .12/PriR 	 (3.69) 

using the fact that the rotational angular momentum J = 1w = AINR,2 co. The 
magnitude of the harmonic oscillator restoring force is 

1Fri = k(R, — R e) 	 (3.70) 

because Ukk (R) = Ik(R, — R e)2  in the harmonic approximation, and 
Fr  = —dU/dR,. Balancing the centrifugal and restoring forces gives 

	

J2/12NR = k(R, — R e) 	 (3.71) 

or 

R,— R e  = J2/ tiNRA. 	 (3.72) 

Then the rotational energy is 

j2 

Erot 	 + 1k(R, — R e)2 
 2.1.1NR 	2  

(3.73) 

where the latter term is included in the rotational energy because it reflects the 
change in the diatomic potential due to the centrifugal displacement of R from 
Re  to R.  Using twice the expression for R, from Eq. 3.72, the rotational energy 
then becomes 

j2 	1 
E rot = (R e  + J2/12NRk) 2 +12 k (ft: 2  R;0 

.12 	1  
1  (  j22  

2/IN  (R e  + J2//iNR0 + k 2  2 ,uNRk 
) 

j2 	

7
1 	 • 112 	

1 .14  
± • + 	 

2 plink - 2/2NR  

J2 	J4 

- 2,uNR 	2jRk ± • • • 
(3.74) 
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where we have used the identity (1 + x) -2  1 - 2x + 0(x 2) for small x. 
Quantum mechanically, this expression for the rotational energy becomes 

E10, = J(J + 1)h2/2/INR - J2(J + 1)20/214,Rk 	(3.75) 

and the rotational energy in wave numbers (with y-dependence of the rotational 
constants included) is now 

Erot(cm - 1 ) = B,J(J + 1) - DvJ2(J + 1)2 	(3.76) 

with 

1 
D

v 
= 

2hctikk <vi  —R6 140 (3.77) 

Like B v , D„ decreases as y increases; its y-dependence has often been fitted for 
diatomics using expressions of the form [6] 

Dv = De - 13,(v +1) + "• 

If the y-dependence in B„ and D„ is ignored, the fact that 

h2 
B 	 

and 

h4  
2hcp,NR 

implies that the centrifugal distortion constant is 

D 
4B3 

(3.78) 

(3.79) 

(3.80) 

where W e  is the widely used notation for the vibrational fundamental frequency 
in cm' (which we have been calling -f/0). The physical significance of Eq. 3.80 is 
that bonds with stronger force constants (and hence larger W e) experience less 
centrifugal distortion. It is interesting that knowledge of the rotational and 
vibrational constants B and W e  permits one to predict (with reasonable 
accuracy) the more subtle quantity D. 

When D é 0, the rotational lines in a pure rotational spectrum (or in a 
vibration-rotation spectrum) are no longer equally spaced, but become more 
closely spaced at higher J. However, D„ is usually not particularly large. In 1 2 , 
which has one of the weaker vibrational force constants among ordinary 



100 	ROTATION AND VIBRATION IN DIATOMICS 

diatomics (excluding van der Waals molecules!), Be  =  .0374 cm -1  and 
W e  = 214.6 cm -1—yielding De  — 4.55 x 10 cm -1 , which is seven orders of 
magnitude smaller than Be . In HC1 (Be  = 10.6 cm -1 ), the distortion constant De  
is 5.3 x 10 cm -1 ; centrifugal distortion is far too small to observe in the HC1 
far-infrared spectrum in Fig. 3.2. 

3.6 THE AN HARMONIC OSCILLATOR 

Most of our discussion of vibrational eigenstates and selection rules has been 
centered on the harmonic approximation. Of course, the effective vibrational 
potential Ukk (R) is not well approximated by a parabola for energies corre-
sponding to large vibrational quantum numbers y (cf. Fig. 3.7), and considerable 
work has been expended to find alternative expressions for either Ukk (R) or the 
vibrational energy levels which are both compact and accurate. It has become 
conventional to fit experimentally determined vibrational levels Gy(cm -1 ) to 
expressions of the form [6] 

= coe(v + — coexe(v + 4) 2 	W eYe(V 1)3  + • • • 

	 (3.81) 

The first term in G, is the harmonic approximation to the vibrational energy, 
and the remaining terms are the anharmonic corrections. The negative sign in the 
leading anharmonic term corresponds to the fact that real vibrational levels 
become more closely spaced with higher v. A typical value of coexe /co, is 0.0028 
for 2, which indicates that its ground-state potential energy curve is very nearly 
harmonic near the bottom of its well. For the A ll + excited state in NaH 
(Chapter 4), coexe/coe  is —0.0174, which is anomalous because it is negative; this 
occurs because the A 1 E ± potential curve in Nall is pathologically misshapen 
due to perturbation by other nearby excited states. 

If the vibrational energy level expression (3.81) is cut off after its leading 
anharmonic term 

G, =- coe(v + D — wexe(v + 	 (3.82) 

the resulting levels are the exact eigenvalues of an approximate vibrational 
Hamiltonian in which the potential is given by the analytic function 

Ukk(R) De[l _ e - a(R — R e)] 2 	 (3.83) 

This is known as the Morse potential. At R =  R e , the first and second 

derivatives of the Morse potential are [7] 

dUkk (R)  0  
dR — 

d 2 Ukk(R)   
dR2 = 

2a2  D e k 	 (3.84) 
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with the consequence that 

(hDe   \I-12 	1 	k 

	

0)e  = a 	 (3.85) 
ncptp, 	27rc 	iuN  

with De  in cm -1 . It can also be shown that 

ha' 
wex e  = 	 (3.86) 

zincit N  

The Morse potential expression for Ukk(R) h'as the limits D e  and 0 as R 
approaches co and R e , respectively. When R 0, Ukk (R) De  exp(2aR e), which 
is typically large. Hence the Morse potential is capable of modeling the 
qualitative features of a realistic diatomic potential energy curve. If the latter is 
well described by a Morse potential, then spectroscopically determined values of 
(0, and wexe  can be combined using Eqs. 3.85 and 3.86 to estimate the molecular 
dissociation energy [7] 

De  = a)!/4coe x e 	 (3.87) 

measured between the bottom of the potential well and the asymptote of Ukk (R) 
at large R. This can yield useful approximations to De  if the dissociation energy 
is not available by other means. In more general cases where the vibrational 
energy levels are given by Eq. 3.81 rather than 3.82, the dissociation energy D o 

 measured from level v = 0 is rigorously given in terms of the level differences 

AG(v) G(v + 1) — G(v) 

= 	— 20)exe(V + 1) + weYe(3 v2  + 6v + .V) 

	

+... 
	

(3.88) 

as 

Do  = ,E0  A G(v) 	 (3.89) 

if the vibrational level spacing vanishes between level vniax  and level (ve,,. + 1) at 
the dissociation limit. The area under an  experimental  plot of AG(v) versus v 
then equals D o  in principle (Fig. 3.11). Many of the terms G(v) for larger v will not 
be known in practice, so that the experimental AG(v) curve is frequently 
extrapolated to AG = 0 to estimate the dissociation energy. The use of Eq. 3.87 
to estimate De  amounts to making a linear extrapolation of AG(v), since for the 
Morse potential only the two leading terms in Eq. 3.88 contribute to AG(v). Such 
Birge-Sponer extrapolations frequently yield dissociation energies that are 
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Figure 3.11 Birge-Sponer plot of AG( v) versus v for the electronic ground state of 
Na2 . The area under the AG(v) curve yields the ground state dissociation energy Do . 
Linear extrapolation of the points for low v (straight line) would clearly yield a gross 
overestimate of  C. Nonlinear extrapolation of the points exhibited for 0.,.<„ y 45 
(P. Kusch and M. M. Hessel, J. Chem. Phys. 68: 2591 (1978)) leads to an improved 
estimate of Do . A still better approximation to Do  can be made by analyzing 
vibrational levels for v up to 55 from the more recent Na2  fluorescence spectrum 
shown in Fig. 4.1. 

— 30% too large for diatomics that dissociate into neutral atoms [6]. Diatomics 
that dissociate into ions exhibit potentials that behave as R 1  at long range. 
Such potentials exhibit infinite numbers of vibrational levels; plots of G(v) versus 
y then fun asymptotically along the y axis for large y, and the Birge-Sponer 
extrapolation becomes inapplicable. 

REFERENCES 

1. J. B. Marion, Classical Dynamics of Particles and Systems, Academic, New York, 1965. 

2. J. C. Tully, Nonadiabatic processes in molecular collisions. In W. H. Miller (Ed.), 
Dynamics of Molecular Collisions, Part B, Plenum, New York, 1976. 

3. L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Nonrelativistic Theory, 2d ed., 
Addison-Wesley, Reading, MA, 1958. 



PROBLEMS 103 

4. E. Merzbacher, Quantum Mechanics, Wiley, New York, 1961. 
5. K. Gottfried, Quantum Mechanics, Vol. 1, W. A. Benjamin, New York, 1966. 
6. G. Herzberg, Molecular Spectra and Molecular Structure, I. Spectra of Diatomic 

Molecules, 2d ed., Van Nostrand, Princeton, NJ, 1950. 
7. G. W. King, Spectroscopy and Molecular Structure, Holt, Rinehart, & Winston, New 

York, 1964. 

PROBLEMS 

1. In the pure rotational spectrum of 1 1-1 35 C1, lines from the initial states J = 2 
and J = 3 are observed with equal intensity. Calculate the temperature of the 
sample. (For 1 H35 C1, the rotational constant is  1O.6 cm'.)  

2. Use the second quantization formalism to develop the selection rule on 
<y'l(R - Re)"I y> for arbitrary n. 

3. For a heteronuclear diatomic molecule AB, the dipole moment function in 
the neighborhood of R = R e  is given by 

ti(R) = a + b(R — R e) + c(R - Re) 2  + d(R - Re) 3  

in which a, b, c, and d are constants. Treating this molecule as a harmonic 
oscillator, calculate the relative intensities of the y = 0 -> 1 fundamental and 

= 0  -+2  and 0 -> 3 overtone transitions in the El approximation in terms of 
these constants and the harmonic oscillator constants  j and co. 

4. Some of the frequencies and assignments of the 1 1-1 35 C1 vibration-rotation 
lines in Fig. 3.3 are given below. 

ij(cm ') Assignment 

2963 R(3) 
2944 R(2) 
2906 R(0) 
2865 P(1) 
2843 P(2) 
2821 P(3) 

Determine the values of the rotational constants (in cm -1 ) and the associated 
bond lengths (in A) of 1 I- 35 C1 in vibrational states y = 0 and y = 1. The nuclear 
masses of 1 }1 and "Cl are 1.007825 and 34.96885 amu, respectively. 

5. From an analysis of the B i ll. X 1 E: fluorescence bands of  23Na2  (see 
Chapter 4), the vibrational energy levels in the electronic ground state can be 
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represented by 

G(v) = 159.12 (y + — 0.725(y + 4) 2  — 0.0011(y + 4)3 

in cm'. Determine the vibrational quantum number ymax  at which the 
vibrational level spacing vanishes, and estimate the dissociation energy D o . 
Compare this dissociation energy with that estimated using a linear Birge-
Sponer extrapolation, and with the directly measured value D o  = 0.73 eV. 



ELECTRONIC STRUCTURE 
AND SPECTRA IN 

DIATOMICS 

Like the atomic spectra discussed in Chapter 2, electronic band spectra in 
diatomic molecules arise from transitions between different electronic states. 
Both types of spectra occur at wavelengths ranging from the vacuum ultraviolet 
to the infrared regions of the electromagnetic spectrum. A complication in 
diatomic band spectra is that changes in vibrational and/or rotational state 
generally accompany electronic transitions in molecules, endowing band 
spectra with rich rovibrational structure. Analysis of this structure (which often 
lends a bandlike appearance to diatomic spectra, in contrast to the discrete line 
spectra characteristic of atoms) can yield a wealth of information about ground 
and excited electronic state symmetries, detailed potential energy curves, and 
vibrational wave functions. An anthology of such information is presented for 
several diatomic molecules in this chapter. 

An uncommonly lucid example of an electronic band spectrum is the Na 2  
fluorescence spectrum shown in Fig. 4.1, which was obtained by exciting Na2  
vapor in a 453°C oven using nearly monochromatic 5682 A light from a  Kr + ion 
laser. At this temperature, Na2  exists in its electronic ground state (the X' Eg+  
state, in notation to be developed later) with appreciable populations in several 
vibrational and many rotational levels. However, the 5862-A excitation wave-
length is uniquely matched in Na2  by the energy level difference between the 

s: state (y" = 3, J" = 51) and an electronically excited state (A lE:) with 
y' = 34, J' = 50. The latter level then becomes selectively pumped by the laser. It 
subsequently relaxes by fluorescence transitions to X' E: Na 2  in vibrational 
levels y" between 0 and 56, producing the exhibited spectrum. Only transitions 
to y" 4 are shown; a schematic energy level diagram showing some of these 
transitions is given in Fig. 4.2. 
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Figure 4.1 Fluorescence spectrum (fluorescence intensity as a function of fluorescence wavelength) for Na 2  vapor 

pumped by a 5682-A4 krypton ion laser. This wavelength excites Na 2  molecules from V' = 3, J" = 51 in the electronic 

ground state to y' = 34, J' = 50 in the Al E u+  excited electronic state. The shown fluorescence lines result from transitions 

from the laser-excited level down to y" = 4 through 56 in the electronic ground state. Reproduced by permission from 
K. K. Verma, A. R. Rajaei-Rizi, W. C. Stwalley, and W. T. Zemke, J. Chem. Phys. 78: 3601 (1983). 
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Figure 4.2 Energy level diagram for the fluorescence spectrum in Fig. 4.1. 
Absorption of the 5682-A laser photon pumps Na 2  molecules from V = 3, J' = 51 in 
the X 1 1: electronic state to V' = 34, J' = 50 in the A' E„±  electronic state. Subse-
quent fluorescence transitions_connect  v'=34  in the  A 1  .j state with v"=0 through 
56 in the electronic ground state. Only three of these fluorescence transitions are 
shown for clarity. Rotational levels are not shown. Internuclear separations and 
energies are in A and cm -1 , respectively. 

Figure 4.1 illustrates some of the El selection rules on rotational and 
vibrational structure in electronic band spectra. The observed rotational 
selection rule, AJ = + 1 (the laser-excited level with J' = 50 fluorescences only 
to lower levels with J" = 49 or 51) is reminiscent of that in vibration—rotation 
spectra of molecules with no component of electronic angular momentum along 
the molecular axis (Chapter 3). The R- and P-branch notations in Fig. 4.1 are 
identical in meaning to those used in vibration—rotation spectra. In marked 
contrast, there is no apparent selection rule on Ay = y' — y": lines terminating in 
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y" = 43 have comparable intensity to lines terminating in y" = 5, and the 
intensity pattern of vibrational lines appears somewhat haphazard to the 
uneducated eye. The positions of the successive vibrational lines in a given 
rotational branch (R or P) accurately reflect the energy spacings of the 
anharmonic oscillator levels in ground-state Na 2; these spacings grow narrower 
as the dissociation limit is approached near 800 nm. The absence of a restrictive 
vibrational selection rule in electronic band spectra vastly enhances their 
information content; the spectral line intensities and positions in Fig. 4.1 allow 
precise construction of an empirical potential-energy curve for X'Eg+  Na2  for 
vibrational energies up to > 99% of its dissociation energy. 

Electronic band spectra may also be observed in absorption of continuum 
light (e.g., from a high-pressure Hg lamp) by a gas-phase sample. The observed 
spectrum is then a superposition of absorption lines arising from excitation of all 
levels (y", J") in the electronic ground state to levels (y', J') in the electronically 
excited state, weighted by the appropriate Boltzman factors of the initial 
rovibronic levels (y", J"). This lack of selectivity causes far greater spectral 
congestion in band spectra, and high spectral resolution is required to detect 
successive rotational lines within a vibrational band. Such crowding of spectral 
lines can be relieved by preparing the diatomic species in a supersonic jet, in 
which very low vibrational and rotational temperatures are routinely attained. 
In this manner, molecules with predominantly y" = 0 and low J" values are 
produced. 

It is customary to obtain fluorescence excitation spectra rather than ab-
sorption spectra in jets, where the total fluorescence intensity is monitored as a 
function of excitation laser wavelength. In cases where the fluorescence quantum 
efficiency (defined as fluorescence photons emitted/laser photons absorbed) is 
independent of excitation wavelength, the fluorescence excitation spectrum 
coincides with the absorption spectrum. Part of the fluorescence excitation 
spectrum of an Na2  jet operated with vibrational and rotational temperatures of 
— 50 and 30 K, respectively, is shown in Fig. 4.3. The four intense bands arise 
from electronic transitions from y" = 0 in the VI: ground state to y' = 25 
through 28 in the A 1 E: excited state. The rotational fine structure in each band 
consists of a barely resolved series of narrow lines, creating an envelope that 
peaks asymmetrically toward the blue edge at the bandhead. Such rotational 
envelopes (or contours) are said to be shaded to the red. Electronic transitions are 
occasionally characterized by rotational contours that are shaded to the blue, 
i.e., by contours in which the bandhead lies at the long-wavelength edge. Such 
contours are absent in the fluorescence spectrum in Fig. 4.1, where the selective 
preparation of J' = 50 in the A 1 E: state simplifies the rotational structure in the 
fluorescence spectrum. Analysis of absorption or fluorescence excitation spectra 
yields information about the vibrational structure and potential energy curve of 
the upper (as opposed to lower) electronic state. 

This chapter begins with a treatment of symmetry and electronic structure in 
diatomic molecules. The symmetry selection rules for electronic transitions are 
derived, and vibrational band intensities (cf. Fig. 4.1) are described in terms of 



( 	
(no 

28.o) 
 

sekSO44440,4* 	VI*4111 

17600cm 1 	17400cm4  

SYMMETRY AND ELECTRONIC STRUCTURE IN DIATOMICS 109 

(25,0) 

(26,0) 

Figure 4.3 Fluorescence excitation spectrum (total fluorescence intensity versus 
excitation wavelength) of Na2  molecules in a supersonic jet. The four intense groups 
of barely resolved lines are due to electronic transitions from y" = 0 in the electronic 
ground state to V = 25 through 28 in the Al E L; excited state. The individual lines are 
due to rotational fine structure, which is discussed in Section 4.6. Reproduced by 
permission from J. L. Gole, G. J. Green, S. A. Pace, and D. R. Preuss, J. Chem. Phys. 
76: 2251 (1982). 

Franck-Condon factors. The most common angular momentum coupling cases 
are discussed, and rotational fine structure in electronic transitions (cf. Fig. 4.3) 
is rationalized for heteronuclear and homonuclear diatomics using Herzberg 
diagrams. 

4.1 SYMMETRY AND ELECTRONIC STRUCTURE IN 
DIATOMICS 

All diatomic molecules belong to either the C. or p oo h point group, and so 
much of their electronic structure and nomenclature is derived from the 
properties of these two groups. In what follows, the Cartesian z axis is always 
taken to be along the molecular axis (the line connecting the two nuclei). The x 
and y axes are both normal to the internuclear axis, as shown in Fig. 4.4. 

The partial character table for the heteronuclear point group C. (which has 
an infinite number of classes and irreducible representations) is 

C. 

2C9  

z + 	1 	1 	 1 	z 
1 - 	1 	1 	—1 	R z  
II 	2 	2  cos  0 	0 	(x, y), (Rx, Ry) 
A 	2 	2 cos 20 	0 
(1) 	2 	2 cos 30 	0 
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Figure 4.4 Orientation of Cartesian 
axes in a diatomic molecule AB. 

The symmetry elements C o  and c r 1, are the rotation by an arbitrary angle 0 about 
the principal (z) axis and a reflection plane containing the principal axis, 
respectively. The superscript in the notations for the ± and I irreducible 
representations (IRs) indicates the behavior of the IRs under the a„ operation. 
Since the characters of the E operation in all IRs of C are either 1 or 2, this 
means that all diatomic electronic states are spatially either nondegenerate or 
doubly degenerate. 

The behavior of the vector components (x, y, z) and the rotations  (R, R,  R z) 
under the group operations proves to be important for determining the El and 
M1 selection rules for electronic transitions. In particular, the vector z is 
obviously unaffected by all of the  C  soit  transforms as the I + 

 (totally symmetric) IR. The rotation R z  is not changed by E or Co, but changes 
sign (direction) under any o  that it belongs to the IR. Some 
of the group operations transform the vectors (x, y) into linear combinations of x 
and y, so that (x, y) form a basis for a two-dimensional  JR of C op t,. If the (x, y) 
basis vectors are rotated by an angle 0 about the z axis, the resulting new basis 
(x', y') is related to the former basis by 

rx'l [cos  
Ly'i [sin  4) 

 —sin 0 Tx] 
cos 01y] 

(1)  [y (4.1) 

The character x(C 0) in this basis is then 2 cos 0. Similarly, suppose a reflection 
plane a„ contains the x axis. Then under this u„ operation, 

[xy'l [x 01 _01[yl 

pci = v 
Y 

(4.2) 

Then x(a„) = 0; it can easily be shown that this result is independent of the 
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orientation of the o-, plane with respect to the x and y axes [1]. Finally, by the 
definition of the identity operation 

Ex  [.Y1 x  [yl 
(4.3) 

and x(E) = 2. We conclude that the (x, y) vectors together form a basis for the 
H JR of C., and this fact is reflected in the character table. It may similarly be 
shown that the rotations  (R, R)  about the x and y axes also form a basis for the 
II IR. 

The homonuclear point group Doc h can be generated from C. by adding the 
inversion operation i about a center of symmetry, (x, y, z) ( — x, — y, — z). This 
creates two additional classes of group operations: the improper rotations 

= iC4„ and the two fold rotations C2 = i(7,. The homonuclear point group 
character table is 

D co h 

j 2S...  

1 1 1 
1 1 —1 R z  
2 —2 cos (/) 0  (R i, R y) 
2 2 cos 24) 0 

—1 —1 —1  z 
— 1 —1  1 
—2  2 cos 4) 0 , y) 
—2 —2  cos 24) 0 

From our discussion of the C. point group, z transforms as either Eg+ or  
since i z = — z, it must belong to Eut Since 

X 	—X 
i 	— 
[Y] [ 

yi (4.4) 

the character x(i) in the (x, y) basis is —2, and so (x, y) forms a basis for the H. 
rather than the Hg IR. In general, the vector components always transform as u-
type IRs in D coh . The reverse is true of the rotations R x, R y, R z , which always 
transform as g-type IRs. 

We are now prepared to discuss the relationships between symmetry and 
electronic structure in diatomics. In the absence of spin—orbit coupling in atoms, 
one has the commutation relationships involving the electronic Hamiltonian 
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and angular momenta: 

[ii, L2) = 0 	[li, L z] = 0 

[1?, P] = o 	:s;] = o 	 (4.5) 

[fl h2]0 [fi l]  o 

This means that L, S, J, ML, Ms, M j  can all be good quantum numbers, in 
addition to the principal quantum number, in spherically symmetric potentials. 
(All six of these cannot simultaneously be good quantum numbers, for reasons 
explained in section 2.2 and Appendix E.) In the reduced cylindrical symmetry of 
diatomic molecules, however, two of these commutation relationships in the 
absence of spin—orbit coupling.become modified [2], 

[fi, LI 0 

[R, P] 0 0 
	

(4.6) 

so that L and J are no longer good quantum numbers. The projections 
Lz  = M L h, S z = Ms h, and Jz = Mjh of L, S, and J along the molecular axis 
remain conserved in the cylindrically symmetric potential. Diatomic states 
which are eigenfunctions of L z  (i.e. states in which ML  is a good quantum 
number) must have the 0-dependence exp( + iA0) with A I ML I, because such 
functions are the only physically acceptable eigenfunctions of Lz , 

exp( + iA0) = ± Ah exp( ± iA0) 	 (4.7) 

For continuity of this function at 4) = 0 (2n), A must be integral, 

	

A = 0, 1, 2, . . . 	 (4.8) 

In analogy to L z  = + Ah, one also has Sz  = +Eh, where E can be half-integral 
for spin angular momentum, 

E = 0, I, 1, 	. . . 	 (4.9) 

When A = 0, the electronic state is obviously 0-independent and unaffected 
by the Co  operation. Hence, a state with A = 0 exhibits x(C0) = 1 and therefore 
is some type of E state, which, according to the C. and D ooh  character tables, is 
spatially nondegenerate. For A = 1, we have two diatomic states behaving as 
exp( + i0). These are degenerate a priori (i.e., in the absence of spin—orbit 
coupling), since the electronic energy is independent of whether Lz  points in the 
+z or — z direction. One may then take linear combinations of these two states' 
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0-dependence to form 

cos (/) = -1-(e4  + 	xlr 

sin 0 = —
1 	

— e -ick) ylr 
2i 

(4.10) 

with r = (x 2  + y2) 1 / 2 . 
Clearly, these linear combinations transform as the vectors (x, y) under the 

group operations of C oo  „ and D co h—so they form a basis for the MC.) and 
TI.(D,„ h) IRs. It can similarly be shown that the functions exp(  ±214))  for A = 2 
form a basis for the A(C) and Ag(D oc, h) IRs. These are examples of the fact that 
the Greek letter notations for the diatomic point group IRs give the A values 
associated with the electronic states directly: 

A 	Type of state 

0 
1 
2 	A 
3 	$1:1 

Each of the / states in molecules belonging to C or D oc h exhibits a definite 
behavior ( + or —) under the ai, reflection operation, and this is always indicated 
in the superscript that accompanies the IR notation. For the doubly degenerate 
states (H, A, (1), .) it is always possible to choose linear combinations analogous 
to those in Eq. 4.10 in order that each of the two combinations is either 
unaffected or changes sign with respect to a particular reflection plane. The 
reflection symmetries of the cos 0 and sin 0 combinations in Eq. 4.10, for 
example, are respectively ( +) and ( — ) with respect to a o- 1, reflection plane 
containing the x and z axes. 

4.2 CORRELATION OF MOLECULAR STATES WITH 
SEPARATED-ATOM STATES 

The question of which diatomic term symbols may be obtained by adiabatically 
bringing together atoms A and B, initially in electronic states with angular 
momentum quantum numbers (/A, SA)  and (/B, sB), can be answered without 
recourse to electronic structure calculations. Since the electronic (orbital plus 
spin) degeneracies on the respective atoms are (21A  + 1)(2sA  + 1) and 
(2/B  + 1X2sB  + 1), a total of (2/A  + 1)(2sA  + 1)(21B  + 1)(2sB  + 1) diatomic states 
must correlate with the separated-atom states. According to one of the 
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commutation relationships (4.6), ML  is a good quantum number for diatomics at 
all internuclear separations R (in the absence of spin—orbit coupling). ML  must 
then be conserved as the atoms are pulled apart, and so A  = IML 1 must equal the 
absolute sum of magnetic quantum numbers miA  and m/B  for the separated 
atoms. A similar argument applies to the spin angular momenta: Ms  in any 
diatomic state is necessarily the sum of the separated-atom quantum numbers 
msA  and msB . The notation E 1M 5 1 is commonly used to specify the projection 
of spin angular momentum along the molecular axis; it should not be confused 
with the unrelated use of the notation to denote diatomic electronic states 
with A = O. 

We now consider the heteronuclear correlation problem for several examples 
of increasing complexity. An example of the simplest case (both atoms in 2 S 
states) is the ground state of NaH, which dissociates into the ground-state atoms 
Na(3 2S) + H(1 'S). Since /A  = /B  = 0 in the separated atom S states, the total z 

component of orbital angular momentum is Lz  = hML, = h(miA + nim) =  O. 
Hence only diatomic states (A = 0) can correlate with the S-state atoms. They 
must furthermore be E ±  rather than E states, because the atomic S states are 
even with respect to reflection in any cv  plane containing the molecular axis (Fig. 
4.5). The number of diatomic states which correlate with the S-state atoms is 
(2 1A  + 1)(2/B  + 1)(2sA  + 1)(2sB  + 1) = 4. Hence the pertinent diatomic states are 

+ (one state with Ms  = 0) and 3-E + (three states with M s  = 0, + 1), which will 
later be seen to be bound and repulsive states, respectively. 

The next few excited states in NaH correlate with Na(3 2P) + H(1 2 S), for 
which /A  = 1 and /8  = O. The allowed m 1  values  for the separated atoms are then 
miA = 0, + 1 and m/B  = 0; these atomic states must give rise to 
(2 1A  + 1)(2sA  + 1)(21B  + 1)(2sB  + 1) = 12 diatomic states. It helps to tabulate the 
12 possible combinations of miA , m,B , nisA, insB as shown in Table 4.1, which also 
lists the resultant A = IntL I and Ms  values. In this table, an upward (downward) 
arrow denotes the value + ( --1-) for either insA  or msB . We obtain one E state 
each with Ms  = + 1, and two E states with Ms  = 0; this is possible only if there 
is one 1 E state (with Ms  = 0) and three 3 E states (with Ms  = 0, + 1). These E 

Figure 4.5 Reflection symmetry of NaH diatomic states correlating with (a) 
H(1 2 S) + Na(32S) and (b) H(1 2S) + Na(321:'2). 
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Table 4.1 Diatomic states correlating with 2 P + 2 S 
atomic states 

M/A 

Mai 
0 A Ms  1 	0  +1  

1 1 
1 0 
0 
o 

1 

T T  1 1 
T 1 1 0 

0 
1  —1  

1 o 
1 o  —1  

1 T 1 
1  1 —1  

states must be ± states, since Table 4.1 shows they arise only from atomic 
states with miA  mn3  = O. Such states (composed from the H s orbital and the Na 
pz  orbital oriented along the molecular axis) are even with respect to any a, 
reflection (Fig. 4.5). Table 4.1 similarly reveals two H states each with Ms  = +1, 
and four H states with Ms  = O. These are naturally grouped into one and 
one 3n manifold of states; the inherent twofold spatial degeneracy of n states 
(Section 4.1) is asserted by the appearance of two, four, and two (rather than one, 
two, and one) states, respectively, with Ms  = — 1, 0, and + 1. 

These correlations are summarized for NaH in Fig. 4.6, which shows 
theoretical potential energy curves for all diatomic states which dissociate into 
either Na(3 2 S) + H(1 2 S) or Na(3 2 P) + H(1 2 S). The ground atomic states are 
split into the X i E + bound and a 3 E ± repulsive diatomic states as the atoms are 
brought together; the atomic states corresponding to Na(3 2 P) + H(1 2 S) are split 
into the AiE +, b 3H, B i ll, and c 3 E +  diatomic states. We will see in the discussion 
of Hund's coupling cases (Section 4.5) that when the spin—orbit coupling is small 
but nonnegligible, the orbital and spin angular momentum components A and 
can couple to form a resultant electronic angular momentum Q with possible 
values D = A + S, IA —  S. In the 3 11 states (A = S = 1), the possible D 
resultants are (1 + 1), . , (1 — 1) = 2, 1, 0. The D values are notated as 
subscripts to the diatomic term symbols (and are analogous to the quantum 
number J in atomic term symbols); the 3 /1-  states are then said to be split into 
3n 2, 3n i , and 3H0  sublevels under spin—orbit coupling. The spin—orbit 
coupling is so small in NaH that these three sublevels have indistinguishable 
energies on the scale of Fig. 4.6, which shows only one potential energy curve for 
the b31-1 state. In 1 2  (Fig. 4.7), the reverse is true: the A3n 1 ., B3n ou , and 11 3-2u 
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Figure 4.6 Potential energy curves for six electronic states of NaH. The curve 
labeled "ionic" is the function e214ne0R, approaching the energy of Na + + H at 
infinite separation. From multiconfigurational self-consistent field calculations by E. 
S. Sachs, J. Hinze, and N. H. Sabelli, J. Chem. Phys. 62: 3367 (1975); used with 
permission. 

states have such widely separated potential energy curves as a consequence of 
large spin–orbit coupling that they behave dynamically like separate electronic 
states. (The incorporation of the g and u labels in subscripts of 1 2  state term 
symbols is necessary because 1 2, unlike NaH, belongs to the p oo h point group.) 

A brief aside about diatomic electronic state notation is necessary here. A 
molecule can have many electronic states of a given symmetry and multiplicity 
(e.g., i n), and additional symbols are needed to tell them apart. The electronic 
ground state is always denoted with an X—as in VI + for NaH, X 1 E: for 1 2 . 
The lowest excited state with the same multiplicity as the ground state is 
supposed to be denoted with A, the next one up is B, and so on. The lowest 
excited state with different multiplicity than the ground state should be labeled 
a, the next is called b, etc. These good intentions have not always been followed 
historically, partly because there are frequently "phantom states"—states that 
are difficult to observe spectroscopically because of selection rules, and are 
overlooked—so that labels that have become well established in the literature 
turn out to be incorrect when phantom states are flushed out by improved 
techniques. The way we have labeled the NaH potential energy curves in Fig. 4.5 
is orthodox, because it is positively known that there are no other NaH states 
with comparable or lower energy than the ones pictured (our preceding 
discussion should convince you of that!). However, in 1 2  the A and B state 

0„ labeling in Fig. 4.6 is clearly wrong (they should not be capitalized for 3 11 and  
3H when the ground state is X'Eg+ ; they are not the lowest two states of 
their multiplicity, either). These A and B state notations in 1 2  are well entrenched 
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Figure 4.7 Potential energy curves for electronic states of 1 2 . The sets of numbers 
2440, etc., give orbital occupancies of the a95p, nu 5p, n;5p, and cfu 5p molecular 
orbitals, respectively (Section 4.3). The X 1 Eg+ , B 3 n o ., and A311 1u  potential energy 
curves have been characterized spectroscopically. Used with permission from R. S. 
Mulliken, J. Chem. Phys. 55: 288  (1971). 

117 



118 	ELECTRONIC STRUCTURE AND SPECTRA IN DIATOMICS 

anyway. Such state prefixes should generally be regarded as interesting relics 
that draw attention to the most easily observed excited states; their supposed 
structural implications should not be taken at face value. 

We consider next the heteronuclear diatomic states that correlate with two 
atoms in 2 P states, a situation that introduces complications not anticipated in 
the simpler cases. Since /A  = /13  = 1 and  SA  = sB  = t combining two 2 P atoms 
creates 36 diatomic states. By compiling a table similar to Table 4.1 (but 
allowing nt/B  as well as miA  to range from — 1 to + 1) for the 36 possible 
combinations of mbk , inn3, insA, and msB , one readily finds 8 A states with A = 2 
(two each with Ms  = ±1,  four with Ms  = 0), 16  it  states with A = 1 (4 each with 
Ms  = +1, 8 with Ms  = 0), and 12 E states (3 each with Ms  = + 1, 6 with 
Ms  = 0). One may thus conclude that there are one A and one 3 A manifold of 
states with 2 and 6 states, respectively (since states with A 0 0 are spatially 
doubly degenerate), and that there are two '11 and two 3 11 manifolds totaling 4 
and 12 states, respectively. The question then arises as to whether the 12 E states 
have E + or E - character. The configurations corresponding to these 12 states 
are listed in Table 4.2. The first four configurations (states 4), through 4) 4) 
involve only pz  orbitals with m iA  = M/B =  O , which point along the molecular axis 
and are even under a„. Hence states 4)1  through 04 (one each with Ms  = + 1, 
two with Ms  = 0) represent one 'I + and one 3 E + manifold of states. States 05 
through 4) 12  are composed of p orbitals with nu = ±1  and in/B  =  ±1. Using the 
notations p +  and p_ for p orbitals with nil  = + 1 and m i  = — 1, respectively, 
properly antisymmetrized expressions for states 4) 5  through 012 in the 

Table 4.2 Diatomic E states correlating with 2 P + 2 P atomic states 

M/A 	 M113 

—1 	0 	+1 	—1 	0 	+1 	A 	Ms 	State 

T 	 T 	 o 	I 	01 
T 	 I 	 o 	o 	02 
I 	 T 	 o 	o 	4)3 
1 	 I 	 o 	—1 	4)4 

T 	 T 	o 	1 	05 
I 	 i 	0 	0} 	,4„ ,4,  

I 	 T 	o 	o 	9.'65 (P7 

I 	 1 	o 	—1 	4)8 
T 	T 	 o 	1 	09 
T 	i 	 o 
1 	T 	 o 	 wio, wii ol 
I 	1 	 0 	—1 	4)12 



0- (0 5 

av(06 ± 010) 

a(4 7 ±  010 

ai,(08 ± 4) 12) 

= 

= 

= 

±(05 09) 

±(06 ± 010) 

±(0 7 ± 4)11) 

±(08 ± 4) 12) 

(4.14) 

± 09) = ± 
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separated-atom limit are 

05 = CpA_(1)pB+(2) — pA_(2)pBA-(1)1a(i)Œ(2) 

06 = DA-( 1 )pB4-(2) — PA-(2)19B+( 1 )1[Œ( 1 ))6(2) + a(2)/3( 1 )] 

07 = EpA-( 1 )PB+ (2) + PA -(2)Po +( 1 )1E 04 1 ))6(2) — a(2)fl( 1 )1 

08 = [PA -( 1 )PB + (2) — PA -(2)PB +( 1 )1/8( 1 ))6(2) 

09 = [PA + ( 1 )PB - (2) — PA + (2)PB - (1)]a(1)a(2) 

0io = EPA + ( 1 )Po - (2) — PA + (2)Po -( 1 )1EŒ( 1 )fl(2) + a(2))9( 1 )1 

= [PA + ( 1 )PB -(2) + PA + (2)PB -( 1 )1Earnfl(2) — a( 2)/3( 1 )] 

4)12 = [PA + ( 1 )PB - (2) — PA + (2)PB - ( 1 )] /3( 1 )13(2) 

Since the at, operation converts the function exp( + i4)) into the function 
exp(-T- i4))—a, reverses the sense of any rotation by an angle 4) about the z 
axis—we have 

avPA+ 

0-vPB+ = PB -T 
	 (4.12) 

with the result that 

Crv05 = 
	

crv0o = 05 

(7v06 = 010 
	

av010 = 06 
	 (4.13) 

43-  v 07 = 011 
	

av011 = 07 

47v08 = 012 
	

av012 = 08 

One may thus form linear combinations of states 4) 5  through 012 exhibiting 
definite parity under a y : 

Hence, these linear combinations may be classified as shown in Table 4.3, using 
the properties of states 05 through 4) 12  taken from Table 4.2 and Eqs. 4.14. It is 
apparent that these states yield one manifold each of 1 E + , 3 E + , 1 E - , and 

 character, with with one, three, one, and three states, respectively. 
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Table 4.3 

State Symmetry Ms 

05 ± 09 /± +1 
05 - 09 +1 
06 + 010 X+ 0 
4)6 - 010 0 
07 + 011 I+ 0 

07 - 6 11 0 

08 ± 4) 12 X +  —1 
4)8 - 012 —1 

In summary, the diatomic states that correlate with two 2 P atoms include 

(4.15) 

In the presence of spin—orbit coupling, the triplet states with A 0 0 become split 
into three components with .f2 = A + S, . . . , IA — SI = A + 1, A, A — 1. The 
resulting diatomic states then become 

1 A, 36,3, 3 .6■ 2, 3 A1 

'n, 3n2, 3n 1 , 3no  
ln 3n 3n 3n '25 	1 5 	0 

(4.16) 

Finally, it is instructive to discuss the homonuclear analogs to two of the 
simplest cases treated above. These are furnished by Na2 , a well-studied 
diatomic (cf. Figs. 4.1 and 4.3) whose ground state dissociates into 2Na(3 2 S). The 
bound )0E: and repulsive a 3E: diatomic Na2  states correlate with the ground-
state atoms, as shown in Fig. 4.8. Aside from the inclusion of the g and u labels 
appropriate to the D °o h point group, these are entirely analogous to the X'E 
and a3/ NaH states formed from ground-state Na and H atoms (Fig. 4.6). 
However, the next few Na2  excited states correlate with the degenerate 
configurations 

Na(3 2 S) + Na(3 2 P) 

Na(3 2P) + Na(3 2 S) 

for which IA  = 0, /8  = 1 and /A  = 1, 113  = 0, respectively. Twelve diatomic states 
arise from the former configuration, and 12 additional states (of the same energy 
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Figure 4.8 Multiconfigurational self-consistent field potential energy curves for 
low-lying electronic states of Li 2  and Na 2 . Reproduced with permission from D. 
Konowalow, M. Rosenkrantz, and M. Olson, J. Chem. Phys. 72: 2612 (1980). 

in the separated-atom limit) arise from the latter. As a result, 24 Na2  states 
correlate with one 2 S and one 2P atom, in contrast to the 12 NaH states that 
dissociate into Na(3 2 P) + H(1 2 S). Corresponding to each of the latter states in 
NaH (Fig. 4.6), namely 

AlE + ,b3 H, BIll, c 3E+ 

there is a pair of conjugate states with opposite inversion symmetry Na 2 : 

b3 11„, 	3 E„H" 
3 llg,  in  g  3 E g+ 

Theoretical potential energy curves are shown for six of these Na2  states in Fig. 
4.8. 

4.3 LCAO—MO WAVE FUNCTIONS IN DIATOMICS 

In our discussion of the Born-Oppenheimer principle (Section 3.1) we pointed 
out that eigenfunctions ith(r; R)> of the electronic Hamiltonian 

	

— h 2 	1 n 2 	ZNe 2  
lie I  

	

i=i  2me 	47rgo i=1 N= ,ri  — RNI 
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1 	e2 ZAZge2  
• 4720 	Ir  i  — ri l 

▪  

47r80 IRA  — RBI 
(4.17) 

may be found for fixed nuclear positions RA, RB by solving the clamped-nuclei 
eigenvalue equation 

fleikkkfr; 	= Elc(R)Itkar; 	 (3.10) 

The eigenfunctions depend parametrically on the choice of internuclear sep-
aration R IRA  — RB I. The R-dependent eigenvalues ek(R) act as potential 
energy functions for nuclear vibrational motion when the Born-Oppenheimer 
separation of nuclear and electronic motions is valid. 

It is illuminating to treat covalent bonding in the simplest diatomic species, 
the  H molecule-ion. The electronic Hamiltonian (4.17) for  H reduces to 

— h 2  2 	e2 ( 1 
A 	

1 	1 ) 
	 V ± 

e 	2m, 	-ore 0  R rA  rB  
(4.18) 

with rA  Ir — RA I and rB  Ir — RBI; it exhibits no electron—electron repulsion 
terms. The corresponding lq Schrbdinger equation can be solved exactly for 
fixed R. The exact ground-state potential energy curve displays a minimum at 
R e  = 2.00a0  (1.06 A) with energy —2.79  eV relative to the energy of the separated 
proton and ground-state hydrogen atom (Fig. 4.9). The exact solutions for HI 
prove to be useful in assessing the accuracy of variational wave functions in this 
prototype diatomic. 

A widely used approximation to true molecular wave functions employs 
linear combinations of atomic orbitals (LCA0s) to simulate the molecular 
orbitals (MOs).  At the lowest level of approximation, an 11 .21-  MO may be 
represented as a superposition of two H atom states centered on the respective 
nuclei, 

10> = cAlOA> + cBIOB> 	 (4.19) 

with expansion coefficients cA,  CB  to be determined by symmetry, normalization, 
and (in MOs with larger basis sets) the variational principle. Since fq belongs 
to the D coh  point group, 101 2  must be unaffected by the inversion i. This requires 
that IcAl = IcBI, and that the AOs IOA> and 14)B) be identical apart from phase 
and the fact that they are centered on different nuclei. The MO (4.19) may then 
be rewritten (for real AOs and expansion coefficients) 

10+> = c(10A> ±14)B>) 	 (4.20) 

Normalization then demands that 

1 = c2(<4)A10 A> ± 2<d) AlOs> + <OBIOB> 
c2(2 + 2S AB) 
	

(4.21) 
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Figure 4.9 I-1 2+ potential energy curves: trial energies e (R) and E_  (R) obtained 
from LCAO—MOsfr,> and 14, _ >, respectively, and the exact ground-state potential 
energy curve. Energies and separations are in eV and in Bohr radii, respectively. 

where S AB  -a-  OfiA lOB > is the R-dependent overlap integral between the opposite 
A0s. The MO then assumes the explicit form 

1 
+ > = 

vj2(1 ± SAB) 
(14A> ± 100) 	 (4.22) 

In a trial LCAO—MO wave function for ground-state 1-1, which correlates with 
proton and a  is  H atom as R oo, we may use the hydrogen Is states 

l > = exp(—rA/a0)/.\»rag and 14B>  = exp(—rB/a0)/\brag for A0s. The overlap 
integral using these AOs becomes 

	 IS AB =7-  3 dVexp[—(r A  + rB)/a0] 
nao  

(4.23) 
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which is readily evaluated using ellipsoidal coordinates to yield 

SAB = e"(1 + P + P2I3) 
	

(4.24) 

with p = Rlao  (Problem 4.8). As the two nuclei coalesce (R 0), the overlap 
integral approaches unity according to Eq. 4.24. SAB decreases monotonically to 
zero as the nuclei are pulled apart (R co). In this limit, the MO (4.22) 
consequently approaches 

Itfr+> = 1 (14)A> ±10B>) 
	

(4.25) 
2 

In the same limit, the Hi' electronic Hamiltonian (4.18) becomes 

—h2
V2 
	e2 ( 1 

2rne 	4nso  rA  rB) 

e 2 	 e2 

= "A 	=11B 	 4neorB 	41eorA  
(4.26) 

where fi A  and 14B  are the hydrogen atom Hamiltonians for atoms A and B. 
Since 

11A1 0A > = Eisk5A> 

and 

1-1BI4B> = EislOB> 

the trial energies e + may be evaluated in the limit R -4 co using the asymptotic 
Eqs. 4.25 and 4.26, respectively, for it/i ± > and fiei : 

<0±111010+> = 1/2( <0A11-leilOA> ± 2<4A111010B> + <0B111010B>) 

= 1/2 (< 	
J._ 	1 

4)AifiAl 	
e2 

 (PAi 4zgo  vp A i HA> ± 2<0 AIR AlOB> 
 rB 

e 2 	 e2 	1 	\ 
	<GAI IOB> + <OBInBIOB> 

-r7CE0 	r A 
A 	<OBI 

2neo 	rB 
 19 B> ) 

= lEis(<0 Ai0 A> ± 2 (4)A10B> + <OBIOB>) 

= Els 	 (4.27) 

Equation 4.27 follows because the integrals <OA I 1/rB ickA > 	<OB I 1/rA IO B >, 
<0Alq5B> SAB, and <0A1 1 /rBIOB> all tend to zero as R -4 co. Hence both of the 



8 +(R) = 	1 + SAB  
= HAA HAB  (4.28) 
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asymptotic LCAO—MOs (4.25) are exact eigenfunctions of the asymptotic 
Hamiltonian (4.26) with eigenvalue E 15  (the total electronic energy of the 
dissociated fragments H +  + H(1s)). This correct asymptotic behavior provides a 
partial justification of the LCAO—MO method. The trial energies e ±(R) may 
now be obtained for general R using Eqs. 4.18 and 4.22, with the result that 

where 

HAA ---= HBB = < OAIRell OA> 

e2 	1 	e2 
A 	 = <0A1/1A10A> 	<0 Al 10 A> ± 4nEBR -r7r80 	rs 

e 2 
= Eis  + J + 

47rE0R 
	 (4.29) 

and 

HAB HBA = <OAI Fled OH> 
e2 1 	e 2 

= <OAIIIBIOB> A 	
7r£0 	r A 

(0 Al 	10B> 47rE0R <OAIOB> 
-t 

 

,2 
G. kJ AB 

= Ei sSAB K + 	 
4nE B R 

Here we have defined two new integrals, the Coulomb integral 

—e 2 

47reo 
<OAI —

rB 
10A> 

and the exchange integral 

—e 2 	1 
K = 	 <OAI 	1013> 

47rEo 	r A 

(4.30) 

(4.31) 

(4.32) 

As written in -Eq. 4.31, the Coulomb integral is simply the expectation value of 
the energy due to electrostatic attraction between nucleus B and a  is electron 
centered on nucleus A. The exchange integral is an intrinsically quantum 
phenomenon, and has no analogous classical electrostatic interpretation. 
Collating the results of Eqs. 4.28-4.30, we finally obtain the trial energies 

e2 	J + K 
= E15 + 	 

4irc0R 
+ 

1 + SAB 
(4.33) 
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Since the Coulomb and exchange integrals (which are both negative-definite) 
approach zero as R oo, the first term E ls  in 8 ±(R) is the dissociation limit of 
the trial energy, in agreement with Eq. 4.27. The second term is the electrostatic 
internuclear repulsion energy. It may be shown (Problem 4.8) that analytic 
expressions for the Coulomb and exchange integrals are 

J= 

K=  

e2  [1 _ e _ 2p( i + 1)1 

P 	 P LI 

e - P(1 + p) (4.34) 

47tE0a0  

e 2 

4nEoao 

with p = Rlao . It is then straightforward to evaluate the LCAO-MO trial 
energies e +(R), which are compared with the exact FI  2+  ground-state potential-
energy curve in Fig. 4.9. The LCAO > generated from the positive 
superposition of AOs (Fig. 4.10) is a bound state with potential energy minimum 
at R e  = 2.50a0, corresponding to an energy — 1.78 eV relative to H +  + H(1s). 
This underestimates the true dissociation energy (2.79 eV) by 36%, and E +(R) lies 
everywhere above the true ground state potential, in accordance with the 
variational principle. The LCAO >, which has a nodal plane bisecting the 
internuclear axis (Fig. 4.10), is a purely repulsive state in which the nuclei 
experience a force pushing them apart at all finite R. 

In the LCAO-M0 perspective of Eq. 4.33, the chemical bonding (i.e., 
lowering of total energy relative to H + + H (1s)) in state 1/1 +> originates in part 
from the electrostatic consequences of concentrating electron density between 
the nuclei (the Coulomb term) and in part from the exchange term. It is easy to 
show that the presence of an electron in regions between the nuclei electrosta-
tically tends to draw the nuclei together, whereas an electron in other regions 
exerts a net repulsive effect between the nuclei (Fig. 4.11). This suggests a 
tempting rationalization of the bonding and repulsive characters of MOs  1 111 +> 
and hp _>, respectively, in terms of the relative degrees to which charge density is 
concentrated between the nuclei [3,4]:  the repulsive character of Ili/ -> could be 
attributed to the presence of the nodarplane, which diminishes the internuclear 
charge density. Such an interpretation overlooks kinetic energy effects (electron 
localization in a limited internuclear region increases the expectation value of 
kinetic energy), and analyses of the physical origin of chemical bonding are 
advisedly made on the basis of accurate rather than zeroth-order LCAO-MO 
wave functions. A detailed examination of contributions to the total energy 
using an exact ground-state 1121-  wave function reveals that chemical bonding 
arises from a subtle balance between electrostatic and kinetic energy effects [5]. 

Zeroth-order approximations to higher excited states in Fq may be obtained 
from linear combinations of higher-energy hydrogen atom A0s, subject to the 
symmetry and normalization constraints of Eqs. 4.20 and 4.22. Like the states 
10_0 formed from the  is A0s, the higher lying LCAOs yield inaccurate trial 
energies—but their nodal patterns do furnish useful illustrations of the 



Figure 4.10 Contour plots of the LCAO-MOs It//_> (above) and Ii//,> (below). 

Curves are surfaces on which the wavefunction exhibits constant values; solid and 
dashed curves correspond to positive and negative values, respectively. The out-
ermost contours in both cases define surfaces containing —90% of the electron 
probability density. The incremental change in wavefunction value between adjacent 
contours is 0.04 bohr -3 /2 . The border squares have sides 10 bohrs long; the 
internuclear separation is 2 bohrs, the equilibrium distance in ground-state  H.  
Dashed straight line in Ilk_ > plot shows _location of nodal plane. 
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Figure 4.11 Electrostatic forces experienced by nuclei in a homonuclear molecule 
due to presence of an electron in region between the nuclei (top) and outside this 
region (middle). The electron—nuclear attraction draws the nuclear together in the 
former case, and pulls them apart in the latter case. The region in which the electron's 
presence tends to stabilize the molecule is shaded in the diagram at bottom. 

symmetry properties of one-electron orbitals in diatomic molecules. The partial 
hierarchy of LCAO—MOs in F2 is illustrated in Fig. 4.12, which shows contour 
plots of LCAO—MOs formed from the  is,  2s, and 2p A0s, and in Fig. 4.13, 
which gives schematic energy correlations between the AOs and the diatomic 
LCAO—MOs in  H. In analogy to the MOs formed from the  is  A0s, the 
positive linear combinations in Fig. 4.12 yield bound states that exhibit lower 
energies than those of the separated atoms with which they correlate (Fig. 4.13). 
The negative linear combinations, which all show nodal planes bisecting the 
internuclear axis, yield repulsive states that are unstable with respect to 
dissociation into the correlating atomic states. 

Since Lz  is conserved in each of these one-electron orbitals, the wave 
functions must exhibit a 0-dependence of the form exp( + iy10) with A = 0, 1, 2, 
... (We use the lower-case notation A rather than A when discussing one-
electron orbitals; A is reserved for characterizing the total component Lz  of 
orbital angular momentum in many-electron diatomics.) One-electron orbitals 
with A = 0, 1, 2, ... are denoted (7, it, (5, . .. orbitals, respectively; the subscripts g 
and u are appended to indicate the behavior of the homonuclear LCAO—MOs 
under inversion. To differentiate between MOs having the same point group 
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Figure 4.12 Contour plots of LCAO-MOs formed from 1s, 2s, 2p2, and 2p, AOs 
(bottom to top) in the homonuclear diatomic molecule F2 . Distance scale is in bohrs. 
Solid and dashed contours correspond to positive and negative wavefunction values, 
respectively. Increments are 0.20 and 0.05 bohr -3 / 2  for inner-shell and valence 
orbitals, respectively. Reproduced by permission from W. England, L. S. Salmon, and 
K. Ruedenberg, Topics in Current Chemistry 23, 31 (1971). 

symmetry, the quantum numbers  ni  of the AOs from which the LCAOs are 
formed are used as suffixes in Fig. 4.13. The lowest two HI states 10_0 

• are both crls states, since these LCAO—MOs have no 0-dependence and were 
formed from linear combinations of  is A0s. Since itk,> and Itt/ _> have g and u 
inversion symmetry, respectively, their orbital designations are ads and au ls. 
We similarly obtain bound  0-g2s and repulsive o-u2s MOs from the 2s A0s, and 
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Figure 4.13 Qualitative energy ordering of 
MOs in I-1 2+ . This figure should be compared with 
Fig. 4.14. 

bound ag2pz  and repulsive au2pz  MOs from the 2p, A0s. Since the LCAOs 
formed from the 2px  and 2py  A0s, which are oriented perpendicular to the 
molecular axis, behave as cos 0 ( = [exp(i0) + exp( — i0)]/2) and sin 0 
( = [exp(i0) — exp( — i0)]/20, respectively, they are n2p orbitals. By inspection of 
the contour plots in Fig. 4.12, it is apparent that the bonding and repulsive n 
orbitals have u and g symmetry, respectively. 

These one-electron orbitals may be used to conceptually build up many-
electron configurations in heavier diatomics using the Aufbau prescription of 
placing electrons in orbitals according to the Pauli principle. The energy 
ordering of MOs varies with the diatomic [6]. For the diatomics with higher 
nuclear charge (e.g., 02  and F2 in the first row of the periodic table) the orbitals 
are ordered as shown in Fig. 4.14. In contrast to HI, the atoms in these 
molecules exhibit large splittings between their 2s and 2p AOs as a consequence 
of configuration interaction (Chapter 2). There is thus comparatively little 
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as  

cru i s 

 

Figure 4.14 Energy ordering of MOs in 0 2  and 
F2 . cr I s 

mixing between the widely spearated o-.2s and ag2pz  MOs in 02  and F2, so that 
partial hybridization endows them with relatively little o- g2pz  and ag2s character, 
respectively. In N2, C2, B2, Be 2, and Li2  the 2s-2p atomic splitting is smaller (it 
vanishes in H2), and thus the energy difference between the pure ag2s and ag2pz 

 MOs is smaller. Mutual mixing of the c;rg2s and a.g2pz  MOs in these lighter 
molecules then increases the splitting between them, inverting the energy 
order of the o-g2p and nu2p levels (Fig. 4.15). The electron configuration in 
first-row diatomics can be read off from Figs. 4.14 and 4.15 by inspection. 
Ground-state N2 (which has 14 electrons) has the configuration 
(o- g 1s)2(at, 1 s) 2(ag2s) 2(au2s)2(7tu2p)4(0-g2p ■ 2. ) Since all of the MOs are fully 
occupied, ground-state N2 is a totally symmetric state with zero net orbital and 
spin angular momentum. Hence A = 0 and S = 0, and the pertinent term 
symbol is VE:. Ground-state F2 (18 electrons) has the configuration 
(0.gis)2(0..is)2(ag2s)2(0..2s)2(ag2p)2(n.2p)4(ng2p)4; it is also an VI: state, for the 
same reasons. 

Evaluating the possible term symbols for diatomics with partially filled MOs 
is slightly more involved. A 5' configuration (e.g., HI (o-g ls) i  or Lq-
(ag ls)2(au ls) 2(o-  g2s) 1 ) has a single valence electron with 2 = 0 and s Since 
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Li 2 , Be2 , B2 , C2 , N 2  

* 2p 

cr
9 
 2p 

vu 2P 

au  2s 

a 2 

a* Is 

Figure 4.15 Energy ordering of MOs in Li 2 , a
ll 
 Is 

Be2 , 13 2 , C2 , and N 2 : (a) prior to mixing of ag  2s 
with ag  2p and a:; 2s with a 2p; and (b) after 

(b) 	mixing. 

filled orbitals do not contribute to orbital or spin angular momentum, one 
obtains A = 0 and S = 1. Hence a c' configuration gives rise to a 2E state. By 
similar reasoning the + / — and g/u classifications depend on the reflection and 
inversion symmetries of the partially occupied orbital. The 1-12' and  Li .  ground 
states mentioned above are therefore both 2E -; states; the  Li excited states with 
configurations (ag ls)2(o-u 1s) 2(o- u2s) 1  and (o-g ls) 2(o-u  1 s) 2(nu2p) 1  are 2E: and 2 1-1,4  
states, respectively. 

In a nonequivalent a2  configuration (in which two valence electrons occupy 
different a orbitals aa  and ab), the four possible distributions of electron spins are 
shown in Table 4.4. We find that we have a singlet state (M s  = 0) and a triplet 
state (Ms  = 0, + 1). The symmetry designation will be given by the  direct 
product of point groups to which MOs aa  and ab  belong. For example, if o-a  and 
ab  are  cg  and au  orbitals with positive refle-cTion symmetry (e.g., LCAOs of s or pz  

A0s), the resultant states are l Eu+ , 3 Eu+  states because Eg+  Eu+  = Eu+. 
The interesting and important equivalent 7r2  case is typified by ground-state 

02 , which has the configuration (agi  s)2(o-u1s)2(0.g2s)2(7.2s)2(0.g2p)2(i.c.2p)4_ 

(ng2p)2  according to the level ordering in Fig. 4.14. Since the partially filled rtg 

(a ) 
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Table 4.4 	Diatomic states from nonequivalent o-2  
configuration 

aa ab A Ms 

I 
.1 
T 
4. 

T 
4 
1 
T 

o 
o 
o 
o 

+1 
—1 

o 
o 

Table 4.5 Diatomic states from equivalent n2  
configuration 

A = —1 	2  = +1 A Ms State 

Ti 2 o 
14.  2 0 4) 2 

T T o +1 
T  .1  o o 
4 T o o 955 
4 I o —1 4) 6 

orbitals are doubly degenerate, we count the ways of placing two electrons in 
two ng  orbitals with A = + 1 as shown in Table 4.5. We obviously obtain a 'A 
manifold of states (A = 2, Ms  = 0), and 3E and 1I manifolds as well. We also 
know that since ng  7rg  = g±  g-  Ag , the latter three states should evolve 
from an equivalent n: configuration. Then the possible states are either 
1 5 E + 3E -  A or 3I +  - Ag .  To choose between these alternatives, we g 	g 9 	g 	 g 5 	g  

inspect some of the wave functions for the states counted in Table 4.5. Let n +  be 
the orbital for an electron with 2  = + 1, and n_ be that for an electron with 

= — 1. Then the antisymmetrized state 4)3 is 

4)3 = [n + (1)n_(2) — 	 (4.35) 

while the antisymmetrized state 4) 6  is 

956 = 	+ ( 1 )7r- (2) — 	( 1 ) 7r+(2)ifi( 1 )fl(2) 
	

(4.36) 

Under the CT, operation, R z  changes sign and the z component of spatial angular 
momentum becomes reversed. This implies that 

avir + = - 

= it + 
	 (4.37) 
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and so au0 3  = — 49 3, Crv49 6 =  — 46. Then 03 and 06, which are clearly Ms  = + 1 
and Ms  = — 1 components of a triplet state, are E rather than I + states. We 
may take linear combinations of 4)4  and 05 to form the Ms  = 0 triplet 
component, [n,(1)n _(2) — _(1)n,(2)][a(1)#(2) + a(2) )3(1)]. The linear com-
bination of 04  and 05 orthogonal to this forms the 1I +  state, 
[n + (On _(2) + n_(1)7r + (2)][a(1)fl(2) — a(2)fl(1)]. Note that the latter linear com-
bination is even under a, as required for a + state. We conclude that the 
possible term symbols in an equivalent it configuration are 1 E:, 

and Ag • The lowest three states in 0 2  are in fact X 3 Eg-  , a l Ag and 
13 1 E:-  ; the triplet state has the lowest energy according to Hund's rule. 

The nonequivalent 7t 2  configuration can arise when one of two valence 
electrons is in a nu  orbital and the other is in a ng  orbital (e.g., in excited states of 
C2). Finding the term symbols arising from this configuration is left as an 
exercise for the reader. 

The atomic SCF calculations described in Section 2.3 may be extended in 
principle to diatomic molecules with closed-shell electron configurations. The 
diatomic electronic Hamiltonian in the clamped-nuclei approximation (Eqs. 3.7 
and 3.9) may be broken down into a sum of one-electron operators 11 i  and 
electron repulsion terms e214nv0rii , 

n r 	h2 	1  	2  	1 
/lei = E [ — —2?-7-/-e Vq 	L, 

i=1 	 4nv 0  N=1  Ir i - RNI 

n 1 	n 	e2 

i=1 	47rE0  i<.;  Ir  i  - ri l 

1 	e2 
+ 	 E 	 

4ne0  i < ;  Ir  i  - ri l 

(4.38) 

(For stationary nuclei, the nuclear repulsion term ZAZBe 2147reoIRA — R81 
becomes a constant that may be added to the total energy at the end of the 
calculation.) The diatomic Hamiltonian (4.38) is identical in form to the many-
electron atomic Hamiltonian given in Eq. 2.62. One may write a single-
determinant many-electron wave function analogous to Eq. 2.61, with each of 
the spatial wave functions (/) i  (with 1  j n/2) representing a doubly occupied 
molecular orbital. A set of equations analogous to the Hartree-Fock equation 
(2.67) may then be solved numerically to determine the best obtainable single-
determinant wave function in the form of the Slater determinant (2.61). The 
discrepancy between the resulting SCF electronic energy (given by Eq. 2.70, with 
H.  denoting the diagonal matrix element of the one-electron operator iî 
defined in Eq. 4.38) and the true electronic energy is the correlation error. Such a 
procedure is so cumbersome in diatomics and polyatomics that relatively few 
such calculations have been performed in species other than atoms [7]. In 
atoms, the centrosymmetric one-electron Hamiltonian fl i  (Eq. 2.48) allows 
factorization of the atomic orbitals into radial and angular parts. The latter can 
be represented in atoms by spherical harmonics Yi,,(0, 0, and the numerical 
optimization of the Hartree-Fock wave function becomes confined to the radial 
coordinate. In diatomics, the angular dependence of molecular orbitals under 
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the cylindrically symmetric Hamiltonian is e14  (Section 4.1), so that numerical 
SCF calculations must be performed over the two remaining coordinates. In 
nonlinear polyatomics, the molecular orbitals must generally be optimized over 
a full three-dimensional grid. Compounding this problem is the fact that SCF 
energies must also be calculated over a grid of molecular geometries (bond 
lengths and bond angles) to search for an equilibrium geometry. 

More commonly, the molecular orbitals in a single-determinant wave 
function are expressed as linear combinations of atomic orbitals (LCA0s), 

Id)i> = E IXi>aii 
	 (4.39) 

where the Ix;  > are atomic orbitals (A0s) centered on the nuclei and the aii  are 
expansion coefficients. A minimal basis set of AOs includes all AOs that are 
occupied in the separated constituent atoms. The coefficients may be varied 
to minimize the energy. Parameters in the AOs themselves may also be varied, 
but these are frequently fixed at values established by prior experience with the 
same atoms in similar molecules. STOs (Eq. 2.58) may be used for the AOs in Eq. 
4.39. However, numerical calculation of many of the resulting matrix elements 

<WU>, and <ijiji> is slow using ST0s, and the use of Gaussian type 
orbitals (GT0s) of the form 

iGnt.> = Nr7exp(— 07?)YE.( 19, 4)) 	 (4.40) 

is far more economical [7,8]. For this reason, LCAO—MO—SCF calculations 
have sometimes employed AOs obtained by expressing STOs with known 
parameters as linear combinations of several GTOs. The inconvenience of 
evaluating the resulting larger number of Hamiltonian matrix elements is more 
than offset by their efficiency of calculation using GTOs. 

Improved accuracy may be obtained by using expanded basis sets in single-
determinant wave functions, but such calculations still do not remove the 
correlation error associated with representing the electron—electron repulsion 
1/rii  by the time-averaged expectation value <1/ri;  >. The configuration inter-
action technique, which is analogous to that described in Section 2.3 for atoms, 
begins with a many-electron wave function consisting of a superposition of the 
closed-shell determinant and additional determinants in which electrons are 
promoted to unoccupied orbitals, 

qi( 1 , 2, 	, n) = E CNAN 
	 (4.41) 

The coefficients CN are obtained in a variational calculation. In a multicon-
figurational self-consistent field (MCSCF) calculation, these expansion coeffi-
cients are simultaneously varied with the parameters aii  of the basis functions 
14) i > in Eq. 4.39. For detailed discussions of electronic structure calculations in 
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molecules, the reader is referred to W. H. Flygare, Molecular Structure and 
Dynamics (Prentice-Hall, Englewood Cliffs, NJ, 1978) and references therein. 

4.4 ELECTRONIC SPECTRA OF  DIATOM ICS  

It was emphasized in the introduction to this chapter that molecular electronic 
transitions are generally accompanied by simultaneous changes in vibrational 
and rotational states. A calculation of the transition energy of a particular 
spectroscopic line thus requires knowledge of the rovibrational energy for a 
diatomic with vibrational and rotational quantum numbers v" and r in the 
lower diatomic state 

E(v", J") = ol;(v" + — co'»c;(v" + 	+ • - 

+ B1"(J" + 1) + D',;„.1"2(J" + 1)2  + • • • 

G"(v") + F (r) 
	

(4.42) 

along with the total energy 

E(v% J') = G'(v') + Fc(J') + Te 	 (4.43) 

in the upper electronic state. Te  is the energy separation (conventionally in cm -1 ) 
between the minima in the two electronic state potential energy curves. (If the 
upper electronic state is purely repulsive, its separated-atom asymptote is used 
to calculate 're .) The transition frequency in cm is then 

= Te  + [G'(v') — G"(v")] + [F (Y) — F(J")] 
	

(4.44) 

which shows that numerous combinations of (1)% J') and (v", J") can add rich 
structure to electronic spectra in molecules. We will see later that the El 
rotational selection rules are reminiscent of the ones we derived for pure 
rotational and vibration—rotation spectra (although electronic state symmetry 
must be carefully considered, using the Herzberg diagrams introduced in 
Section 4.6). Since the upper and lower electronic states have unrelated 
vibrational potentials, it will turn out that all  A v = — v" are El-allowed a 
priori in electronic transitions. 

In the Born-Oppenheimer approximation, the total diatomic wave functions 
in the upper and lower states are 

I V(1", 	= itVei(r; R)>IX(R)X.r(k)> 	 (4.45) 

and 

71"(r, 	= 	R)>IXAR)XJ-(ii» 	 (4.46) 
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Since changes in rotational and vibrational as well as electronic state are 
possible, we must consider both the r- and R- dependence in the total dipole 
moment operator when calculating El transition probabilities, 

p = -E eri  + E eZ NR N  = pel u • r nucl 

For El transitions we must then have 

< 	gi" › = < 11/0X1/111 	14/: . el + nucl. 

= 
0 0 

(4.47) 

(4.48) 

These expressions ignore rotation, which is considered in Section 4.6. The term 
proportional to <1/4 1 Itk e"I > vanishes due to orthogonality of the electronic states. 
Note that <CiZe' I Pei I tfrav- > does not factor into <CI I IseiliKe'i><Ze' IZe ,), since the 
electronic states IC I > and w> depend parametrically on R as well as on r. 
Instead, this matrix element is 

f dRx:,(R)x v „(R)  J driKet(r; R)PeitKi(r • R) 	dRx:,K4R)z,(R)M e(R) (4.49) 

where  Me(R)  is the (R-dependent) electronic transition moment function. If 
Me (R) varies slowly over the range of R for which  x(R) and z„,,(R) are 
substantial, it becomes meaningful to write 

< T'(r, R)Ifil  1 "(1", 	= Me(R) dR;C(R)X„-(R) 

= Me(R)<Ov"> 	 (4.50) 

where Me(R) is an averaged value of the electronic transition moment function. 
The probability of the electronic transition is then proportional to 

R) I pi w"(r, R)>1 2  = Ime(R )1 2 1<clv">1 2 
	

(4.51) 

where Kely">I 2  is called the Franck-Condon factor for the y" —> y' vibrational 
band of the electronic transition (we allude to it as a band, since it exhibits 
rotational structure in the gas phase as shown for Na2  in Fig. 4.3). Since the 
vibrational states Iv'>  and le> belong to potential energy functions having 
different shape, the Franck-Condon factor Kely">1 2  can assume any value 1 
regardless of y', y" •  This is typified by the seemingly random vibrational band 
intensities in the Na2  fluorescence spectrum of Fig. 4.1. It is only in the special 
limit where the upper and lower electronic states have identical potential energy 
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curves that one obtains Kely">1 2  = 	since it is only then that the electronic 
states have identical orthonormal sets of vibrational states. 

The Franck-Condon factors do obey a sum rule, however. If one sums the 
Franck-Condon factors for transitions from a particular vibrational level y" in 
the lower electronic state to the complete set of levels y' in the upper electronic 
state, one obtains 

E Kelv">1 2  = E <v"Iv'Xv'iv"> = 

= 1 
	

(4.52) 

by closure. This implies that summing the vibrational band intensities over an 
electronic band spectrum allows direct measurement of the averaged electronic 
transition moment function Me(R) according to Eq. 4.51. 

We now turn to the El selection rules embodied in the electronic transition 
moment 

Me(R) = <VeliPeliK> 
	

(4.53) 

To have a nonvanishing matrix element (4.53), it is necessary for the direct 
product of irreducible representations 

F(l/Iei) 0 Roe) 0 I (tk'1) 

to contain the totally symmetric irreducible representation (E+ in C,  
D OE, h). Since the components (120)„,,, and (pel)z  of the dipole moment operator 
transform as Hu  and EUF  in D u,h , the direct products 

r ( el) 0 ( 1-1Du  0 TWO z 

must contain the Ig+  representation for El transitions in homonuclear dia-
tomics. (The g, u subscripts may be dropped to generalize this discussion to 
heteronuclear diatomics.) In many homonuclear diatomics, the electronic 
ground state Iti/u'i > is X l Eg+ . Then electronic transitions from the ground state to 
state 11,fr> are El-allowed if 

0 (Hu) E +  E+ 	g 

contains 	, which happens only when pc) is either n u  or Et-1,- . Working out 
similar direct products for electronic states 	i>,f h o_  arb itrary  symmetry 
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would show that the El selection rules for electronic transitions in diatomics are 

AA = 0, +1 

+ 4--x--* in E — E transitions 

u 4—> g, g  x g, u < x  >u 	(Laporte rule) 

Since pe, does not operate on the spin coordinates, we also have the El spin 
selection rules 

for small Ito . When the spin—orbit coupling is large, the selection rule becomes 
AQ = 0, + 1. Examples of El-allowed transitions under these selection rules are 
2 111/2  _ 211112,  3 1-1  _ 3 lli,  2 5/2  _ 2A512 , 3112  _ 3.6. 3;  a pair of El-forbidden 
transitions would be 3 11 1  — 3H2,  2113,2  _ 211 1/2 . When AA = 0, the z compo-
nent of  <friIP eiIÇi>  is nonvanishing, and the electronic transition is said to be 
parallel (i.e., polarized along the molecular axis). When AA = + 1, the x and/or y 
components of the transition moment are nonzero, and the transition is termed 
perpendicular. The formalism developed in Chapter 1 implies that to effect an El 
parallel absorptive transition in a diatomic molecule, the electric field vector E 
of the incident electromagnetic wave must have a component along the 
molecular axis (the El transition probability amplitude is proportional to 
E • <00101 1k1A Perpendicular transitions require the presence of an E compo-
nent normal to the molecular axis. 

For M1 electronic transitions in diatomics, we inspect the matrix elements 
<CilLiVe'i>, where L is the orbital angular momentum operator. Since the 
components of L transform as the rotations (R x , Ry , R z), the direct product 

TWei) (
F (Rx, R)"\

rWel) F(i1) (rig 	Rtfrel) 	(4.54) 
F(Rz) 	 X» 

must contain the totally symmetric irreducible representation for M 1-allowed 
transitions. This is satisfied only if 

AA = 0, +1 

u 	u, g 4--> g, u  x > g 	(anti-Laporte) 

+ 	—, +  x > +, 	x 	> in E — E transitions 

AS = 0 

It may similarly be shown that for E2 electronic transitions in diatomics one has 
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the selection rules 

AA = 0, ±1, ±2  

u 	u, g 	g, u < 	x g 	(anti-Laporte) 

AS = 

The A'It,+  and  B i ll states in Na 2  (Fig. 4.8) are two of the best-characterized 
diatomic states in the literature because the A'Eu+  X'Eg+  and B l rlu  X'Eg+  
transitions are El-allowed, because these transitions occur at visible wave-
lengths easily generated by tunable lasers, and because Na2  vapor is easily made. 
The 3E: and 'rig  Na2  bound states correlating with Na(3 2 S) + Na(3 2 P) are less 
well known, because the El transitions to these states from the ground state are 
symmetry forbidden and because the M1 and E2 transitions (symmetry-allowed 
for l Eg+ ) are far weaker than El transitions (Chapter 1). The best-known 
electronic transitions in 1 2  are the A31-1 1. 4-- X' 1g+ (red-IR) and 13 3 1-10„4—X'E g+  
(green) transitions (Fig. 4.7); the latter is responsible for the purple color in 1 2 . 
They are El-forbidden according to the selection rules (AS 0 0), but they gain 
small El intensity because the large spin—orbit coupling in 1 2  causes con-
siderable admixtures of singlet character into the A and B states and triplet 
character into the X state [9]. These transitions do obey the selection rule on AS2 
(= + 1 and 0, respectively). The 3n 2  30E: transition (AS2 =  +2) is extremely 
weak, on the other hand, because it violates the AS2 = 0, + 1 selection rule. 

11 J 1 11 i1 L 1 L i1t 11  
Observed 
spectrum 

  

I 	I  
= 0 	 3 4 

I 	I 	II 	I 	VII  = 

0 	2 	4 5 6 

v" = 2 

v i = I 	2 	3 	4 	5 6 	7 	8 

V 

Figure 4.16 The observed X' Z. —> A' E L; electronic band absorption spectrum of a 
high-temperature Na, vapor is a superposition of spectra originating from y" = 0, 
1, 2, ... ; only the first three series are shown. While the band intensities arising from 
a particular y" level show systematic variations (in fact, their intensity envelopes 
exhibit the same number of nodes as the vibrational state Iv">),  this regularity is not 
apparent in the composite absorption spectrum. 
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The large number of 1/ 4-  y" vibrational bands observed in an electronic 
transition can complicate the analysis of electronic band spectra, particularly if 
several of the initial y" levels have appreciable populations (e.g., when 
co: kTIhc at thermal equilibrium). Neglecting rotational fine structure, 
becomes equal to Te  + G'(v') — G"(v"). If we should superimpose the spectra 
arising from, say, y" = 0, 1, and 2 and recall that the y' 4-  y" band intensities are 
weighted by (seemingly) random Franck-Condon factors, the resulting 
electronic band spectrum (Fig. 4.16) shows no comprehensible patterns, even 
though the regularity would be apparent if only a single progression of bands 
(e.g., from y" = 0) were present. The Ritz combination principle offers a brute-
force method of assigning (y', y") combinations to the bands: one obtains all 
possible difference frequencies between pairs of band frequencies i,"(y', y") to 
determine if particular difference frequencies crop up repeatedly. For example, 
[V,(3, 0) — 0)] and U(3, 1) —  13(2, 1)] and U7(3, 2) — 2)] must all equal G' 
(3) — G'(2), and this gives a start in organizing the assignment of the spectrum. 
This approach is known as a Deslandres analysis (Problem 4.6). A preferable 
approach is to simplify the spectrum experimentally: the use of supersonic jets 
produces gases with very low vibrational temperatures, essentially populating 
only y" = 0 (Fig. 4.3). 

4.5 ANGULAR MOMENTUM COUPLING CASES 

The expressions we derived for diatomic rotational energy levels in Chapter 3 
are applicable only to molecules in- 1 E states. In such molecules, the magnitude 
1J1 of the rotational angular momentum is conserved, and the rotor energy levels 
(E, = BJ(J + 1) in the absence of centrifugal distortion and vibration—rotation 
interaction) are those of a freely rotating molecule whose nuclear angular 
momentum is uncoupled to any other angular momenta. In more general cases 
where A and/or S is nonzero, it is the magnitude of the total (electronic plus 
rotational) rather than just rotational angular momentum that is conserved. 
Several coupling schemes for spin, orbital, and rotational angular momenta may 
be identified, depending on the magnitudes of the magnetic field generated by 
the electrons' orbital motion and the spin—orbit coupling. 

Hand's case (a) describes the majority of molecules with A 0 0 that exhibit 
small spin—orbit coupling. Since the electronic orbital and spin angular 
momenta L and S are not mutually strongly coupled, they precess independently 
about the quantization axis (the molecular axis) established by the magnetic 
fields arising from electronic motion. The projections Ah and Eh of L and S 
respectively along the molecular axis are then conserved, as is their sum Oh. In 
contrast, the parts of L and S normal to the molecular axis oscillate rapidly; they 
are denoted L1  and S1  (Fig. 4.17). 

For the total angular momentum J, the quantity 1J12 = 	1)h2 is  
necessarily a constant of motion. (J was previously used for rotational angular 
momentum in I state molecules in Chapter 3; it is now reserved for total 
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Figure 4.17 Hund's case (a) coupling. The orbital and spin angular momenta L 
and S precess rapidly about the molecular axis with fixed projections Ah and Eh. The 
total angular momentum normal to the molecular axis is in effect the rotational 
angular momentum N, since the normal components 11  and S 1  of L and S fluctuate 

rapidly and their expectation values are zero. The total angular momentum J is the 
vector sum of N and 0, the projection of (L + S) upon the molecular axis. 
Interactions between Li , Si  and the rotational angular momentum N give rise to A-
doubling (see text). 

(electronic plus rotational) angular momentum in diatomics with A 0 O.) Since 
the rotational angular momentum vector N must be normal to the molecular 
axis, it has no z component—which implies that the projection of J along the 
molecular axis must be (L + S)z  = f2h (Fig. 4.17). According to the inequality 
1J1 2  J!, we must then have J(J + 1)h 2  122 h2, or J  Q.  Hence for given /2, 
the allowed J quantum numbers for the total angular momentum are 

J = f2, 12 + 1, 2 + 2, ... 	 (4.55) 

We finally compute the rotational energy Erot  = 1N1 2/21 for a case (a) molecule. 
Since the portion J1  of J which lies in a plane perpendicular to the molecular 
axis is 

= (L + S)1  + N 	 (4.56) 

we have 

j2 

= (L1  + S1)2  + N2  + 2N (L1  + S1) +  J 	(4.57) 

The classical rotational energy is then 

Ero, = 	—  J  — (L1  + 51) 2  —  2N - (L1  + 	 (4.58) 
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The quantum analog of this expression for the rotational energy in cm is (in 
the absence of centrifugal distortion) 

km = 13,[J(J +1)— (22  — <(L 1 + S1 ) 2 > — 2<N • (L1  + SI)>] (4.59) 

where the brackets < > denote expectation values. The terms 
f-2 2  <( LI +  S1) 2 >  are often lumped with the vibronic energy, in which case the 
rotational energy is 

km = BAJ +1)— 2B<N • (LI  + SI)> 
	

(4.60) 

The first term resembles the rotational energy of a 	molecule, but is subject to 
the restriction J D. The second term describes the electronic-rotational 
interactions, which constitute a small perturbation to the rotational energy in 
molecular states with A O. In the absence of electronic-rotational inter-
actions, such states are doubly degenerate with components exhibiting + and 
— behavior under cr, (Section 4.1). This degeneracy is split by the perturbation 
.8,1NT • (L1  + S1), producing closely spaced doublets of rotational energy levels 
with opposite reflection symmetry (Figure 4.18). This phenomenon is known as 
A-doubling. 

For atoms with Russell-Saunders coupling (those in which IL can be treated 
as a perturbation) the spin-orbital correction to the energy was seen to behave 
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Figure 4.18 Rotational energy levels in Hund's case (a) for a 3n 0  state, a 3  n I  
state, and a 3n 2  state. No levels appear with J < O. Each J level is split by A-
doubling into sublevels with opposite reflection symmetry. The 0-doubling is greatly 
exaggerated. 
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as A[J(J + 1) — L(L + 1) — S(S + 1)]. The corresponding spin—orbital energy 
in diatomics has the form ASV, where A is a spin—orbital constant [10]. The 
total energy in excess of the vibronic energy (cf. Eq. 4.59) then becomes 

Erot = 1311(J + 1) — OLI  + S1)2 > — 2<N ' (Li + SI)>] 

+ (A — 13,).0 2 	 (4.61) 

The differences arising from the (A — 13,)12 2  term in the rotational energies of 
spin—orbital components with different 12 are reflected in the case (a) energy 
level diagram in Fig. 4.18. 

In Hund's case (b) the magnetic fields due to orbiting electrons are so weak 
that the electron spin angular momentum S does not precess about the 
molecular axis. Molecules with A = 0 (E states) and S 0 belong to case (a) by 
default, but light molecules (with few electrons) having A 0 0 may also exhibit 
case (b) coupling. For simplicity, we restrict our discussion to case (b) molecules 
with A = 0. The rotational angular momentum N is directed normal to the 
molecule axis. In the absence of orbital angular momentum, the local magnetic 
field is dominated by molecular rotation, with the result that S precesses about J 
(Fig. 4.19). The rotational energies to zeroth order are 

E,.., = 13„N(N + 1) 	 (4.62) 

with N = 0, 1, 2, ... Each rotational level N may be split by spin—rotation 
coupling into sublevels with total angular momentum quantum number 

J = N + S, N + S — 1, , — 	 (4.63) 

A schematic energy level diagram for rotational states in 2 E and 3 E molecules is 
shown in Fig. 4.20. 

In Hund's case (c) the spin—orbit coupling is so large that L and S are 
mutually coupled to form a resultant J. which precesses about the molecular 
axis with fixed projection (Fig. 4.21). The rotational energy levels are given 
by the same expression, (4.61), as in case (a). An important distinction between 
cases (a) and (c) is that while the spin—orbit contribution AS22  to Eq. 4.61 is 

Figure 4.19 Hund's case (b) for A =0.  The spin 
angular momentum S and the rotational angular mom- 
entum N precess about the total angular momentum J. 
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Figure 4.20 Rotational energy levels in Hund's case (b) for a 21state and for a 3 E 

state. Each N level (Eq. 4.62) is split into 2S + 1 sublevels through the interaction 

between the rotational angular momentum N and the spin angular momentum S. 

generally the order of the rotational level spacing or smaller in case (a), it 
becomes large enough in case (c) to endow the different D components of  2S+  'A 
states with individual potential energy curves. This is what happens in the 

B 3Hou, A 3H1„, and 3 1-1 2 „ states of 1 2  (Fig. 4.7), and these are good examples of 
case (c) coupling in a heavy molecule with large spin—orbit coupling. Since L 
and S do not precess independently about the molecular axis in case (c) 

Figure 4.21 Hund's case (c) coupling. The orbital and spin angular momenta L 
and S are strongly coupled to form a resultant J.. The projection of J. on the 
molecular axis and the rotational angular momentum N combine to form the total 
angular momentum J. L and S clearly do not have well-defined projections on the 
molecular axis, and so case (c) molecular states cannot be strictly characterized in 
terms of the quantum numbers A and E. 
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molecules, A and E.  (unlike fl) are not good quantum numbers, and the 
designation of these 12 states as 3H states is not rigorous. 

4.6 ROTATIONAL FINE STRUCTURE IN ELECTRONIC BAND 
SPECTRA 

In Section 4.4 we worked out the El electronic and vibrational selection rules 
for electronic band spectra, and it remains for us to determine the selection rules 
that govern the rotational fine structure. We have seen that no symmetry 
selection rule exists for Av, but that the vibrational band intensities are 
proportional to Franck-Condon factors in the Born-Oppenheimer approxi-
mation. To understand the selection rules for simultaneous changes in electronic 
and rotational state, we must find how Ilk eixr„,> = kiei>IJM>  transforms under 
the symmetry operations of the molecule. A complication arises here because we 
have derived our earlier pure rotational and vibration—rotation selection rules 
using space-fixed coordinates (i.e., the rotational state IJM> depends on angles 
(0, (¢) relative to Cartesian coordinates (x, y, z), which are fixed in space and do 
not rotate with the molecule), whereas our group theoretical El electronic 
selection rules for 	were derived using electronic states Wei>, 
which depend on molecule-fixed coordinates (r Ai , rBi , 4)) for each electron i; these 
coordinates do rotate with the molecule. To consider simultaneous rotational 
and electronic state changes, we must use one set of coordinates consistently. 

In heteronuclear diatomics Iti/ earot > can be classified according to its behavior 
under molecule-fixed reflection o r,. We already know that the molecule-fixed 
states Mel> obey 

(7„100 > = 100> 
	

for E + states 

= — Mel> 
	

for 	states 

and that states with A 0 0 are doubly degenerate (at least prior to A-doubling) 
with components that can be chosen to exhibit + and — behavior under 
While the rotational states IJM> are space-fixed, it can be shown that [11] 

	

at, (molecule-fixed) = i (space-fixed) 	 (4.64) 

with the result that [12] 

o-„ (molecule-fixed)IJM > = (space-fixed)Y, m(0, 4)) = 17,m (n — 0, + n) (4.65) 

= ( — 1)1JM> 

Consequently, 

av(molecule -fixed)lOarot> = (±)( TItifelXrot> 	(4.66) 
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where the upper  ( +) sign applies to / 4-  states and the Inert—) signapplies to 
I states. In the remainder of this section we use ( + ) and ( —) te• indicate the 
behavior of 11// earot > under a„ (molecule-fixed); this should not be confused with 
the superscripts in the electronic state notations X +, . We finally determine 
how p is influenced by ay  (molecule-fixed). Since this operation is equivalent to i 
(space-fixed), and the latter operation converts p into —0, 

v (molecule-fixed )p = 
	 (4.67) 

It follows that for <Car'otl filli/e'OCot> to be nonvanishing, the states 	> and 
KIX:!cd> must exhibit opposite reflection behavior under a, (molecule-fixed), and 
( +) states can combine only with ( —) states in the El approximation. To keep 
track of all rotational transitions that are consistent with this rule for a given 
electronic transition, we set up a Herzberg diagram [10] in which the rotational 
J levels in the relevant electronic states are labeled with their behavior under o-„ 
(molecule-fixed). For definiteness, suppose we are interested in a l E 
electronic transition (which is El-allowed according to the selection rules 
obtained in Section 4.4). Using Eq. 4.66, the pertinent Herzberg diagram can be 
generated as shown in Fig. 4.22, where the arrows show all allowed transitions 
subject to AJ = 0, + 1 connecting levels that are ( + ) under a t, (molecule-fixed) 

- with levels that are (—). This diagram exhibits only R- and P-branch transitions. 
No Q7branch (AJ = 0) transitions are possible, since they would connect ( + ) 
with ( +) or ( —) with ( — ) levels. A more interesting example is the case of a 
1 E +  11-1 transition. The-pertinent Herzberg diagram (Fig. 4.23) reflects the fact 
that doubly degenerate In states can have both ( + ) and (— ) components 
under u„ (molecule-fixed) for any J, but cannot have J = 0. (Recall that we 
require J 12, and .0 = 1 in a 1 11 state.) In this case LIJ = 0 transitions are 
possible as well as AJ = + I, transitions, so Fig. 4.23 provides an example of the 
fact that Q branches can appear in electronic transitions involving states with 
A 0. 

In homonuclear diatomics an additional symmetry element is needed to 
classify state symmetries in the p oo h point group, and we can use i (molecule-
fixed) for this purpose. A new complication, peculiar to homonuclear molecules 

J" o 
	

2 
	

3 

Figure 4.22 Herzberg diagram for allowed rotational transitions accompanying a 
'Z' 	'V electronic transition in a heteronuclear diatomic molecule. 



148 	ELECTRONIC STRUCTURE AND SPECTRA IN DIATOMICS 

2 
	

3 
	

4 

Figure4.23 Allowed rotational transitions in a 1 E +  -*Ill electronic transition. 
Note the absence of the Q(0) and P(1) transitions, since J' 1 in a Fl state. 

in which both nuclei are the same isotope, is the effect of nuclear exchange 
symmetry on rotational state populations. Under the space-fixed nuclear 
exchange operation XN, the total wave function I W lth Y Y 

	

= .7 	 nucl.spin> 

must behave as [10] 

XNI  W>  = +  I W> 	for boson nuclei (s) 

= -- 1W> 	for fermion nuclei (a) 
	

(4.68) 

Since the vibrational state IZvib>  depends only on IRI = R, it is unaffected by 
exchange of the nuclei. To decide the effect of XN on 10,,zr,„>, we use the identity 
[10] 

XN = 	 (4.69) 

where j 1  represents inversion of all particles through the origin and i2  represents 
inversion of electrons only through the origin. We have already seen that 

IJM> = ( — 1) -1 1zr0t >. For the effect of  j 1  on Itfr ei >, we note that 
C2 o-„ in D h , where the latter two operations are applied to all particles in 

the molecule. C2 then has no effect on Ni el >, since Ni el > depends only on the 
electronic coordinates relative to the positions of the nuclei. Then 

ii100> = a„100> = 10.1> 
	

for + states 

= — 111/0 > 
	

for E -  states 	(4.70) 

because a, reflects the positions of the electrons, but not of the nuclei. The 
inversion i2  does not affect 'L ot> because it inverts only the electionic 
coordinates. By definition, 

1211Pei > = ItPei> 
	

in g states 

= —111/0> 
	

in u states 	 (4.71) 



ROTATIONAL FINE STURCTURE IN ELECTRONIC BAND SPECTRA 149 

We finally consider the effect ofXN  on the nuclear spin function I th nucl.spin>• Each 
nucleus has spin I with (21  + 1) magnetic sublevels, giving a total of (21  + 1)2  
diatomic nuclear spin states. Of these, (21  + 1)(/ + 1) states are always sym-
metric (s) with respect to XN, and (21  + 1)1  are antisymmetric (a). For 
concreteness, consider the H2 molecule in which both nuclei are 1 H with spin 
I = 4. From the nuclear magnetic sublevels a (m 1  = 1-) and fi (mi  = — 4) on the 
individual nuclei, we may form the symmetric (s) and antisymmetric (a) nuclear 
spin states 

a(1)a(2) 	(s) 

a( 0)3(2) + 42)13(1) 	(s) 

/3( 1 )$(2) 	(s) 

a(1)fi(2) — a(2)fl(1) 	(a) 

for the diatomic molecule. For I = I-, there are (21  + 1)(/ + 1) = 3 and 
(21  + 1)1  = 1 nuclear spin states that are symmetric (s) and antisymmetric (a), 
respectively, under XN. 

The possible combinations of electronic, rotational, and nuclear spin states 
can now be compiled [10] as shown in Table 4.6. The total wave function IT> 
must be (s) and (a) under the nuclear exchange XN for boson and fermion nuclei, 
respectively. Fermion nuclei exhibit half-integral spin: I =-4 (1 F1, 'He, ' 3 C), 
I =4 

 (
23Na), I =4 ( 170), etc. Bosons include integral-spin nuclei, such as 'He, 

160 (I = 0) and ' 4N (I = 1). 
For 1 11 2  in its X l Eg+  ground state, the nuclei are fermions with I =4.  The 

exchange symmetry oritfr Y r 

XN1 1frelZrot> = i 1i2 itkelXrot > 

= R-1Y(±)][-F]ltPeixrot> 

= (-1)JliPearot> 
	

(4.72) 

so that Id/ el IL Y ro t is (s) for even J and (a) for odd J. The total wave function I W> 
I T  

must be (a) for these fermion nuclei. According to Table 4. -6,  the X' 	state 

Table 4.6 

Statistical 

l earot> 

	

I VI> 	weight 

a a s (21  + 1)/ 
s a a (21  + 1)/ 
a s a (2 1  + 1)(/ + 1) 
s s s (21  + 1)(/ + 1) 

under XN is 
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rotational level pupulations in a thermal gas gain extra factors (beyond the 
Boltzmann factors in Eq. 3.28) of (21  + 1)1 = 1 for even J and 
(21  + 1)(1  + 1) = 3 for odd J. This leads to a nearly 3:  1 intensity alternation in 
rotational state populations of adjacent levels in X l Eg+ 1 H 2 . For 1602  in its 
X 3 E,T ground state, the nuclei are bosons with I = O. The exchange symmetry of 
10e1Xrot> in this case becomes 

iii2liPearot > = — 1 Y( )JE +111frox.> 
= (— l)J

'llPearot> 
	

(4.73) 

so that lifr eix,„> is (a) for even J and (s) for odd J. Since I T> must be (s) in this 
molecule, the rotational state populations gain statistical factors of 
(21  + 1)1  = 0 for even J and (21  + 1)(/ + 1) = 1 for odd J. Consequently, 
X3 	16  

kJ cannot exist in even - J  levels at all. Such levels can be populated in 
other electronic states (e.g., a Ag) of 1602 , however. 

Prior to digressing on the subject of nuclear exchange symmetry, we 
mentioned that a new symmetry element besides o-, (molecule-fixed) was 
required to classify electronic-rotational states in homonuclear diatomics. A 
logical choice is i (molecule-fixed), an operation which belongs to D co h but not 
C. It may be shown that î (molecule-fixed) is equivalent to XN (space-fixed), 
and so the procedures worked out in the foregoing discussion may be used to 
classify ItP elx,..,> as either (s) or (a) under XN in lieu of determining their behavior 
under molecule-fixed inversion. The dipole moment operator p in homonuclear 
molecules is (s) under XN [11 ].  This leads to the conclusion that only states 
10eIXrot> with like symmetry under XN can be connected by El  transitions in 
electronic band spectra: 

The Herzberg diagrams for homonuclear diatomics can now be augmented with 
(s) and (a) labels denoting behavior under XN. For a 1 E: 'Eu+  transition, the 
diagram is shown in Fig. 4.24, where all of the El-allowed transitions 
simultaneously obey ( + )4-4( - ), (s)4-*(s), and (a)4-* (a). As in 1 E 1 E + 
transitions for heteronuclear molecules, only R and P branches can appear. It is 
easy to show that the Herzberg diagrams for l Eg+ lEg+  and l Eu+ lEu+ 

 transitions forbid any transitions from occurring at all (i.e., the Herzberg 
diagrams have the Laporte rule built into them). For a 'E g+  transition 
(Fig. 4.25), all three rotational branches appear. Note that the P(1) and Q(0) lines 
are absent, since the J = 0 level cannot occur in a state. A wealth of 
additional Herzberg diagrams may be found in G. Herzberg's classic Spectra of 
Diatomic Molecules [10].  



o 2 3 

2 3 

a 

J" = o 2 

2 

a 

3 	 4 

Liu 

ROTATIONAL FINE STRUCTURE IN ELECTRONIC BAND SPECTRA 	151 

Figure 4.24 Allowed rotational transitions in a 1 E: -+ 1 E u+ electronic transition in a 

heteronuclear diatomic molecule. Such Herzberg diagrams automatically incorporate 

the Laporte g 4-4 u selection rule, since no allowed rotational transitions can be drawn 

for a 1 E: 4-+ 1 E: or a 1 Eu+  4-0 1 1 u+  electronic transition. 

Figure 4.25 Allowed rotational transitions in a 1 Ig+  —> 1  n u  transition. 

The Na 2  fluorescence spectra in Fig. 4.26 are excellent examples of the 
rotational selection rules predicted by the 1 E,.34.  'Hu  Herzberg diagram in Fig. 
4.25. The first of these spectra was excited using the 4727-A line from an Ar + 
laser, which matches the energy difference between l Eg+  (y"  =  t , J" = 37) and 
1 11u  (y' = 9, J' = 38) in Na2 . The laser linewidth was considerably broader than 
the energy separation (due to A doubling) between the (a) and (s) 'H. levels 
belonging to J' = 38 in Na2 . Since the initial J" = 37 level is an (a) level in a Eg+  
state, however, the selection rules in Fig. 4.25 show that only the (a) sublevel in 

= 38 can be reached from J" = 37 in El transition. Subsequent fluorescence 
transitions from 'Hu  (I/ = 9, J' = 38) to the lE state in various y' levels can only 
terminate in J" = 37 or 39 according to Fig. 4.25. Hence, the 4-1„ l Eg+  
fluorescence spectrum excited at 4727 A exhibits only P and R branches. The 
second spectrum was excited by the 4800-A Ar + laser line, which matches the 
energy separation between 1 E: (y"  = 3, J" = 43) and 'H u (y'  = 6, J" = 43). Such 
a transition can populate only the (s) sublevel in J' = 43; reasoning similar to 
that outlined above shows that fluorescence from y' = 6, J' = 43 can then 
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Figure 4.26 Bl n u  -÷ E: fluorescence spectra of Na 2  vapor following excitation 
by an argon ion laser at (a) 4727 A and (b) 4880 A. The first spectrum is due to the 

transitions V = 9, J' = 38 J" = 37, 39; its rotational fine structure exhibits only 
P and R branches. The second spectrum arises from the transitions v' = 6, 
J' = 43 V, J" = 43; only the Q branch appears in its rotational structure. These 

spectra are excellent examples of the selection rules in Fig. 4.25. Monochromatic 

laser excitation of an X' E: molecule creates a F n u  molecule in either an s or an a 
level, but not both. According to Fig. 4.25, the !eve: can consequently fluoresce with 

either (P, R) or Q branches, but not both. The numbers in boxes give y" for the lower 

level in fluorescence transitions. Vibrational band intensities are proportional to the 
Franck-Condon factors Kylv">1 2 . Reproduced with permission from W. Demtrbder, 
M. McClintock, and R. N. Zare, J. Chem. Phys. 51: 5495 (1969). 
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exhibit only a Q branch. Hence, the (y', y") fluorescence bands are doublets in the 
first fluorescence spectrum, but are singlets in the second one. The band 
intensities are proportional to the pertinent Franck-Condon factors Ky'ly">J 2  in 
both spectra. 

Rotational line assignments are easily made by inspection in pure rotational 
and vibration-rotation spectra (Chapter 3). In the former case, the rotational 
energies and transition frequencies are 

Eret(J)/he = BAJ + 1) - DJ 2(J ± 1) 2 	 (4.74) 

and 

= 2BJ - 4DJ3 	 (4.75) 

where J denotes the upper level in absorptive transitions (AT = + 1). Since the 
centrifugal distortion constant D is generally small compared to B 
(D/B  1O),  the rotational lines are very nearly equally spaced in frequency. 
For vibration-rotation spectra, the P-, Q-, and R-branch line frequencies 
(ignoring centrifugal distortion) are 

= -Ç'43 	B")J (13' - B")J 2  

i),z)  = 	(B' - B")J (B' - B")J 2 
	

(4.76) 

yR =  i50 2-B'  + (3B' - B")J (B' - B")J 2  

where J pertains to the lower level in the transition and 	is the vibrational 
energy difference. Since B' and B" are nearly the same in vibration-rotation 
spectra (because B varies weakly with y within a given electronic state), Eqs. 4.76 
imply that rotational lines in such spectra will also be roughly equally spaced in 
frequency for low J (Fig. 3.3). 

For rotational fine structure in electronic band spectra, the P- and R-branch 
line positions are still given by Eqs. 4.76, except that i5 0  now becomes 

+ G'(//) - G"(v"). The important physical difference here is that B' and B" are 
often grossly different in transitions between different electronic states. For 
example, He  and Be" are 0.029 and 0.037 cm -1 , respectively, for the 
13 3 11.,, <- X 1 E: transition in 1 2  (Fig. 4.7). The rotational line positions in the P 
and R branches are no longer even approximately equally spaced. For that 
matter, i",p and 13 R  both vary as (B' - B")J 2  for large J— since they are then 
dominated by terms quadratic in J— and hence they run in the same direction 
as functions of J. In contrast, and T/R run in opposite directions as functions of 
J for small J, where the linear terms dominate. Hence, either the P or the R 
branch turns around as a function of J (depending on whether B'  <B"  or 

> B") at the bandhead as shown in Fig. 4.27. The approximate value of J at 
which one of these branches turns around can be found by differentiating the 
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Figure 417 Rotational fine structures at 300 K for the y" = 0 y' = 0 absorptive 
transitions in (a) the X 1  E+ B3n 0  transition in ICI, B'L = 0.1142 cm -1 , 
B'e  = 0.0872 cm -1 ; and (b) the x2n r , A2 E +  transition in NO, B'e' = 1.67195 cm -1 , 
B'e  = 1.9965 cm -1 . The rotational line spacings are smaller for ICI, owing to its larger 
reduced mass. The ICI spectrum is shaded to the red, and typifies the usual situation 
in which B'L > B'e

• 
 The reverse is true in the x2n r  A2 E +  transition of NO, in which 

the rotational structure is shaded to the blue. Horizontal energy scale is in cm -1  for 
both spectra. 
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equations for 	and flik with respect to J, 

eNp 
	= —(B' + B") + 2(B' — B")J = 0 
dJ 

= 3B' — B" + 2(B' — B")J = 0 
dJ 

(4.77) 

Then the J values at which these branches turn around are 

J; = (B' + B")/2(B' — B") 

J; = (B" — 3B)12(B' — B") 	 (4.78) 

Only one  of these values is physical (positive). Since the upper electronic state is 
commonly more weakly bound than the lower state (R; > R e"), one usually 
observes B'e  < Be"—in which case the R branch is the one that turns around 
(J; > 0). Both the P and R branches then run to lower frequencies for large J 
(since (B' —B")<O), and the band is said to be shaded to the red. When R'e <R, 
the band is shaded to the blue. The rotational fine structure is barely resolved in 
the Na2  fluorescence excitation spectrum of Fig. 4.3, but the asymmetric shading 
of the vibrational bands to the red is clearly asserted. It occurs because the 
equilibrium separation of Na 2  is considerably larger in the A' / 4" than in the 
X 1 Eg+ state, as is apparent in Fig. 4.8. 

4.7 POTENTIAL ENERGY CURVES FROM ELECTRONIC BAND 
SPECTRA 

The spectroscopic techniques described in this and the preceding chapters yield 
an impressive array of molecular constants, in terms of which the rovibrational 
energy levels may be expanded to desired accuracy via 

= coe(v + 4-) — w ex e(v + .1) 2  + eY e(v + D3  + • • • 

+ BeJ(J + 1) — DeJ2(J + 1)2  — cx eJ(.1 + 1)(v + + • • (4.79) 

For example, spectral lines in vibration—rotation spectra of heteronuclear 
diatomics are readily assigned to particular (v7) (v" J") transitions by in-
spection. Their positions may be analyzed using Eqs. 3.64, 3.65, 3.68, and 3.81 to 
extract the ground-state constants In homonu-
clear diatomics (which are infrared-inactive), analysis of rotational fine structure 
in fluorescence spectra yields the rotational constants B, De", 4, . and ife, 

for the upper and lower states. The vibrational band positions in such 
spectra (e.g., the Na2  fluorescence spectrum in Fig. 4.1) may be analyzed to 
obtain the vibrational constants  co,  in the lower state. Similar 
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treatment of the absorption or fluorescence excitation spectrum (cf. Fig. 4.3) 
yields the corresponding upper state vibrational constants aye, w e' x/e, oyey ,' , 

Conclusive vibrational assignments in electronic band spectra can be difficult to 
establish when the electronic energy separation Te  between upper and lower 
states is not independently known. Failure to observe the y" = 0 —> y' = 0 band 
due to a small Franck-Condon factor Kely">1 2 , for example, can result in 
misnumbering of the true levels y" = 1, 2, ... , as y" = 0, 1, ... [13]. A strategem 
for confirming vibrational assignments of electronic band spectra is described 
later in this section. Huber and Herzberg [14] have compiled molecular 
constants for over 900 diatomic molecules and molecule-ions, based on critical 
examination of the literature up to 1978. 

In many applications, it is desirable to know the detailed potential energy 
curves Ukk (R) for the upper and lower states. Such information would be 
required to predict spectral line intensities of heretofore unobserved vibronic 
transitions (e.g., for investigation as possible laser transitions). We have already 
shown that the radial Schrödinger equation (3.30) can be solved under a given 
potential Ukk (R) to obtain the vibrational eigenvalues for J = 0. We are now 
concerned with the reverse procedure: Given a set of spectroscopically deter-
mined vibrational levels, can the detailed potential energy curve Ukk (R) be 
reconstructed? For nonpathological potentials, the intuitive answer is yes. When 
the vibrational levels are equally spaced in energy, Ukk (R) is a parabola with 
curvature determined by the level spacing. Nonuniformities in level spacing 
(manifested by nonvanishing anharmonic constants w ex e , clue , ...) should 
deform the parabola in predictable directions. 

The current technique for derivation of experimental potential energy curves, 
developed in the 1930s but popularized only with the advent of high-speed 
computers, is based on the Sommerfeld condition [15] for quantization of 
action in systems undergoing periodic motion, 

pdg = (y + 	y = 0, 1, 2 	 (4.80) 

The generalized coordinate g and its conjugate momentum p vary periodically, 
and the line integral is evaluated over one cycle. (A similar quantization 
condition on angular momentum led to the famous Bohr postulate L = nh for 
the hydrogen atom in the old quantum theory [16]. ) For vibrational motion 
subject to a potential U(R) in a diatomic, the classical energy is 
E = p2/2/4 + U(R). The integral in (4.80) then translates into 

R + 	 
2 	E — U(R)dR = (y + 1)h 	 (4.81) 

R_ 

for periodic motion between the classical turning Points R_ and R, (Fig. 4.28). 
Rydberg, Klein, and Rees demonstrated that this semiclassical procedure for 
deriving the allowed vibrational energies E from a given potential U(R) may be 
inverted. If the rovibrational energy (4.79) is rewritten in terms of the vibrational 
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Figure 4.28 The classical turning points R_ and R ± for a given vibrational level. 
For this vibrational energy, nuclear motion is classically forbidden for R <R_ and for 
R > R + . 

and rotational action variables I = h(v + -1) and ic = J (J + 1)h 2/2,u as 

E(I, K)/hc = Icoe/h — I 2w ex e /h2  + 13 coeYe/h 3  

it may be shown 
state with known 

with 

and 

+ K/hclq 

[17] that the inner 
energy Ev  are 

= 

h 
f 

— K 2 D e /h 2c 2BR: — IKoc e/h 2cB eR 
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The upper integration limit I' is the value of the vibrational action variable for 
which E(I', K) =  E. These integrals are evaluated for K =  O to compute the 
vibrational turning points R A_ for the nonrotating (.1 = 0) molecule. Rees 
showed that these integrals are expressible in closed form [18] when the 
vibrational energy E(I,0) is quadratic in I, but this level of approximation does 
not yield accurate turning points over a broad range of vibrational energies. 
Hence, these integrals are calculated numerically to yield two points  R±(E) on 
the potential energy curve Ukk (R) at each spectroscopic energy E.  The full 
potential Ukk (R) is then constructed by connecting the turning points with a 
smooth curve. Figure 4.29 shows the experimental Rydberg-Klein-Rees (RKR) 
turning points for the X 1 Eg+  state in Na2 . Such RKR calculations furnish the 
most accurate experimental potential energy curves for diatomics. Their facile 
execution using established computer codes has largely superseded character-
izations of Ukk (R) by analytic fitted potentials such as the Morse potential 
(Section 3.6). 

Once RKR potential energy curves have been generated for the lower and 

4000 

Lu 	2000 

0 

 

Na 2  

  

4 
	

6 

ft 
Figure 4.29 RKR points for the X' 1g+  state of Na 2 . These are the classical turning 
points R_, R +  calculated for V' = 0 through 45 using spectroscopically determined 
rovibrational energy levels from Na 2  fluorescence spectra. Separations are given in A. 
Data are taken from P. Kusch and M. M. Hessel, J. Chem. Phys. 68: 2591 (1978). 
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upper states (e.g., the X'E g+  and 13 3 110„ states in 12, Fig. 4.7), the radial 
Schrâclinger equation (3.30) can be solved numerically to obtain the correspond-
ing vibrational states IC> and le> in the respective electronic states. It is then 
straightforward to calculate the predicted Franck-Condon factors Ky'le>1 2  for 
all vibrational bands in the electronic transition. The band intensities observed 
in an absorption or fluorescence spectrum should be proportional to these 
calculated Franck-Condon factors (Section 4.4). If they are not, the vibrational 
bands in the electronic spectrum may have been incorrectly assigned. In this 
manner, Zare found it necessary to reassign the y' quantum numbers previously 
attributed to vibrational bands in the )0E: -  -> WIT. spectrum [13]. RKR 
calculations are, of course, possible only for spectroscopically accessible 
electronic states for which a reasonable number of the molecular constants in 
Eq. 4.82 are known. For this reason, only the VI:, A3 171 1 „, and B 3 1-104. 0  
potential energy curves for 1 2  in Fig. 4.7 are well known. The lowest-lying 
X 1 Eg+  112. transition (d12 = 2) is so weak that no RKR curve has been 
generated for that excited state to the author's knowledge. RKR calculations are 
not applicable to purely repulsive states, and the shapes (but not the asymptotes) 
of the repulsive potential energy curves depicted in this chapter are largely 
conjectural. Methods for predicting intensities of transitions to repulsive states 
("bound-continuum transitions”) have recently been developed [19]. 

A number of potential energy curves is shown for 0 2, 02- , and 02' in Fig. 
4.30, and for N2, N2- , and N -24-  in Fig. 4.31. The lowest three bound states in 
neutral 02  (X 3/, alAg , and b 1 E:) arise from the equivalent n2  configuration 
(Section 4.3). El transitions among these three states are forbidden, in ac-
cordance with the general rule that no El transitions exist among states 
generated from the same electron configuration. The better-characterized 
excited states (i.e., the ones with more labeled vibrational levels) tend to be ones 
which are El-connected to the ground-state molecule or molecule-ion. As 
examples, the B 3 Eu-  excited-state potential in 0 2  is known up to nearly its 
dissociation limit, but the C 3 A„ state is not (Fig. 4.30). In N2, the X'E g+  ground 
state is a closed-shell configuration; its excited states are among the most 
thoroughly studied in any diatomic. Since it is not connected to any lower 
electronic state by El transition, the A 3E: state is metastable, and El 
absorptive transitions from this state to higher states (e.g., C 3 1-1„) can easily be 
observed. The well-known N2 laser, which operates at 337 nm, stems from the 
y' =  O  -* y" = 0 transition between the C 3 1Iu  and B 3 1Ig  states. 

REFERENCES 

1. D. S. Schonland, Molecular Symmetry, Van Nostrand, London, 1965. 
2. L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory, 

Addison-Wesley, Reading, MA, 1958. 
3. B. H. Mahan, College Chemistry, Addison-Wesley, Reading, MA, 1966. 
4. R. S. Berry, S. A. Rice, and J. Ross, Physical Chemistry, Wiley, New York, 1980. 



162 	ELECTRONIC STRUCTURE AND SPECTRA IN DIATOMICS 

5. K. Ruedenberg, Rev. Mod. Phys. 34: 326 (1962); M. J. Feinberg, K. Ruedenberg, and 
E. L. Mehler, Adv. Quantum Chem. 5: 27 (1970). 

6. J. G. Verkade, A Pictorial Approach to Molecular Bonding, Springer-Verlag, New 
York, 1986. 

7. W. H. Flygare, Molecular Structure and Dynamics, Prentice-Hall, Englewood Cliffs, 
NJ, 1978. 

8. H. F. Schaefer III, The Electronic Structure of Atoms and Molecules: A survey of 
Rigorous Quantum Mechanical Results, Addison-Wesley, Reading, MA, 1972. 

9. R. S. Mulliken, J. Chem. Phys. 55: 289 (1971). 
10. G. Herzberg, Molecular Spectra and Molecular Structure; I. Spectra of Diatomic 

Molecules, Van Nostrand, Princeton, NJ, 1950. 
11. J. Hougen, The Calculation of Rotational Energy Levels and Rotational Line 

Intensities in Diatomic Molecules, National Bureau of Standards Monograph 115, 
U.S. Government Printing Office, Washington, DC, 1970. 

12. K. Gottfried, Quantum Mechamics, Vol. 1, W. A. Benjamin, New York, 1966. 
13. R. N. Zare, J. Chem. Phys. 40: 1934 (1964). 
14. K. P. Huber and G. Herzberg, Molecular Spectra and Molecular Structure: Constants 

of Diatomic Molecules, Van Nostrand Reinhold, New York, 1979. 
15. A. Sommerfeld, Ann. Phys. 57: 1 (1916). 
16. M. Jammer, The Conceptual Development of Quantum Mechanics, McGraw-Hill, 

New York, 1966. 
17. R. Rydberg, Ann. Phys. 73: 376 (1931); 0. Klein, Z. Phys. 76: 226 (1932). 
18. A. L. G. Rees, Proc. Phys. Soc. (London) A 59: 998 (1947). 
19. W. T. Zemke, K. K. Verma, and W. C. Stwalley, Proc. Intern. Conf. on Lasers '81, 216 

(1981). 

PROBLEMS 

1. For a heteronuclear diatomic molecule, determine the electronic term 
symbols that correlate with 2 D + 2D atoms. 

2. Write down the electron configurations for the ground states of B2, C2, N2, 

and 02 . What term symbol corresponds to the ground state in each of these 
molecules? 

3. For a homonuclear diatomic molecule, what term symbols 2S+  'An  can arise 
(a) from an equivalent 6 2  configuration and (b) from a nonequivalent 7r2  (e.g., 
7c ui rc) configuration? 

4. Determine the relative statistical weights of the even- and odd,/ levels in 
85 Rb2  and  40K 2 , which have nuclear spin I = and 4, respectively. 

5. Using the potential energy curves in Fig. 4.31 for neutral N2, decide which of 
the shown states are El-metastable. Are all of the diatomic states which 
correlate with N( 4S) + N(4S) shown? Which of the shown excited states are 
theoretically accessible by M1 transitions from ground-state N2? 
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6. The C if <— X 1 E: absorption spectrum of Na2  in the near-ultraviolet 
region of the spectrum exhibits bands at the following frequencies in cm - 

28871 	29182 	29338 	29479 	29682 
28986 	29213 	29368 	29524 	29745 
29026 	29255 	29411 	29569 	29793 
29100 	29297 	29434 	29589 	29903 
29141 	29324 	29455 	29635 

Starting from the assumption that one of these frequencies corresponds to the 
y" =  O  —) = 0 transition, make the vibrational assignments by ordering the 
observed band frequencies i)(y", y') into a Deslandres table: 

A'01 	(0, 1) 	.6'12 	i-)(0, 2) 

V,(1, 0) 	No 	I 3(1, 1) 	S12 	i3(1, 2) 

A IL 	 Z111 2 	 A72 

3(2, 0) 	4'01 	T7(2, 1) 	S12 	-15(2, 2) 

The numbers S„,„ and An, represent the numerical differences between adjacent 
frequencies in the table. (In a correctly ordered table, all differences denoted by 
the same label (e.g., LI 2) must exhibit the same value to within experimental 
error, in accordance with the Ritz combination principle. The value found for 

„) is the observed energy separation between vibrational levels m and n in 
the upper (lower) electronic state.) Determine the vibrational constants co:, co', 
co:x:, oldc'e  and (if possible) (1); Y:, o.1/e from these data. le 

7. The 0-3 absorption band of an allowed El electronic transition originates 
from the X 3Ig-  state in 02 . Rotational fine structure lines occur at the following 
wave numbers: 

51354.37 	R(1) 
51353.99 
51353.50 	R(2) 
51351.37 
51349.46 
51348.01 	R(4) 
51345.31 	P(2) 
51343.38 	R(5) 
51339.92 
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(a) Complete the assignments of the four unlabeled lines. Is this band shaded 
to the red or violet? Is B' greater than or less than B"? 

(b) Determine the numerical values of the rotational constants B' and  B". 
(c) Recognizing that this is an allowed transition in the relatively light 

molecule 02 , specify the term symbol of the upper state. 

8. The analytic expressions 4.24 and 4.34 for the overlap, Coulomb, and 
exchange integrals in HI may be obtained using the ellipsoidal coordinates A, p, 
and 0, where 

= (rA  + rB)/R 

P = (r A — rB)/R 

and the angle 0 has its usual meaning in a diatomic molecule. These coordinates 
exhibit the range 

and the volume element is le(22  — p 2)dA dp 418. Use this information to 
confirm that SAB,  J,  and K are correctly given by Eqs. 4.24 and 4.34. 



POLYATOMIC ROTATIONS 

In this chapter, we extend our treatment of rotation in diatomic molecules to 
nonlinear polyatomic molecules. A traditional motivation for treating 
polyatomic rotations quantum mechanically is that they form a basis for 
experimental determination for bond lengths and bond angles in gas-phase 
molecules. Microwave spectroscopy, a prolific area in chemical physics since 
1946, has provided the most accurate available equilibrium geometries for many 
polar molecules. A background in polyatomic rotations is also a prerequisite for 
understanding rotational fine structure in polyatomic vibrational spectra 
(Chapter 6). The shapes of rotational contours (i.e., unresolved rotational fine 
structure) in polyatomic electronic band spectra are sensitive to the relative 
orientations of the principal rotational axes and the electronic transition 
moment (Chapter 7). Rotational contour analysis has thus provided an 
invaluable means of assigning symmetries to the electronic states involved in 
such spectra. 

We begin this chapter with a derivation of the classical Hamiltonian for a 
rigid, freely rotating polyatomic molecule. Such a polyatomic rotor may be 
classified according to its point group symmetry (Section 5.1). We formulate the 
quantum mechanical Hamiltonian and rotational energy eigenvalues for 
molecules having at least one C„ axis with n 3. Molecules with lower 
symmetry (e.g., H 2 0) are far more difficult to treat, and readers are referred to 
specialized sources on rotational spectroscopy for these cases.  El selection rules 
are obtained for pure rotational transitions, and examples are given of structural 
information yielded by microwave spectra. 
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5.1 CLASSICAL HAM  ILTONIAN  AND SYMMETRY 
CLASSIFICATION OF RIGID ROTORS 

Consider a rigid body consisting of a collection of point masses m N  located at 
positions  RN 7-e (XN, YN, Z N) in a Cartesian coordinate system which rotates with 
the molecule. The origin of this coordinate system coincides with the body's 
center of mass (Fig. 5.1). If the body is caused to rotate with angular velocities 
(0x, (0y, coz  about the molecule-fixed X, Y, and Z axes, respectively, its rotational 
kinetic energy becomes [1] 

1 

	

T=  — 	w•I • •co • lo) • I • co 

	

2 	j 	2  
(5.1) 

where the indices i, j run over- X, Y, and Z. The matrix I is the rotational inertia 
tensor [1] 
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E inN(x?,, + Z;1) 
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E niNtxk + 

    

I Xx 

I yx 

I ZX 

I xy 

I yy 

I zy 

IXZ 

IYZ 

IZZ 

(5.2) 

Wy  

Figure 5.1 The rotational kinetic energy of a rigid body may be specified in terms of 

angular velocities wx, w y , toz  about arbitrary orthonormal axes X, Y, Z intersecting at 

the center of mass. 
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In general, the classical rotational kinetic energy (5.1) contains three diagonal 
terms (proportional to col, w?„ and 4). It also contains six off-diagonal terms 
(proportional to obccoy , etc.). Since the inertia tensor is necessarily a symmetric 
matrix according to Eq. 5.2, only three of these off-diagonal terms are 
independent. 

It always proves possible to rotate the XYZ axes into a new body-fixed 
coordinate system with orthonormal axes a, b, and c (called the principal axes) 
which diagonalize the inertia tensor, 

(5.5) 

(5.6) 

E MM  + 

E mAak + cD 

0 

O  

i„2 E M/sIltiN m "NI 

a-  0 

0 

0 

lb 

0  

0 

0 

I _  

(5.3) 

By virtue of Eq. 5.1, these new coordinates also diagonalize the rotational 
kinetic energy, 

T = W awa' + 	+ Iccoc2) 	 (5.4) 

where wa,(24, Wc are the rigid body's angular velocities about the principal axes 
(Fig. 5.2). Since the body-fixed components of rotational angular momentum 
about the principal axes are 

J a  = law a  

= 4°6 

Jc  = Icw c  

the classical Hamiltonian for a rigid free rotor becomes 

J!, 	J 	'1c2  
H = 

2/a  2/b  2/c  

=
47r2c 

(A.1! + BJ + 
h 
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co
o 

Figure 5.2 For a special choice of body-fixed axes (X, Y, Z) = (a,  b, c),  the rotational 

kinetic energy assumes the diagonal form in Eq. 5.4. In the ellipsoid illustrated, one of 

the principal axes a lies along the C co  axis, while the other two principal axes b and c 
are any pair of mutually orthogonal axes which are perpendicular to a. 

Equation 5.6 defines three rotational constants having units of cm - 1- , 

A = W8n2 c10  

B = h187c2 c1b 	 (5.7) 

C = hl8n2c1, 

The principal axes a, b, c are conventionally labeled so that the rotational 
constants are ordered in decreasing magnitude, A B C. Four classes of 
nonlinear rigid rotors may then be distinguished: 

A = B = C 
	spherical top 

A> B = C 
	prolate symmetric top 

A = B > C 
	oblate symmetric top 

A > B > C 
	asymmetric top 

The orientations of the principal axes are easily obtained by inspection in 
molecules with sufficient symmetry. Any C„ symmetry axis (n 2) coincides 
with a principal axis. In the D2h ethylene molecule, for example, the C2(x), C 2(y), 
and C2(z) twofold axes are principal axes. All of the principal moments of inertia 
in ethylene are different in magnitude, so this molecule is an asymmetric top. All 
molecules with one C3 or higher-order axis are symmetric tops, because the 
principal moments about two axes normal to a C„ axis  with 3 are necessarily 
equal. Such molecules include BF 3  (which belongs to the D3h point group), NH 3  
and CH3I (C 3 ,,), and benzene (D 6 *h). Molecules with two or more C3 or higher 
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order rotation axes are spherical tops; examples of these are CC14  (Td) and SF6  
(Oh). It is possible in principle for a molecule lacking a Ch  axis (n 3) to exhibit 
two equal principal moments; such a molecule is termed an accidental symmetric 
top. The frequency resolution afforded by microwave technology can detect 
such small differences between two moments of inertia that very few molecules 
pass for accidental symmetric tops under microwave spectroscopy. 

In symmetric tops, two of the rotational moments of inertia are equal. The 
third moment is associated with rotation about the axis of highest symmetry 
(called the figure axis). In prolate symmetric tops, the figure axis exhibits the 
largest rotational constant (and the smallest principal moment of inertia). Such 
molecules concentrate most of their nuclear mass along the figure axis (the a 
axis), and tend to be cigar-shaped. Eclipsed and staggered ethane molecules are 
both prolate symmetric tops, as is 2-butyne (Fig. 5.3). In oblate symmetric tops, 
the nuclear mass tends to concentrate at an appreciable distance from the figure 
axis (the c axis), endowing the figure axis with the smallest rotational constant 
and the largest principal moment of inertia. Oblate tops (e.g., benzene) thus 
resemble disks rather than cigars. Linear polyatomic molecules are a special case 
of prolate symmetric tops, in which the rotational moment about the figure axis 
(the C. axis) is negligible. For such species (e.g., OCS, HCN), the rotational 
Hamiltonian is formally identical to that for a diatomic molecule. 

The classical Hamiltonian (5.6) for a rigid rotor becomes simplified when two 
or more of the principal moments are equal. In the case of the spherical top 
(A = B = C), it is 

47r 2 c 41c2c 
H= 	

h 
 B(J2  + + 	

h 
= 	BJ2  

a   
(5.8) 

Figure 5.3 Examples of a prolate symmetric top, 2-butyne (left) and an oblate 
symmetric top, benzene (right). By convention, the figure axis is labeled the a axis and 
the c axis in prolate and oblate tops, respectively. 
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For the prolate top (A > B = C), the Hamiltonian becomes 

4n2 c 
H = 	[AJ2a.  + B(fi, + J,2)] 

h 

= 
4n2c 

[(A — B)J 42, + BJ2] 
h 

(5.9) 

while for the oblate top (A =  B>  C) it is 

4n2 c 
H = 	[BJ2  + (C — B)fi] 

h 
(5.10) 

No such simplification is possible for the asymmetric top, where A >  B>  C. We 
will see that this fact considerably complicates the derivation of the quantum 
mechanical energy levels for an asymmetric top. 

5.2 RIGID ROTOR ANGULAR MOMENTA 

Simple as they may appear, the classical Hamiltonians developed for rigid rotOrs 
in the preceding section are conceptually new. In our discussion of diatomic 
rotations in Chapter 3, the rotational states IJM> were obtained as 
eigenfunctions of the space-fixed angular momentum operators jz  and 
P = Pc  + P +  f. The space-fixed angular momentum components fx , 
obey the  familiar  commutation rules 

[ix , :Ty] = ihf 

[fz , 	= 0 	 (5.11) 

and cyclic permutations of x, y, z 

In contrast, the rotor Hamiltonian (5.6) is expressed as a function of  the body-
fixed angular momentum components Ja,1,9  J J 	associated with rotations about c 
the principal axes a, b, and c, which themselves rotate with the molecule. It is 
unclear a priori what commutation relationships are obeyed by a, J  J1,5  J and - 	c J2 =, Ja2 ± ±  J. J It would also be useful to know whether any space-
fixed components of J commute with particular body-fixed components of J, so 
that commuting sets of observables may be constructed as an aid in visualizing 
the physical significance of rigid rotor wave functions. 

An arbitrary three-dimensional rotation of a rigid body may be described [1] 
using the Euler angles 4), 0, x (Fig. 5.4). The body-fixed a, b, and c axes are 
initially aligned with the space-fixed x, y, and z axes, respectively. The body is 
first rotated counterclockwise by the angle 4) about the z axis; this rotation does 
not affect the orientation of the c axis, but rotates the a and b axes in the xy 
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Figure 5.4 Euler angles (0, 8, X) describing the orientation of body-fixed axes 
(a, b, c) with respect to space-fixed axes (x, y, z) . The molecule is first rotated by an 
angle 0 about the space-fixed z axis, causing molecule-fixed axes initially pointing 
along x and y to be rotated into x' and y', respectively. The molecule is then rotated by 
the angle  9 about the new x' axis, displacing the body-fixed axis initially pointing 
along z into the direction c and the y' axis into direction y". The molecule is finally 
rotated by the angle x about the c axis, rotating the x' and y" axes into the a and b 
axes, respectively. 

plane. The second rotation is a counterclockwise rotation by the angle 0 about 
the new orientation of the a axis; it rotates the body-fixed c axis by the angle 0 
from the space-fixed z axis. The body is finally rotated counterclockwise by the 
angle x about the new c axis. The components of the rigid rotor's angular 
momentum may be specified as projections of J along either the space-fixed axes 
(Jx ,Jy ,.1z) or body-fixed axes (Ja,Jb ,Je ). They may also be expressed in terms of 
the three independent angular momentum components Jo , Jo , Jx  associated 
with the Euler rotation axes, 

h a 
f - 

04) 

h a 
Jo  = — 

i 00 

h 
jx=  i ax  

(5.12) 
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which are directed along the unit vectors (r), ÉÏ, and i, respectively. It is 
not difficult to show geometrically (Problem 5.1) that the space-fixed angular 
momentum components in terms of the Euler angles are 

, h [sin 0  a sin 0 cos 0 a a  + cos 0 ---
1 

/ sin 64  Oz 	sin e 	ao 	ao 

	

h [ cos 0 a cos 0 cos o a 	. 	al 1.  = 	 sin 0 — 	(5.13) 
1  i 	si 	

+ n 0 Oz sin 64 	ao 	ao 
, h a 
J.= – i 041 

and that the body-fixed angular momentum comp±oncesoninstsz  

[sin 

 

	

i  = h sin x a 	sin x cos 0 0 
sin i sin 0 00 0 ex 

	

f  . h [cos  x a 	cos x cos 0 0 	. 	01 
sin 	

(5.14) 

	

i Lsin e ao 	0 	ex  

, 

 

h a 
.1, = — i ax 

The well-known space-fixed commutation relationships (5.11) may readily be 
confirmed using Eqs. 5.13 for fx ,  f, fz  in terms of the Euler angles. Use of Eqs. 
5.14 for the body-fixed components fa , 4, fc  quickly leads to the somewhat 
surprising commutation rules: 

fb] = 
and cyclic permutations of a, b, c 

In analogy to space-fixed angular momenta, one consequently obtains 

and cyclic permutations of a, b, c 
	 (5.16) 

It is manifest from Eqs. 5.13 and 5.14 that 

(5.15) 

(5.17) 

because the Euler angles 0 and z associated with f and fc  respectively are 
independent variables. It may also be shown [2] that each space-fixed 
component of J commutes with any body-fixed component of J, 

i = x, y, or z 
cc = a, b, or c 

(5.18) [f„ 	=0  
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5.3 RIGID ROTOR STATES AND ENERGY LEVELS 

We are now in a position to determine the rigid rotor energy levels for tops in 
order of decreasing symmetry. The Hamiltonian (5.8) for a spherical top is 
functionally indistinguishable from that of a diatomic rotor, 

47c2c 
BP

47r2c 
H = 	 . = 	BP -  + + .11 

h 	h 	 Y 	z  
(5.19) 

with the consequence that spherical top energy levels in cm" are given by (cf 
Eq. 3.24) 

Ej  = BJ(J + 1) 	J = 0, 1, 2, ... 	 (5.20) 

Owing to the spherical symmetry of its inertia tensor (/a  = Ib = IA the spherical 
top's rotational levels depend only on the single quantum number J. 

In the oblate symmetric top, the rotational Hamiltonian is given by Eq. 5.10. 
The c axis is denoted the figure axis. According to the commutation rules 
obtained in Section 5.3, one possible commuting set of observables is Jz , Jc , and 
J2 . It is then possible to formulate rotational states IJKM> which simulta-
neously obey the eigenvalue equations 

PIJKM> = J(J + 1)h2 IJKM> 	J = 0, 1, 2, ... 	(5.21) 

fzIJKM> = MhIJKM> 	—J M J 	(5.22) 

icIJKM> = KhIJKM> 	—J K J 	 (5.23) 

This implies that the eigenstates IJKM> must behave as 

IJ KM> = eimd 'f (111(0)e`K x 	 (5.24) 

where M and K are both integers ranging from —J to J. The 0-dependent 
functions fa(0) prove to be hypergeometric functions of sin2(0/2) [3,4]. These 
are rarely given explicitly in modern spectroscopy texts, because no knowledge 
of these functions is necessary to obtain either the energy levels or the selection 
rules for spectroscopic transitions in symmetric tops. By combining Eqs. 5.10. 
5.21, and 5.23, we obtain the energy levels for the oblate symmetric top in cm', 

EJK = BJ(J + 1) + (C — B)K 2 	 (5.25) 

A schematic energy level diagram is given for the oblate top in Fig. 5.5. 
The quantum number M measures the projection of the rotational angular 

momentum di upon the space-fixed z axis (Eq. 5.22). Since the rotational energy 
is independent of the orientation of J in isotropic space, E JK is independent of M 
(Eq. 5.25). The projection Kh of J on the body-fixed c axis does influence the 
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Figure 5.5 Rotational energy levels for oblate and prolate symmetric tops. Note 

that levels do not exist for WI > J (dashed lines). For given J, the rotational energy is 

a decreasing (increasing) function of IK1 for oblate (prolate) tops. 

Figure 5.6 Rotational motion in an oblate top for (a) IKI = J and (b) K = O. 
According to Eq. 5.25, the rotational energy for given J is smaller in case (a) than in 
case (b). This is in agreement with the classical result, where the rotational energy 
J2/2/ depends on the total angular momentum J and the moment of inertia / about 
the axis of rotation: / is clearly larger in case (a) than in case (b). 

rotational energy, as is illustrated in Fig. 5.6 for an oblate top. When IKI attains 
its maximum value ( =J) for given J, the molecule is rotating about an axis that 
is nearly parallel to the figure axis. (It cannot rotate purely about the c axis: In 

such a state, one would have J. = = 0, which would violate the uncertainty 
principle embodied in Eq. 5.15.) When K is small, the molecule undergoes a 
tumbling motion dominated by rotation about the a and/or b axis. Since 
numerically different rotational constants are associated with rotations about 
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the figure axis and the normal axes, the rotational energy must depend on IKI. It 
is insensitive to the sign of K, which only controls the direction of rotation about 
the figure axis. 

In a prolate symmetric top, the a axis rather than the c axis becomes the figure 
axis. The body-fixed a, b, c axes depicted in Fig. 5.4 are replaced by the b, c, and a 
axes, respectively. The mutually commuting set of observables becomes Jz , f a , 
and J2 . With these modifications, the oblate top eigenvalue equations and wave 
functions (5.21)—(5.24) become applicable to the prolate top as well. The 
pertinent rotational energies in cm -1  are 

E JK = BJ(J + 1) + (A — B)K 2 	 (5.26) 

The energy levels for the prolate top are contrasted with those for the oblate top 
in Fig. 5.5. Since (C — B) < O  in the oblate top and (A — B) > 0 in the prolate 
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Figure 5.7 Correlation diagram for asymmetric rotor state energies between the 
oblate (A = B > C) and prolate (A > B = C) limits. Here the rotational constants A 
and C are fixed, while B (the horizontal coordinate) is varied continously between A 
and C. The oblate and prolate top energies are given by Eqs. 5.25 and 5.26, 
respectively; the asymmetric top energies for intermediate rotational constants B 
must be found by explicit diagonalization of the asymmetric top Hamiltonian [2, 6]. 
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Table 5.1 Rotational constants in cm - ' for some asymmetric, symmetric, and 
spherical top molecules 

Species Point group A 

H20 C 2 v  27.877 14.512 9.285 
H2C0 C2 v  9.4053 1.2953 1.1342 
HCO2 H Cs  2.58548 0.402112 0.347447 
CH 3 35C1 C3 v  5.09 0.443401 
CH 3 127I C3v 5.11 0.250217 
C2H6  D3d 2.681 0.6621 
NH3  C3v 9.4443 6.196 
C6H6 Doh 0.1896 0.0948 
CH4  Td 5.2412 

Data taken from G. Herzberg, Molecular Structure and Molecular Spectra, III. Electronic Spectra 
and Electronic Structure of Polyatomic Molecules, Van Nostrand Reinhold, New York, 1966. 

top, increasing K decreases the rotational energy in an oblate top, but increases 
the rotational energy in a prolate top. 

In the asymmetric top, the rotational Hamiltonian (5.6) is proportional to 
AJ + BJ + Cj? with A >  B>  C. Since no two body-fixed components of J 
commute (Eq. 5.15), no wave function can simultaneously be an eigenfunction of 
any two (let alone all three) of the operators R„ :4, and  J. It is possible to find 
the rotational eigenstates and energies of an asymmetric top by diagonalizing 
the Hamiltonian (5.6) in the IJKM> basis. This has been done in several texts 
[2], and it will not be repeated here. An asymmetric top (in which A >  B>  C) 
may be considered an intermediate case in which the value of the rotational 
constant B lies between the extremes exhibited in a prolate top (A > B = C) and 
in an oblate top (A = B > C). In this spirit, the energies of the asymmetric rotor 
may be visualized on a qualitative energy level diagram showing the correlations 
between the prolate and oblate limits (Fig. 5.7). The vast majority of molecules 
are asymmetric tops. 

Some representative rotational constants are listed for asymmetric, sym-
metric, and spherical top molecules in Table 5.1. 

5.4 SELECTION RULES FOR PURE ROTATIONAL TRANSITIONS 

We begin this section by deriving the El selection rules for rotational transitions 
in symmetric tops, since spherical and linear molecules may be considered 
special cases of symmetric tops. Fat El -allowed transitions from state IJKM> to 
state 1J'K'Pl'>, we require a nonzero electric dipole transition moment 

<JKAilitifK'M'> = <JKMI tty 	K'M'> 0 0 	(5.27) 
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Here p is the permanent molecular electric dipole moment. An intuitive 
argument will suffice for the selection rule on AK. Since p must be parallel to the 
figure axis by symmetry in any prolate or oblate top, and since K controls the 
velocity of rotation about the figure axis, changing K has no effect on the motion 
of the molecule's permanent dipole moment. Accordingly, the presence of an 
oscillating external electric field cannot influence K, and we have the selection 
rule AK = O. 

To obtain the selection rules on AJ and AM, we exploit the properties of 
vector operators. All quantities that transform like vectors under three-
dimensional rotations have operators exhibiting commutation rules that are 
identical to those shown by the space-fixed angular momentum operators f,, :Tv 

 fz . Such operators, which we will denote V (17„ , i'/;„ ), exhibit the commuta-
tion rules 

[fi, 	= 
[fx, Py ] = ih = -Cfy , 17xl 

	
(5.28) 

and cyclic permutations of x, y, z 

These operators are termed vector operators with respect to 3. The space-fixed 
angular momentum components fx , fy , .tz  are obviously vector operators with 
respect to themselves (cf. Eq. 5.11). The position and linear momentum 
r = (x, y, z) and p = (p„, pz) are also vector operators, as is the electric dipole 
moment operator p. Since we have from Eq. 5.28 that for any vector operator V 

[Z, f/x] MP), 

[f 	= 111 Vx 
	 (5.29) 

it follows that 

[fz , 	+ i] = h(17x  + iPy] 	 (5.30) 

Using 	the 	notation 	P., EE Px  i Py  , 	this 	implies 	that 	[4, 
- P+  f2  = h P+ . We consequently find that for any vector operator 

<JKMIZT 7+  — r7+4 — hP+IJ'K'M'> 

= (M — M' — 1)h<JKMI P+  IJ'K'm'> = 0 	(5.31) 

Proceeding similarly with the operator V_ a.- Px  — iPy , we find that 
P-] = — hP_, with the result that 

“Kmlfz i7_ - Ï fz  + 

=(M — M' + 1)h<JKMI V_ 	= 0 	(5.32) 
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Since [4, Pz] 0, we also have 

<JKM14 /1. 

(M — M')h<JKMIPz IfK'M'> = 0 
	

(5.33) 

Recognizing that the dipole moment operator p is a vector operator, we see that 
Eqs. 5.31 and 5.32 give the selection rule AM = + 1 for the x and y components 
of the El transition moment. From Eq. 5.33, it is clear that <JKMIpz IJ'K'M'> is 
zero unless AM = O. 

For the selection rule on AJ, we may use the more complicated vector 
operator identity [5] 

[f2,  [f2 , V]] = 2h2[PV + f2  —( .V)3] 	(5.34) 

This leads to the condition 

cmi[P , [P, V] — 2h 2 [f2V +  'f 2  - 	V)j]IfKrAir> 

= h4[(./ - f) 2  - IN(J + J' + 1)2  — 1]<JKMIVIJ'K'M') 

=0 
	

(5.35) 

Thus, either <JKMIVIJ'K'M'> vanishes, or J' = J + 1 (the quantity in the 
second set of square brackets cannot vanish when J J' and J, J' 0). Hence 
we find the selection rule AJ = +1 for pure rotational transitions in a 
symmetric top. The symmetric top El selection rules can therefore be sum-
marized as AJ = +1, AK = 0. In the presence of strong external electric fields, 
the rotational energy levels depend on M as well as on J and K (via the Stark 
affect); the selection rules AM = 0 (ttz ) and AM = +1 (px , Ic),) then become 
relevant. For freely rotating spherical tops and linear polyatomics, the K 
dependence drops out of the expressions for the rotational Hamiltonian and 
energy levels; their selection rules reduce to AJ = +1, AM = 0, + 1 as in 
diatomics (Chapter 3). It is worth remarking that all of the selection rules 
derived in this section emerged as consequences of vector operator properties; 
consideration of the specific rotational wave functions (5.24) was unnecessary. 

5.5 MICROWAVE SPECTROSCOPY OF POLYATOMIC 
MOLECULES 

Rotational transitions in most polyatomic molecules occur in the microwave 
region of the electromagnetic spectrum (A = 1 mm to 1 cm). In a prototype 
microwave absorption experiment, microwaves are generated in a specialized 
oscillator (called a klystron), propagated through a hollow rectangular metal 
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pipe (a waveguide) containing the sample gas at low pressure, and finally 
detected at a silicon crystal. At gas pressures low enough to render collisional 
broadening negligible (Chapter 8), the frequency widths of rotational absorption 
lines are narrowed to the point where their frequency positions may be 
determined with high accuracy. This fact, coupled with the available frequency 
stability of klystron sources (better than one part in 106), endows microwave 
spectroscopy with the capability of determining the rotational constants 
extremely to high precision. A drawback of obtaining microwave spectra at such 
low gas pressures (10 -3  to 10 ' torr) is loss of sensitivity, since the absorbance 
(Appendix D) is proportional to the molecule number density. This problem is 
addressed by the technique of Stark-modulated microwave spectroscopy [6]. 
The waveguide used for microwave propagation through the sample gas is 
bisected by an insulated, conducting septum running down its length. Applica-
tion of a square-wave voltage (typical frequency — 100 kHz) to the septum 
generates a modulated electric field in the gas, modifying its rotational 
energies by the Stark effect. The rotational line frequencies in the presence of the 
field are shifted from their zero-field positions, because the level Stark shifts 
depend on J, K, and M. Hence the absorption lines may be switched in and out 
of resonance with the incident microwave frequency from the klystron, allowing 
selective detection of the molecule-specific absorption signal with a lock-in 
amplifier. This widely used method greatly enhances the sensitivity and 
resolution of microwave spectroscopy. 

As examples of the use of microwave spectroscopy to determine equilibrium 
geometry, consider the molecules NF3  and CH 3 C1, which both have C3 v  
symmetry. If the N—F bond length is denoted land the bond angle is 0, the use of 
Eq. 5.3 leads to the expression 

= 2m12(1 — cos 0) 	 (5.36) 

for the moment of inertia about the figure (C3) axis. Similarly, the two moments 
of inertia about axes normal to the figure axis are both 

= MF12(1 - cos B) + ,MNMF12  (1 + 2 cos 0) 
amF + MN 

(5.37) 

Since the symmetric top selection rules are AJ = +1, AK = 0, absorptive 
transitions will be observed from state If — 1, KM> to states IJKM> and 
IJKM + 1>, occurring at frequencies 2BJ according to Eq. 5.25. Hence, the 
microwave spectrum of NF 3  yields no measurement of the rotational constant 
C. Since two structural parameters (land 0) enter in the rotational moment a 
single microwave spectrum cannot determine the geometry of NF 3 . However, 
spectra of the isotopic species  14NF3  and 151\TF 3  may be combined to give two 
equations similar to Eq. 5.37, assuming the isotopes have identical geometry. In 
this manner, land 0 were determined to be 1.71 A and 102°9', respectively [6]. In 
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a similar vein, the perpendicular moments of inertia in  C3 ,  CH3 C1 are given by 

lb = MH1?(1 — cos 0) + 	 
+ mc + mci  

mii(mc  + mo)/?(1 + 2 cos 0) 

mc112 [(Inc 3m02 &nisi  (1 + 2 cos (N  J2]} 
(5.38) 3 	) 

where / 1  is the C—H bond length, 1 2  is the C—Cl bond length, and 0 is the 
H—C—H bond angle. (The expression for the moment about the figure axis is 
analogous to that for NF3  in Eq. 5.36; the AK = 0 selection rate prevents its 
measurement by microwave spectroscopy.) In this case, microwave spectra of 
three isotopic species must be made in principle to determine l , 12 , and  O.  The 
assumption that molecular geometries are insensitive to isotopic substitution is 
not always justified; the C—H bond distance in CH 3 C1 is in fact some 0.009 A 
larger than the C—D bond distance in the deuterated compound [6]. Hydrogen 
atom positions appear to be especially prone to isotopic geometry variation. 
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PROBLEMS 

1. In this problem, we derive the expressions given in Eqs. 5.13 and 5.14 for the 
space-fixed and molecule-fixed angular momentum components in terms of the 
Euler angles 4), 0, and x. It is already clear from Fig. 5.4 that fz  =  f  (0)0/00 
and  f  =f = (koa/ax . Hence, the problem reduces to finding :ix , fy , fa , and fb  
in terms of the Euler angles. 

(a) Show geometrically that the projection of the unit vector X in the xy plane is 
— 	4-4 Then show that this projection, normalized to unit length, 

1 
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becomes 

— 	)"(is 	— cos  
Xi -= [1 	(2. )2]1/2 = 	sin 0 

(b) Noting that 21  and are orthogonal unit vectors in the xy plane, show that 

5c = (21  3c)2i  + (O • .Z)O = sin 0  5  + cos 0 • 

and similarly that 

= —cos 0 	+ sin 0. 

(c) Using the fact that 

'x•( 0 -1-13-wF5? 
... a 	a) 

h  (ä 	a fy  = = 	a 4 + 	+ X c) 

derive Eqs. 5.13 for  J 	Jy . 
(d) Using an analogous procedure, derive Eqs. 5.14 for  la  and .16 . (Hint: The 

unit vectors a and fis' lie in a tilted plane perpendicular to 5(. Express a and 
in terms of tj' and the projection $1  of '0 upon this plane. The desired 
quantities are given by Ja  = a J and Jb  = b- J.) 

2. Obtain the angular momentum commutation relations (5.15) and (5.17) 
directly from Eqs. 5.13-5.14 for the space-fixed and body-fixed angular 
momentum components. 

3. Classify each of the following molecules by point group and by rotor type 
(spherical, symmetric, or asymmetric). Which of them will exhibit a microwave 
spectrum? 

(a) SF6  
(b) Allene, C 3 H4  
(c) Fluorobenzene, C 6H 5 F 
(d) NH 3  
(e) CH2 C1 2  

4. The microwave spectroscopic bond lengths land bond angles 0 for the C3, 
molecules PF3  and P35 C1 3  are given below. Determine whether each molecule is 
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a prolate or an oblate symmetric top. 

/(A) 	0(°) 

PF 3 	1.55 	102° 
P35 C1 3 	2.043 	100°6' 

5. The microwave spectrum of NH 3  yields the rotational constant 
B = 9.933 cm'. If the N-H bond length is independently known to be 1.014 A 
in NH 3 , what is the H-N-H bond angle? 

6. Consider a hypothetical molecule AB sC which is known to exhibit C4, 

geometry (it would be an Oh molecule if atoms B and C were identical and all 
bond lengths were equal). 

(a) Obtain expressions for the principal moments of inertia. 
(b) In view of the symmetric top selection rules, for how many isotopic species 

must microwave spectra be obtained to specify its geometry? 

7. For what H-N-H bond angle would C3 .  NH3  become an accidental 
spherical top? 
8. 
(a) Show that the moment of inertia in the linear OCS molecule is given by 

lb = [MOMC IL MCMA MOMS(lCO 1CS) 2 ]/1" 

where m is the total mass m o  + mc  + ms . 
(b) The pure rotational spectrum of 16012,-132 S exhibits adjacent lines at the 

frequencies 48651.7 and 60814.1 MHz. Assign the J values for these 
transitions and calculate the rotational constant B for this isotope. 

(c) The frequencies of one of the lines in the spectrum of 16012c34s is 

 23731.3 MHz. Assign this line, and compute the experimental values of /co  
and /OE . 

9. The FNO molecule is a bent triatomic with /NF  = 1.52 A, /NO  = 1.13A; the 
F-N-0 bond angle is 110°. 

(a) Locate the center of mass, and evaluate the moment of inertia tensor in a 
right-handed Cartesian coordinate system in which points along the N-F 
bond, .j) lies in the molecular plane, and is perpendicular to the plane. 

(b) Diagonalize the inertia tensor to obtain the principal moments of inertia la , 
Ih, le . Determine the directions a, 	of the principal axes. 



POLYATOMIC VIBRATIONS 

In a polyatomic molecule with N nuclei, 3N independent coordinates are 
required to specify all of the nuclear positions in space. We have already seen in 
the preceding chapter that rotations of nonlinear polyatomics about their center 
of mass may be described in terms of the three Euler angles 4), 0, and x. Three 
additional coordinates are required to describe spatial translation of a 
molecule's center of mass. Hence, there will be 3N — 6 independent vibrational 
coordinates in a nonlinear polyatomic molecule. In a linear polyatomic 
molecule, the orientation may be given in terms of two independent angles 0 and 
4). Linear polyatomics therefore exhibit 3N — 5 rather than 3N — 6 independent 
vibrational coordinates. 

By their nature, such vibrational coordinates involve collective, oscillatory 
nuclear motions that leave the molecule's center of mass undisplaced. It is of 
interest to know the relative nuclear displacements and vibrational' frequencies 
associated with these coordinates, because they are instrumental in predicting 
band positions and intensities in vibrational spectroscopy. An important 
question arises as to whether vibrational motion occurs in modes that are 
dynamically uncoupled. If it does, an isolated molecule initially having several 
quanta of vibrational energy in a particular mode will not spontaneously 
redistribute this energy into some of its other modes, even though such a process 
may conserve energy. Hence, the form of the modes has implications not only for 
vibrational structure (as manifested by energy levels and selection rules in 
infrared spectra), but also for understanding dynamical processes like vibra-
tional energy transfer in collisions and intramolecular vibrational relaxation 
(IVR). These phenomena are currently well-pursued research areas, and can 
only be understood with a seasoned physical appreciation of vibrational modes. 

183 
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This chapter begins with a classical treatment of vibrational motion, because 
most of the important concepts that are specific to vibrations in polyatomics 
carry over naturally from the classical to the quantum mechanical description. 
In molecules with harmonic potential energy functions, vibrational motion 
occurs in normal modes that are mutually uncoupled. Coupling between 
vibrational modes inevitably occurs in the presence of anharmonic potentials 
(potentials exhibiting cubic and/or higher order terms in the nuclear coor-
dinates). In molecules with sufficient symmetry, the use of group 
theory simplifies the procedure of obtaining the normal mode frequencies and 
coordinates. We obtain El selection rules for vibrational transitions in 
polyatomics, and consider the rotational fine structure of vibrational bands. We 
finally treat breakdown of the normal mode approximation in real molecules, 
and discuss the local mode formulation of vibrational motion in polyatomics. 

6.1 CLASSICAL TREATMENT OF VIBRATIONS IN 
POLYATOM  ICS  

The positions of all N nuclei in a polyatomic molecule may be specified using the 
3N Cartesian coordinates , 3N. In terms of these, the nuclear kinetic 
energy is given by 

1 3N 

T = E 	=7= T(4 ..., (6.1) 

where mi  is the mass of the nucleus with which coordinate is associated. In the 
Born-Oppenheimer approximation, the eigenvalues of the electronic Hamil-
tonian will act as a conservative potential energy function V( 1,•, 3N) for 
vibrational motion (in reality, V will only depend on 3N — 6 independent 
coordinates in nonlinear polyatomics). If one forms the Lagrangian function 
L = T — V, the nuclear Cartesian coordinates will obey the equations of motion 

which lead to 

d aL aL 
dt 

i = 1, 	, 3N 	 (6.2) 

— (m. )  + 	= 0 	i = 1, 	, 3N 	 (6.3) 
dt " 

These equations may be solved for a specified potential energy function V. In 
analogy to what was done for diatomics (Eq. 3.32), we may expand the 
vibrational potential V as a Taylor series about the equilibrium geometry, 

eff, 

v. vo 	CY) + 1 	02a 
 v3  o 	2 	 0 

(6.4) 
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Arbitrarily setting 170  = 0 and recognizing that  (a V/5 1) = 0 for all coordinates 
at the equilibrium geometry, we obtain the general potential energy function 

1 3N 

= - E 	+ • • 
2 

where we have introduced the notation cii = (02 V/a i 0 ;)0 . If we now make the 
harmonic approximation by ignoring third- and higher order terms in Eq. 6.5, the 
equations of motion become 

d 	. 
— (rn. )  + E c = o 

Jat 
(6.6) 

In terms of the mass-weighted coordinates 

= 	 (6.7) 

the kinetic energy assumes the simpler form 

1 3N  
T = — E 

2 i  

The equations of motion then become transformed into 

d 
(11.) +b 41•=0 

dt 	• 	̀" ' 

with bu  = cu/(m 1nti ) 112 . Note that motion in any mass-weighted coordinate th is 
coupled to motion in all other coordinates j, when bu  0 0, so that polyatomic 
vibrations generally involve all of the nuclei moving simultaneously in collective 
motions. Since the solution to the classical equation of motion for an undamped 
one-dimensional harmonic oscillator is a sinusoidal function of time [1 ], it is 
physically reasonable to try solutions of the form 

=  j  sin(t 	+ (5 ) 	i = 1, . , 3N 	 (6.10) 

for the coupled homogeneous second-order differential equations (6.9). Differ-
entiating this twice with respect to time gives 

=  —2  sin(t 	+ 	 (6.11) 

and then substituting Eqs. 6.10 and 6.11 into the coupled equations (6.9) yields 

(6.5) 

(6.8) 

(6.9) 

+ E boy = o 	i,j = 1, ..., 3N 	 (6.12) 
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because the function sin(t 	+ 6) cancels throughout. Writing the trial solu- 
tions n i  in the form of Eq. 6.10 is tantamount, by the way, to assuming that all 
of the nuclear motions in a given vibrational mode oscillate with the same 

frequency y = \/7112n and at the same phase 6. The simultaneous equations (6.12) 
for the 3N oscillation amplitudes le can have nontrivial solutions only when [1] 

b 	— A 

b21  

b3N,1 

b12 
b22 

 — A 

b 1,3N 

b3N,3N Â 

=0  (6.13) 

The 3N roots Ai, A2, 	, /13N of this secular determinant are related to the 
allowed vibrational frequencies vi  by A i  = 4n 2q. They depend on the coefficients 
bii , which are in turn governed by the potential energy function (via 
ci;  = (a2vI8 1 ô i )) and the nuclear masses (via bu  = cul(m itni ) 112 ). It turns out 
that six of the eigenvalues of (6.13) will be zero in general (five in linear 
molecules), corresponding to the nonoscillating center-of-mass translational 
and rotational motions. The only approximation we have used in this treatment 
was to break off the Taylor series (6.4) at the second-order (harmonic) 
approximation; otherwise it is classically exact. The principal difficulty with this 
approach is that except in molecules with special symmetry, the coefficients 

= (82v ika) are not easily evaluated in terms of the Cartesian coordinates 

We will now apply this formalism to the example of a linear ABC molecule in 
which the nuclear motion is artificially restricted to motion along the internu-
clear axis for simplicity. In a full three-dimensional treatment, such a molecule 
would have three translations, two rotations, and four vibrational modes. 
Constraining the nuclei to one-dimensional motion along the axis will eliminate 
two of the translations, both rotations, and two bending vibrational modes 
(which involve nuclear displacements perpendicular to the axis). The nuclear 
masses and Cartesian coordinates are shown in Fig. 6.1. For this system, the 
nuclear kinetic energy is rigorously given by 

2 T  = m,k ? + rral3 3 + rric 3 	 (6.14) 

	

• 2 	• 2 	• 2 

We may use a harmonic approximation for the potential energy function 

	

2V = k1g2 	+ k2 ( 3 —  2 ) 2 
	

(6.15) 

Figure 6.1 Nuclear masses and Cartesian 
displacement coordinates for linear ABC. 

c2.  
m A 	m B 	MC 
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which attributes Hooke's law forces to the A—B and B—C bonds with force 
constants k 1  and k2 , respectively. (A more accurate potential could also include 
some interaction between the end atoms, and so depend on ( 3  —) as well). In 
mass-weighted coordinates, the potential becomes 

2V = k i rd/mA  + rii(k 1  + k2)/mB  + k2 /mc 

 — 20/1 1/2A/mAmB — 2k 2 n 2 n 3/,1n/Binc  

The secular determinant (6.13) then becomes 

(6.16) 

k lIm A —  2 	—k ilN/m A mB 	0 

— k i t„./mAmB 	(k 1  k2 )/mB  —  2 	— k 21 .v/ m Bmc  

0 	— k 2/N/mBmc 	k2/flic  — A 

(1
— 
 1 

— A[k i 	+ 	+  k2(
1 
 + —1 )1 

mA MB 	MB MC 

+ ki k 2(mA  + mB  + mc)/mAmBmc  = 0 } 	 (6.17) 

Hence the three roots of the secular determinant are given by 

( Ai + 22 = kl. 1 	+ 1-  + k2 1  + 1  
MA MB 	MB MC 

2122 = (MA ± + Mdkik2/MAMBMC 

23 = 0 

(6.18) 

These roots A i  are related to the allowed vibrational frequencies v i  by A i = 4n2q. 
The third root 23 = 0 is associated with the zero-frequency translation of 
molecule's center of mass along the molecular axis; the nonzero roots A i  and 2 2  
correspond to vibrational modes involving stretching of the A—B and B—C 
bonds. 

We can gain considerably more insight by recasting this treatment in the 
form of a matrix eigenvalue problem, because then we can exploit several well-
established theorems from matrix algebra [2]. The coefficients bii  in the 
potential energy function (6.9) may be organized into the matrix 

=A {22 

B =  

b11 

b21 

b 12 	• • b1,3N 

(6.19) 

b3N 1 , b3N,3N - 
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and the set of mass-weighted coordinates ri i  can be written as the column vector 

r 1 

(6.20) 

213N _ 

with transpose 

T it = [ii  n2 • • • 	1 3N] 

The secular determinant equation (6.13) then becomes 

I B — 	 = 0 

(6.21) 

(6.22) 

where E is the unit matrix. Each of the roots 2k of this secular determinant can be 
substituted back into Eqs. 6.12 to give a new set of equations. These give the 
relative amplitudes la of oscillation in the coordinates qi  corresponding to the 
kth allowed vibrational frequency v k  = 	/2n: 

blin7k + bi2n3k + ••• — kri ? k 0 
(6.23) 

b3N,iek +173N,2n3k + --• — /11113N,k = ° 

For a given vibrational frequency v k , these relative displacements may be 
expressed in a column vector 

,,0 - 
'11k 

'1= 

O  
'I2k 

13N,k _ 

These column vectors may be normalized, 

lik 	Ck?ek 

(6.24) 

(6.25) 

so that 

(6.26) 
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In matrix notation, the normalized column vectors 

ilk 

lk = 12 k (6.27) 

   

13N,k _ 

obey the condition Pk  .1k  = 1. All of the information about the form of the 
vibrational motions is contained in the normalized eigenvectors lk , whose 
elements reflect the relative displacements in each of the mass-weighted 
coordinates. The number Ck in Eq. 6.25 is just a constant fixing the vibrational 
energy in the mode with frequency Vk; Ck- 2  is proportional to the total energy 
T + V in mode k, and forms an allowed vibrational energy continuum in the 
classical picture. 

Finding the roots 2 1 , 	,  23N of the secular determinant (6.13) is mathema- 
tically equivalent to finding a similarity transformation which diagonalizes the 
B matrix, 

L .1  • B • L = 

-2 1 
0 

0 
• 
• 

0 

0 

22 

0 

0 

0 

0 

23 

0 

0 

0 

0 

0 

0 

0 

113N_ 

A (6.28) 

where A is a diagonalized matrix of eigenvalues whose elements are the roots. 
Each of the column vectors l k  (Eq. 6.27) is an eigenvector of B with eigenvalue Ak, 

B' = Akik 

According to the theory of the matrix eigenvalue problem [2], the matrix L 
required for the similarity transformation (6.28) is equivalent to the matrix of 
eigenvectors 

L 

1 1 1 	112 	1 1,3N 

121 	122 	1 2,3N (6.29) 

 

   

3N,1 
	

• 	1 3N,3N_ 

	

obtained by stacking up the eigenvectors 1 1 , 12 , 	, 1 3N  side by side. When B is a 
symmetric matrix (b i;  =  b.)—which it must be in our problem because 

= (mimi)  1 / 2 0 2 V/(g iO i—the eigenvectors l k  form an orthonormal set 

	

11, • le = (5kie 	 (6.30) 
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and the inverse L -1  of the matrix of eigenvectors is given by 

V' 	Lt 
	

(6.31) 

where the elements (Ct)u  of the transpose Ct of any matrix C are defined as 
(C)ii  = 

To illustrate how we obtain the normalized eigenvectors l k  for molecular 
vibrations, we resume our discussion of the linear ABC molecule. When 
specialized to the more symmetrical case of linear ABA in which the end masses 
and force constants are equal (mA  = mc  and k = k2  = k), the secular determi-
nant roots 2k in Eq. 6.18 become 

= kinIA 

22 — kiMA 2k/MB 

23 = 0 

Substitution of the root 23 = 0 into one of Eqs. 6.23 then yields 

(6.32) 

(k/MA)/173 	kWMAMB)/13 3 = (6.33) 

since b 13  = 0 and 23 = O. Similarly, 

   

1-.
301

0
3 4-  b32 1123 + b33r/33 — 2303 = 0  (6.34) 

leads to 

( — k/N/mAmB) 1123 + (k/mA)03 = 0 	 (6.35) 

Equations 6.34 and 6.35 imply that 

73/ 1 2 3 = (mA/mB) " 2 
 

and 0-3/03  = 1 

n 3 3 / 17 13 3 = (n2 A / m 1 
	

and 03/03  = 1 
	

(6.36) 

Hence it is apparent that 03  = 	= 0 3 , so that the zero-frequency mode 
(23  = 0) is associated with overall molecular translation parallel to the mole-
cular axis (Fig. 6.2). The normalized eigenvector for mode 3 can now easily be 
shown to be 

[ 01,0101/2 - 

13 = (MB/M) "2  

(MA/M)
1/2 

- 

(6.37) 
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A 

0- -0 -0 	2 

C1)- 1 3  

Figure 6.2 Eigenvectors 1 1 , 1 2 ,1 3  of the matrix B for linear Al3 2 . Lengths of arrows 

give relative displacements in mass-weighted (not Cartesian) coordinates. 

where m = 2mA  + mB  is the total nuclear mass. In a similar way, the normalized 
eigenvectors for the other two modes can be derived as 

11=  (6.38) 

1 2 = 

[ (mB/201/2  - 
— 2(mA  12m) 1 / 2  

(mB/201/2 

- 

(6.39) 

It may be verified that these normalized eigenvectors obey the normalization 
and orthogonality conditions (6.26) and (6.30). It is apparent from Eq. 6.38 that 
mode 1 is a symmetric stretching mode (Fig. 6.2), because the coordinate 17 2  of 
atom B has zero coefficient in eigenvector 1 1 , and the eigenvalue 2 1  has no 
dependence on  m5 —as would be expected if nucleus B were motionless. It is 
clear from the form of eigenvector 1 2  that mode 2 is an asymmetric stretching 
mode (Fig. 6.2) in which the A nuclei move together in a direction opposite to 
that of nucleus B. Since all of the nuclei move in mode 2, 11 2  depends on mB  as 
well as on mA. 

6.2 NORMAL COORDINATES 

To a good approximation, the restoring forces responsible for molecular 
vibrations are directed along chemical bonds. The potential energy function (6.4) 
is therefore not easily expressed in Cartesian coordinates except for molecules 
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having bond angles of 900  and/or 180° (e.g., linear molecules, octahedral SF6 , 
and the hypothetical square-planar A4 molecule). It may be more naturally de-
scribed using 3N generalized coordinates gi  which are related by a linear 
transformation to the mass-weighted coordinates, 

or 

q = M q 	 (6.40) 

The enormous utility of the Lagrangian equations (6.2) lies in the fact that if q is 
related to ti by such a transformation, they become true in the generalized as 
well as in Cartesian coordinates: 

	

= 0 	 (6.41) 
dt agi  agi  

The potential function in the harmonic approximation now becomes 

2 V a-- if - Bi1 = (M • q)t B -(M q) 

= (it - B' • q 	 (6.42) 

where the matrix B in the Cartesian basis has become transformed into 

	

B' = Mt • B • M 	 (6.43) 

in the basis of generalized coordinates. Under this linear transformation, 2V 
remains harmonic, because Eq. 6.42 contains no higher than second-order terms 
in q i . The kinetic energy now becomes 

2 T  i1ti1 = (M • 4)` • (M • 4) 
	

(6.44) 
_ tit 	. m) . 4  

With this change of basis, the secular determinant equation I B — AEI = 0 
becomes replaced by 

	

I B' AM L  MI = 0 	 (6.45) 

with B' = Mt • B • M. However, the linear transformation (6.40) leaves the 
eigenvalues  )Lk  and the physical eigenvectors unchanged [2], so that the secular 
equations (6.22) and (6.45) yield precisely the same results; the transformation 
simply creates leeway for choosing convenient coordinates with which to 
express the potential energy function. 

d aL aL 
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We now assert that for harmonic potentials (potentials containing no terms 
beyond the quadratic terms proportional to q•qi  in Eq. 6.42) it is always possible 
to find normal coordinates Q, related to ti by a linear transformation 

mo • Q 
	

(6.46) 

which diagonalize both the kinetic and potential energy. In particular, we claim 
that these energies become 

2T = Qt  • Q E 0? 

2V = Qt •A•Q 	A i Q;3, 	 (6.47) 

In contrast to expressions (6.44) and (6.42) for 2T and  2 V  in arbitrary 
generalized coordinates, these equations contain no cross terms in 0i0i  
or  Q.Q.  We may appreciate the physical significance of such normal coor-
dinates by substituting Eqs. 6.47 into the Lagrangian equations 

to yield 

d 01_, 	OL n  
dt 00 i  aQi =  

= 1, 	, 3N 	 (6.48) 

ci  + 	= 0 	i = 1, ..., 3N 	 (6.49) 

In contrast to the corresponding coupled equations ij i  + butt, = 0 in mass-
weighted coordinates, Eq. 6.49 shows that each normal coordinate Q.  oscillates 
independently with motion which is uncoupled to that in other normal 
coordinates Qi . This separation of motion into noninteracting normal coor-
dinates is possible only if V contains no cubic or higher-order terms in Eq. 6.4. 
Anharmonicity will inevitably couple motion between different vibrational 
modes, and then the concept of normal modes will break down. In the normal 
mode approximation, no vibrational energy redistribution can take place in an 
isolated molecule. 

The formal solutions to the second-order differential equations (6.49) are 

Q i  = Q? sin(t 	+ .5) 	 (6.50) 

so that each normal coordinate oscillates with frequency 1/ 1  = 21/27t. These 
frequencies are identical to those found by diagonalizing the secular determi-
nant (6.13) in the mass-weighted coordinate basis. To find the actual form of the 
normal coordinates Q, we note that from Eq. 6.46 

2V = 	B • II = Qt • ( MID B 	o) • Q 	 (6.51) 
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Comparing this with Eq. 6.47 for  2 V  then implies that 

Mt°  •B•M o  = A 

In the light of Eqs. 6.28 and 6.31, it then follows that 

M = L 

(6.52) 

(6.53) 

and that 

= L Q 	 (6.54) 

where L is the matrix of eigenvectors of B. The normal coordinates Q may then 
be obtained via 

Q=L 1 q=Ltil 	 (6.55) 

6.3 INTERNAL COORDINATES AND THE FG-MATRIX METHOD 

We pointed out in the preceding section that a realistic potential energy function 
may not be easily expressible in Cartesian coordinates, but may be written more 
naturally in terms of 3N generalized coordinates related to the mass-weighted 
coordinates by a linear transformation (6.40). In fact, only 3N — 6 such 
coordinates are required to fully specify the potential (3N — 5 in linear 
molecules): 2 V  is not sensitive to the center-of-mass position or molecular 
orientation in space, and a polyatomic molecule exhibits only 3N — 6 (3N — 5) 
independent bond lengths and bond angles. Such a truncated set of 3N — 6 
(3N — 5) generalized coordinates is called an internal coordinate basis, and is 
commonly denoted S. To illustrate how an internal coordinate basis may be 
used to evaluate normal modes, we consider the bent H 20 molecule in Fig. 6.3. 
The three internal coordinates are conveniently chosen to be 

S 1 = rB  — ro 

S2 = rc — ro 	 (6.56) 

S3 = — (Po 

(where the subscripts 0 denote equilibrium values), because to a good first 
approximation the potential energy function in water has the form 

2 V  = k i (Si + 	+ k2Si 	 (6.57) 

This potential assumes that independent Hooke's law restoring forces are 
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6 

3 

Figure 6.3 Internal coordinates T B , rc , and 4) for the FI 20 molecule. Arrows show 

orientations of the Cartesian basis vectors through 	used in Eqs. 6.64 and 6.65. 

operative in each of the O—H bonds as well as in the bond angle 4). The 
3N — 6 = 3 internal coordinates are displacements in two bond lengths and a 
bond angle, rather than coordinates of individual nuclei as in the mass-weighted 
basis. The matrix formulation of the vibrational problem in Section 6.2 is 
nonetheless still applicable, because the S i  can be related to the qi  by a linear 
transformation. Equation 6.57 implicitly defines a force constant matrix F, since 

2 V = St F - S 	 (6.58) 

with 

--k 1  0 	0 

	

F=  0 k 1  0 	 (6.59) 

0 0 k2  

The force constant matrix need not be diagonal (i.e., more sophisticated 
potentials may be used). For a bent molecule with three nuclei, an arbitrarily 
accurate force constant matrix will still be a (3N — 6) x (3N — 6) = 3 x 3 
matrix. 

To obtain a secular determinant equation analogous to (6.22) in the internal 
coordinate basis, both 2T and 2 V  must be expressed in terms of S. Since 2 T  is 
readily given in terms of mass-weighted coordinates ii ,  we need a transformation 
of the form 

S = D - 	 (6.60) 

Note that because S and II have 3N — 6 and 3N elements respectively, D is a 
rectangular (rather than square) matrix with 3N — 6 rows and 3N columns. The 
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kinetic energy then becomes 

2T 	= if • ii = (D -1  • g)t • (D -1  • g) 

= gt  • (D • D') -1  • g 

—= gt 	g 
	

(6.61) 

According to the rules of matrix multiplication, the product D•  D is a 
(3N — 6) x (3N — 6) square matrix. With 2T and 2V now consistently expressed 
in the S basis, the secular determinant equation IB' — AM" MI = 0 in the 
generalized coordinate basis becomes 

IF — AG -1 I = 
	 (6.62) 

in the internal coordinate basis. This is equivalent to 

IF • G — AEI = 0 
	

(6.63) 

so that finding the normal mode frequencies and coordinates reduces to 
evaluating the matrix F • G, and then diagonalizing it [3]. This formalism has 
become known as the "FG matrix method." Since a physically reasonable force 
constant matrix F is often expressible in internal coordinates, most of the labor 
is incurred in evaluating the kinetic energy (G) matrix. Wilson, Decius, and 
Cross [3] have provided extensive tabulations of G for a number of molecular 
geometries. 

The internal coordinates S 1  = rB  — ro  and S2 = rc — ro  for H20 are related 
to the Cartesian displacement coordinates 	through 6 in Figure 6.3 by 

S i  = — ( 1  sin 4) +2 COS  (1))  + (5  sin 4) + 4 COS 4) 

S2 = sin 4) — COS — 4 sin + 4 COS 	 (6.64) 

To obtain the bending coordinate S3, we recognize that small displacement  Ar of 
any nucleus in a direction perpendicular to a bond of length ro  produces a 
change d = dr/ro  in the bond angle. Consideration of the effects of each of the 
Cartesian displacements on the bond angle then leads to 

S3 = 
—1 

(— COS 4) ±  2  sin 4) + 	COS 4) ± 	sin 4)) 	(6.65) 
ro  

Equations  6.64 and 6.65 now give us D directly. Recalling that 
qi  = i\bni  and that 

D D 16 

(6.66) 

D31 "• D36 



The G matrix then becomes 

1 	1 COS 20 

G = D• D' — 

0 

0 

MH 	m0 

cos 24) 

m0  

1 	1 

mo mH 	mo 

2 
v,,, 

I 011&H 

(6.68) 
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the D matrix is by inspection 

D=  

— sin 	— cos 4) 	 sin 4) cos 4) 
0 	0 

N/rno 
sin 4) 	— cos 4) — sin 4) cos (/) 

0 	0 
NA% N/mo N/mo 

—cos  4) 	sin 4) 	cos 4) 	sin  4,  
ro..1mH  .r0.17% ro...1%  ro .\/mH  

(6.67) 

This can be multiplied by the F matrix (Eq. 6.59) and F G can be diagonalized 
to find the eigenvalues 2 1  through )13. Such an algebraic procedure can readily 
be computerized to vary the force constant matrix in order to optimize the 
closeness of fitted vibrational frequencies v  = 2k /47r2  to spectroscopic 
frequencies. 

6.4 SYMMETRY CLASSIFICATION OF NORMAL MODES 

When expressed in terms of normal coordinates, the classical kinetic and 
potential energies associated with vibration in a polyatomic molecule are both 
diagonalized (cf. Eqs. 6.47). The classical vibrational Hamiltonian becomes 

3N- 6 

H= T + V= E 	+ A iW) 	 (6.69) 

Under the correspondence principle, the quantum mechanical Hamiltonian for 
3N — 6 independently oscillating normal modes in then 

3N - 6 ( h2 a2 

Rvib = E 	Q? + 2420 
2 a 

The eigenfunctions of fivib  are 

(6.70) 

3N - 6 

Illivib(Q 1, • • • 423N - 	= H N„,1-1,,(Ci)exp(— a/2) 	(6.71) 
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with 

(6.72) 

and the eigenvalues are 

3N  —6 

Evib 	E hv i (v i  (6.73) 

In Eq. 6.71, the functions 1-1(( 1 ) are Hermite polynomials of order v i  in C i , and 
the N are normalization constants. The factorization of I lif yib> into independent 
functions of the normal coordinates Q.  is possible only when the potential 
energy function is harmonic. 

To derive the selection rules for vibrational transitions, it is necessary to take 
the symmetry of the normal modes into account. We assume that the 
polyatomic molecule belongs to some point group G of symmetry operations A. 
By definition, all A in G leave the vibrational Hamiltonian invariant, so that [A, 
fivid = O. If each normal mode transforms as an irreducible representation (IR) 
of G, one can set up matrices R with elements R u  and H with elements Hu  in a 
basis of vibrational states which are eigenvectors of k (i.e., vibrational states that 
transform as IRs of G). Since [A, fiv = 0, it follows that [4] 

ER 	= E kJ/A  = [H ' R]ik = E H ijRjk 
	 (6.74) 

However, if the matrix R is evaluated in a basis of eigenvectors of it it follows by 
definition that R u  = Riik. Then Eq. 6.74 implies that 

RUH ik H ikRkk 

and 

	

(R ii  R kk)Hik  = 0 
	

(6.75) 

This means that if i k (i.e., vibrational states i and k belong to different IRs of 
G), H ik = O. So livib  has no nonvanishing matrix elements connecting states 
transforming as two different IRs i and k. 

Since the molecule is physically unchanged by any symmetry operation A in 
G, AQ i  must be a normal mode having the same frequency as Qi  itself. Hence, if 

Q .  is a nondegenerate mode, k'Qi  must equal +Qi  for all operations A in G—so 
that Q.  must form the basis of a one-dimensional  JR in G. If  Q.  is degenerate, 
then 

	

= E Dik0Qk 
	 (6.76) 

where k runs over all modes, including Qi , that are degenerate with Qi . This is 
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the case because all of the Qk  in this set of modes will oscillate at the same 
frequency as Q i . 

Since the normal coordinates Q are related by a linear transformation to the 
Cartesian coordinates 4, the matrices for the transformation properties will have 
the same characters (traces) in either coordinate basis under all group opera-
tions A [5]. We can see this by assuming that 4 = N • Q by hypothesis, and that 
the effect of a group operation A on the Cartesian basis is 

= P(A) 	 (6.77) 

Then the effect of the operation A on the normal coordinate set Q is 

= 	-1 - 4) = N -1 . k4 
= N -1 - P(R) • 4 = [N -1  • P(R)• N] Q 

P'(R)- Q 	 (6.78) 

Since the character of a matrix is unaffected by a similarity transformation [2] 
and P'(R) =  N 1  • P(R) • N, the transformation matrices P'(R) and P(R) in the 
normal coordinate and Cartesian bases respectively have the same character for 
all group operations A in G. This fact considerably simplifies the determination 
of the IRs to which the normal coordinates belong, since the behavior of the 
nuclear Cartesian displacements under the group operations reveals this 
information even if the form of the normal coordinates is unknown. 

For concreteness, consider the planar, nearly T-shaped CIF 3  molecule, which 
belongs to the C2, point group (Fig. 6.4). The group elements a„ and a', denote 
the out-of-plane and in-plane reflection operations. Any symmetry operation on 
the Cartesian basis vectors through 12  is expressible using a 12 x 12 matrix. 
Under the a', Operation, for example, the in-plane vectors c through 8  will be 
unaffected, whereas 9 through 12  will reverse sign. Hence in the Cartesian 
basis 
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0 
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0 

—1 
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0 
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- 1 12 

(6.79) 
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Figure 6.4 Cartesian coordinates for planar T-shaped molecule of C2 „ symmetry. 
through lie in the  a reflection plane, while through 12  point normal to this 

plane. The a, plane (not shown) is normal to the di, plane; the twofold rotation axis 
C2  lies at the intersection of the  a  cf, planes. 

and the character x(cr'v) of the matrix a', is 8 — 4 = 4. Under the identity 
operation, all of through c 12  are unchanged, so that x(E) = 12. The C2 

operation is more interesting in that two of the nuclei are displaced: 

  

	

—0 	0 0 	0 1 	0 0 	0 	0 	0 	0 	0—  

	

0 	0 0 	0 0  —1 0 	0 	0 	0 	0 	0 

	

0 	01 	00 	00 	0 	0 	0 	0 	0 

	

0 	0 0  —1 0 	0 0 	0 	0 	0 	0 	0 

	

1 	00 	00 	00 	0 	0 	0 	0 	0 

	

0 	10 	00 	00 	0 	0 	0 	0 	0 

	

0 	00 	00 	01 	0 	0 	0 	0 	0 

	

0 	0 0 	0 0 	0 0 —1 	0 	0 	0 	0 

	

0 	0 0 	0 0 	0 0 	0 	0 	0 —1 	0 

	

0 	0 0 	0 0 	0 0 	0 	0 —1 	0 	0 

	

0 	0 0 	0 0 	0 0 	0 —1 	0 	0 	0 

	

0 	0 0 	0 0 	0 0 	0 	0 	0 	0 —1 

   

     

C2 

    

 

12 12 

(6.80) 

   

For this matrix, the sum of diagonal elements is x(C 2) = —2. It can similarly be 
shown that x(cy„) = 2. These characters for the transformation of 4 under the C2, 
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group operations may then be summarized as 

E C2  cry  a:, 
x = 12  —2  2 4 = 4a i  a2  3bi  0 4b2  

According to the C2, character table, C1F 3  will have translations transforming 
as a l , b 1 , b 2  and rotations transforming as a2, b 1 , b 2 . Subtracting these IRs from 
the above direct sum yields 3a 1  0 b 1  2b2 . Hence CIF3  will have three normal 
modes of a l  symmetry, one of b 1  symmetry, and two of b2  symmetry. We have 
determined this without determining what the normal mode coordinates Q 1  
through Q6 actually are; this is possible because the transformation matrices 
P(R-) and P'(A) have the same character in the 4 and Q bases. 

Setting up transformation matrices like those in Eqs. 6.79 and 6.80 is 
laborious, and a worthwhile simplification results if one sees [6] that only the 
Cartesian coordinates attached to nuclei that are undisplaced by a symmetry 
operation I contribute to the character AA). In particular, the contributions to 
the character are x(a) = + 1, x(C„n) = 1 + 2 cos(2mir/n), x(S,T) =  —1  + 2 
cos(2mn/n), and x(i) =  —3  for each nucleus that is undisplaced by the symmetry 
operations a, S,T, and i, respectively. The character x(E) for the identity 
operation is always 3N. These rules are independent of the particular choice of 
orientation of the Cartesian axes. 

The identification of the IRs according to which the normal coordinates 
transform can greatly reduce the computational labor associated with imple-
menting the FG matrix method. It is frequently easy to set up symmetry 
coordinates, as linear combinations of internal coordinates, which transform 
according to IRs of the point group G. For C1F3 , one choice of symmetry 
coordinates would be 

S i(a 1 ) = (r 1  — r?) +  (r2  — 

S2(a 1 ) = (r 3  — r3) 

S3(a1) = (01 — 07) + (02 — 03) 

S4(b 1) = 6 

S 5(b 2) = (r — r?) —  (r2  — r3) 

S 2) = 	— 07) — 	- 
 jO 

(6.81) 

where the six independent internal coordinates (bond lengths and bond angles) 
are defined in Fig. 6.5. In such a basis, the F•G matrix reduces to block diagonal 
form, with subblocks allocated to symmetry coordinates transforming as 
particular IRs of G (because  Rvjb  has no matrix elements connecting normal 
coordinates belonging to different IRs). The block-diagonal form of F-G for 
C1F 3  is shown in Fig. 6.6. 

We will now consolidate some of the ideas introduced in this chapter by 
deriving the vibrational frequencies of the linear acetylene molecule C 2H 2 , in 



Figure 6.5 The six internal coordinates for a planar T-shaped molecule. The 

coordinate 6 is an out-of-plane bending coordinate; + and — indicate nuclear 

motions above and below the plane of the paper. 

a l  

F • G 
	 3 X 3 

b i  

I X I 

b2  

2 X 2 

Figure 6.6 The block diagonal F • G matrix for CIF3. 

202 
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H 

Figure 6.7 Five of the seven independent internal coordinates for D,, acetylene. 
The remaining two internal coordinates are bending motions normal to the plane of 
the paper, and are not considered in our treatment. 

which the nuclei are numbered 1 through 4 from left to right (Fig. 6.7). In terms 
of the bond radii ri;  and bending angles 6ii , we will assume that the potential 
energy function is given by 

2V = k 1 r 3  + k2(ri.2  + /14) + kb(c5i 3  + Si4) 
	

(6.82) 

(A more detailed potential function, incorporating interaction between non-
neighboring atoms, for example, could be used to obtain better fits of derived 
vibrational frequencies to experimental frequencies.) Here k 1  and k2  are 
harmonic force constants for C—C and C—H bond stretching, respectively, while 
kb  is a bending force constant. As a first step, we determine the IRs to which the 
normal modes will belong in linear C 2 H 2, using the rules for contributions to the 
character by nuclei undisplaced by the symmetry operations in  D oh : 

2C4) xav 2S0  ooC 2  

X= 12 4 + 8 cos 4 0 0 0 
Xtrans 3 1 + 2 cos 4. 1 —3 —1 + 2 cos 4) —1 (=0": CI nu) 

Xrot 2 2 cos 4) 0 2 —2 cos 4) 0 (=ng) 

Xvib = 7 3 + 4 cos 4) 3 1 1 1 	=o-:®2o-g+  
nu0ng  

Acetylene therefore has three nondegenerate vibrations (one has a: symme-
try and two have a: symmetry), and two doubly degenerate vibrations each of 
nu  and ng  symmetry. It is now possible to form symmetry coordinates from 
linear combinations of the bond lengths ri;  and the bond angles b ii : 

Sl(ag+ ) = r12 	r34 

S 2(erg ) = r 23 

 S3(0—:) = r12 	r34 

S4(irn) — 0 13 + 024 

s5(ng) = 01 — 024 

(6.83) 
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These choices of symmetry coordinates are not all unique; one could take 
orthogonal combinations 	= a(r 12  + r34) + br 23  and S'2 a lr 	r = 	12 • 34. 
+ bir23  as the two ag+  symmetry coordinates instead. The choice S3 = 

r12 r34  is unique (aside from normalization, which does not concern 
us here), because there is only one vibration of au+  symmetry and it is non-
degenerate. In our potential energy expression (6.82) we have ignored 
bending motions which are analogous to (5 13  and 624, but move in and out of the 
paper. These bending motions are simply the degenerate, perpendicular counter-
parts of the nu  and ng  coordinates listed in Eqs. 6.83. Treating them would only 
give us redundant information about the  it  and 71g  modes, and so they are 
omitted. With these five symmetry coordinates, the potential energy expression 
becomes 

2V = k lSi'+ lk  + + (Si + 	 (6.84) 

and the F matrix is 

-k2/2 0 0 0 0 

O k 1  0 0 0 

F =  0 0 k 2I2 0 0 (6.85) 

0 0 0 k6/2 0 

0 0 0 0 k6/2 

(Normally the F matrix should be (3N - 5) x (3N - 5) = 7 x 7 in the S basis, 
but we have left out one of the 7r, and one of the ng  coordinates.) To derive the G 
matrix, we begin with the Cartesian basis shown in Fig. 6.8. (We could 
include four additional Cartesian vectors 9 through 12  pointing out of the 
paper, but these vectors have projections only along the omitted nu  and ng  
modes.) In terms of these, the symmetry coordinates are 

S 1  = - 	- 3 	(r 12  and r34  expand simultaneously) 

S2 = - 

S3 	 (r 12  and 
 
r34  expand out-of-phase) 

S4 = -1-  (4 + 	 8) rH  

2 
55  = 1 — (6 + 	 - 7) rH 	 rc 

(6.86) 

where rH  and rc  are the equilibrium C-H and C-C bond distances, respectively. 
(The expressions for S4 and S5 arise from repeated application of the relation-
ship 46 = AO, bearing in mind the effects of increments in the Cartesian 
coordinates 4 through 4 on the sign of changes in the angles 6 13  and 6 24.) We 
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e6 	e6 

6-w-e, 

e8  

H 
	

H 
Figure 6.8 Cartesian displacement coordinates for acetylene. Motions per-
pendicular to the plane of the paper are not considered. 

may now construct the matrix D, since 

S i  

S5 

	

[DIA 	D18 

	

D15 	D58 

1 /11 

2/8 _ (6.87) 

Recalling that Il i  = 	and using the abbreviations C = mc  and H = mH , 

D =  
i_ 1/,/:i 	1/\./C —1/1e 

0 	—1/j 1/.1-e 

—1/1—H 1/ie 1/j 

0 	0 	0 0 

0 	0 	0 0 

1/.\/H 0 - 0 0 

0 0 0 0 

— 1VH 0 0 0 

—1 1 1 —1 

rHO-1 	rirN/C 	r H / 	r HOI 

—1 	1 ( 2 + 1) 	1  ( 	 1  1 + 2)  

rH\ 	.\/CVc rH) . N/CVH rc) riuN/11 

(6.88) 
and so 

G = DDt  = 

22 	2 

H C C 

o 

0 

1 ± 2 7 1 ± 2 2 1  
r4H C 	rc) 

0 

  

(6.89) 



k 2 ( 71  + el ) —k 2IC 

2k iIC 

0 	0 0 

ka  
0 

1) (1 ± 
di  H 0 

0 0 
k6  
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The F • G matrix is then 

F • G = 

(6.90) 

Note that this matrix is block-diagonal, with the subblocks ag+ (2 x 2), 
x 1), nu(1 x 1), and Irg(1 x 1). Hence, we could have evaluated the F, G, 

and F • G matrices in separate bases of symmetry coordinates transforming as 
one JR at a time. The eigenvalues in the last three modes can now be read 
directly from the 1 x 1 subblocks in the F • G matrix, 

k2 

 (

1 1 
-

H 

+ —
C 

= 47r 2vi cru+  

/14 	kb  ( 1 	47r2v4  
rH2 	C) 

k  	+ 2 )2-1  

6 LrAH C rH  rc) 

nu 

m g  

(6.91) 

The  or eigenvalues 2 1  and /1,2 are the roots of the 2 x 2 secular determinant 

—k 2IC 
0 

—k iIC 	2k 1 IC — A 

=  
1 	1 

(6.92) 

  

yielding 

1 	1) 2k1 1 2142  (1 ± 
/42/C 2  = 0 (6.93) 2 2  — A[k 2 	+ e 	+ 

C 	C 
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Figure 6.9 Cartesian displacements in the normal coordinates of acetylene. Each 
of the modes labeled ng  and rri, has a degenerate partner mode involving nuclear 
motion in and out of the paper. 

The eigenvalues /1. 1  and .1.2  then obey 

± A2 = k2 (-1  ± ) 2k1  = 47C 2(Vi 1/ )  
H C C 

2142  (1 1 
= 	

2
/C2 

= 
16 

viv, 
21)12 	 k k 	 2  

C H C 
(6.94) ag  

It may be seen from the expressions for the symmetry coordinates (Eqs. 6.86) 
that the qualitative normal coordinates in acetylene are those shown in Fig. 6.9. 



= H i (ci)[ 	exp( 	N i; 	Noi 
3N – 6 	 3N – 6 

(6.97) 
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6.5 SELECTION RULES IN VIBRATIONAL TRANSITIONS 

The symmetry selection rules for El vibrational transitions can be obtained 
using the symmetry properties of the pertinent vibrational states. According to 
Eq. 6.71, the vibrational ground state is 

3N-6 

'gib> = n NoiHo(cd exp(—cf /2)  

3N – 6  
= 	No) exp( — 	0/2) (6.95) 

since the zeroth-order Hermite polynomial is H0(1) = 1. The exponential in this 
wave function is 

3N – 6 	 3N – 6 
—= — E 27rv i Q?12h (6.96) 

and is invariant under all symmetry operations of the molecular point group. 
Hence, the nondegenerate vibrational ground-state wave function belongs to the 
totally symmetric  JR of the point group. The vibrationally excited state with one 
quantum in normal mode j and zero quanta in all other modes is 

3N– 6 

itkib> =  N 1 	g i Hii)exp( — C/2) n NoiHo(i)exP( —  a/2) 

Since H 1 ( )  = ni  cc Qi , It/f tlit,> therefore transforms as  Q.  itself, and belongs to 
the same  JR as  Q.  

The symmetries of overtone and combination levels in which no degenerate 
modes are multiply excited are straightforwardly obtained from direct products 
of IRs 1-(Q) according to which the normal coordinates Qi  transform.  In 
particular, the symmetry of the vibrational state with y 1  quanta in mode 1, y2  
quanta in mode 2, etc., is given by 

E1(121)  Ø  IW O 0 • • .1 ® Er( 22) 0 F( 22) 0 • • 0 • • 
vi factors 	 v2 factors 

0 (I-(2 3N –  6) 0 r(Q3N– 6) 0 • • .1 

V3N _ 6 factors 

Levels involving overtones in degenerate modes must be handled with more 
caution. Consider the two degenerate n u  modes Q4  and Q4 corresponding to the 
bending frequency y4  in acetylene (Section 6.4). These form a basis for the ir„ JR 
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in D Œ,h. We wish to obtain the symmetries of the vibrational states in which y4  
and y'4  quanta are placed in the respective modes, under the condition that 
y4  + y4' = 2. Since both modes have nu  symmetry, using the above procedure 
would imply (incorrectly) that the resulting vibrational states should have the 
symmetries n u  0 nu  = o-g+  ag-  0 bg . This would mean that four vibrational 
states supposedly arise from distributing two quanta between the degenerate n u  
modes (one doubly degenerate (5g pair of states, and one state each of o-g+  and irç 
symmetry). However, there are only three distinct (y4, y4' ) combinations possible: 
(2, 0), (1, 1), and (0, 2). Evaluating the ordinary direct product therefore 
overcounts the resulting vibrational levels when two quanta are placed in the 
degenerate nu  vibrations. The symmetries of states arising from multiple 
excitation of degenerate modes Qi  are instead found by evaluating the symmetric 
product [F(Q1) F(Qi)] +  [7].  For a doubly excited nu  mode, the pertinent 
symmetric product is (n u  0 nu)  = o-g+  (5g rather than ag+  ag-  6g [7]. If 
two vibrational quanta are distributed between nonequivalent degenerate modes 
(e.g., a nu  and a ng  mode, or two rcu  modes oscillating at different frequencies), 
conventional direct products yield the correct vibrational state symmetries. 

The El selection rules for vibrational transitions lii/vib> -4  Iti/vib> can be 
obtained by expanding the dipole moment p in a Taylor series in the normal 
coordinates, 

<11/vibliiltfrvib> 

3N6 (5p \ 	1 3N - 6 /  32p  

= <Ci131/10 	 Q 	E aQ 	• 
i 0 	2 	 Q;)0 

QiQ; + • • •Itkvib> (6.98) 

The leading term is Po<KiblOvib>,  which vanishes by orthogonality. Group 
theoretically, the terms (a1/0•200Qi , (020/0Q i 0Q;)0  Q•Qi , etc., all transform as 
vector components; in effect, the transformation properties of QiQiQh . in the 
expansion (6.98) are cancelled by those of 0Q i0Q;OQk  . . . in the corresponding 
derivative. Consequently, we obtain the symmetry selection rule that 
T(K b) 0 F(p)0 F(tli vib ) must contain the totally symmetric IR—regardless of 
which terms dominate in the Taylor series expansion of p. For fundamental 
transitions from the (totally symmetric) vibrational ground state to levels with 
one quantum in mode  Q.  and zero quanta on all others, 
T(Cib) 0 (p) 0 T(Ik vib ). r(Q) 0 r(p). Hence the El selection rule for funda-
mental transitions is that  E(Q) = r(p); that is, Qi  must transform as a vector 
component. As two examples of this, we cite BF 3  and acetylene. In BF 3 , the 
normal mode symmetries are  a, a'2', and 2e' (the prefix 2 denotes that this 
molecule has two pairs of degenerate e' vibrations). In the D3h point group, (x, y) 
and z transform as e' and  a , respectively—so that the 2e' and a'2  vibrations 
exhibit El-allowed fundamentals, but the totally symmetric a'1  breathing mode 
does not. In acetylene, we showed that the seven vibrational modes are 2o-g+ , au+ , 
nu , and ng . The vector components transform as au+  and nu  in D coh , so only the 
au+  and 7E,, vibrations have El-allowed fundamentals in acetylene. These group 
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theoretical rules ensure that fundamentals are observed only in normal modes in 
which the molecule's electric dipole moment oscillates. 

The selection rules on tiv can be extracted by applying the second quantiza-
tion formalism to Eq. 6.98. In particular, the first-order terms proportional to 
Q.  permit transitions with Av i = +1, the second-order terms in Q iQi  are re-
sponsible for the overtone and combination bands with A(v i  +  v)  = 0 or  ±2,  
and so on. The symmetry selection rule must simultaneously be satisfied. It is 
well known to students in organic chemistry that overtone and combination 
bands are frequently prominent in infrared spectra, and so the second- and 
higher order terms in Eq. 6.98 are not negligible. 

CO 2  presents a good example of vibrational selection rules in polyatomics. It 
possesses three normal mode species (Fig. 6.10): a ag+  symmetric stretch with 
frequency v 1  — 1390 cm -1 , a doubly degenerate ic„ bend with frequency 
v 2  — 667  cm',  and a a: asymmetric stretch with frequency v 3  — 2280 cm '. 
The lowest few vibrational levels in CO2  are shown in Fig. 6.11. Each level is 
labeled with the number of quanta (v 1  v2  v 3 ) in each mode; the vibrational state 
symmetries are also given. The El allowed transitions among these levels are 
shown by the solid connecting lines. Those transitions originating from the 
(0 1 0) level are hot bands which will have appreciable intensity in a CO 2  sample 
at 300 K (kT = 208 cm -1 ), because this level lies only 667  cm' above the 
vibrationless level (0 0 0). 

v
2 nu 

i/
3 

0 	c 	0 

Figure 6.10 Normal modes in D o,h CO 2 . Note that the relative displacements in the 
E: mode are a consequence of the mode symmetry; those in the n u  mode may be 
found from the requirement that the center of mass is undisplaced in any vibrational 
mode. 
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Figure 6.11 Energy level diagram for low-lying vibrational states in CO 2 . Levels 
are labeled with the vibrational quantum numbers 1/0/2 v3 . Some of the observed 
infrared transitions are indicated by arrows. Adapted from G. Herzberg, Infrared and 
Raman Spectra of Polyatomic Molecules, Van Nostrand, Princeton, NJ, 1945. 

The intense 10.6-pm infrared laser transitions in CO 2  are due to the 
(0 0 1) (0 2 0) and (0 0 1) (1 0 0) transitions. Since these are both o-u+  o-: 
transitions, they are symmetry-allowed (and z-polarized, because z transforms as 
o-u+). It is interesting that even though these two El transitions arise from third-
and second-order terms, respectively, in the expansion of p, efficient lasing has 
been achieved in both of them. 

Degenerate vibrational modes give rise to vibrational angular momentum in 
polyatomic molecules. In the case of CO2 , the degenerate nu  normal modes Q2 

and V2 shown in Fig. 6.12 exhibit nuclear motion in mutually perpendicular 
planes containing the molecular axis. In cylindrical coordinates, the nuclear 
positions during vibration may be specified by the coordinates z, r, and 0. Since 
the cylindrically symmetric vibrational potential energy function is independent 
of 4), the vibrational wavefunctions must exhibit the 0-dependence exp( + /10) 
with / an integer. Such a wave function describes vibrational motion in which 
the nuclei exhibit a constant angular momentum lh about the z axis. It may be 
shown [8] that when y2  quanta are distributed between the nu  modes, the 
allowed values of 1 are y 2 , y 2  — 2, ... , 0 or 1. In the (0 1 0) level, for example, the 
vibrational angular momentum quantum number becomes 1 = y 2  = 1; the 
vibrational wave function then becomes proportional to exp( + i0). The vibra-
tional motion in state (0 1 0) therefore cannot be confined to one of the 
coordinates Q2 or '2 '2 (which exhibit zero angular momentum about the z axis). 
It is classically described by a linear combination of Q2 and  Q '2  in which the 
nuclei follow closed trajectories in a plane normal to the z axis (Fig. 6.13). In the 
(y 1 yi2 y 3) level notation of Fig. 6.11, the 1 quantum number is included as a 
superscript to the number of quanta y 2  in the nu  mode. The 1 specification is 
superfluous if the vibrational state symmetry is known: levels with Cr, 7E, 6, 
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Figure 6.12 The doubly degenerate nu  bending modes Q, and Q'2  in CO 2 . The 

nuclear positions in CO 2  vibrations may be expressed in terms of the cylindrical 

coordinates z, r, and 0. 
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symmetry exhibit 1 = 0, 1, 2, ... , respectively. Hence, the symmetric product 
representations we described earlier (in connection with obtaining the symme-
tries of states with multiply excited degenerate modes) embody the rules for 
composition of vibrational angular momenta. The foregoing discussion has 
tacitly assumed that vibration—rotation coupling is negligible; under such 
coupling the vibrational angular momentum may no longer be a constant of the 
motion. Vibrational angular momenta also occur in degenerate vibrations of 
nonlinear polyatomics, where the nuclear displacements may trace ellipses, 
circles, or lines in a plane perpendicular to the axis of highest symmetry [6]. 

6.6 ROTATIONAL FINE STRUCTURE OF VIBRATIONAL BANDS 

As in diatomics, vibrational transitions in polyatomic molecules are inevitably 
accompanied by rotational fine structure. In linear molecules, the vibrational 
and rotational selection rules in vibration—rotation spectra are closely analo-
gous to the electronic and rotational selection rules, respectively, in diatomic 
electronic band spectra. When applied to a p oo h molecule, the general symmetry 
arguments of the previous Section lead to the El selection rules 

Al= 0, +1 
+ 

4—X—> a 

g 4—x—>  g,  u 4—x—> u 

for vibrational transitions in linear molecules. Here 1 is the vibrational angular 
momentum quantum number. The selection rule on Al is reminiscent of the 
condition AA = 0,  ±1  for  El-allowed electronic transitions in diatomics. (The 
g/u labels are dropped in the case of  C 	For transitions between 
two a-type vibrational levels (1 = 0 	= 0), the vibrational transition moment 
is polarized along the molecular axis, and the transition is called a parallel 
transition. The rotational selection rule in parallel vibrational transitions is 
AJ = ± 1; that is, only the P and R branches occur. For transitions in which 
Al  =+1 rc 4.-.> (5 , etc.), the transition moment lies perpendicular to the 
molecular axis, and the transition is termed a perpendicular transition. In such a 
transition, the Q branch also becomes allowed. The frequencies of the P-, Q-, 
and R-branch lines in vibration—rotation spectra are given by formulas 
analogous to Eqs. 4.76;i)- 0  represents the vibrational energy change in the 
transition. All three rotational branches appear in Al = 0 vibrational bands with 
1 0 (e.g., TC4- rc transitions). These rotational selection rules are all identical to 
those that apply to rotational fine structure in diatomic electronic transitions, if 1 
is replaced by A in the discussion above (Section 4.6). 

In symmetric top molecules, the rotational selection rules depend on the 
relative orientations of the figure axis (Chapter 5) and the vibrational transition 
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moment. When these are parallel, the El rotational selection rules are [8] 

AK = 0 

AJ = 0,  ±1 
	

(6.99) 

when K 0. When K is zero, the transition AJ =  0 is forbidden. When the 
transition moment is perpendicular to the figure axis, one obtains the contrasting 
selection rules [8] 

AK=  +1 

AJ = 0,  ±1 
	

(6.100) 

Analysis of the rotational fine structure in vibration—rotation spectra thus offers 
potential for deducing the direction of the transition moment (and thus the 
vibrational symmetry species) of a vibrational band. If the transition moment 
has components parallel and normal to the figure axis, then both AK = 0 and 
AK = + 1 transitions will be observed. 

This variety in rotational selection rules, coupled with our natural endow-
ment of molecules with diverse rotational constants, leads to wide variations in 
the rotational fine structure exhibited by symmetric and near-symmetric tops. 
For definiteness, we consider a prolate symmetric top whose rotational energy 
levels are given in Eq. 5.26. Rotational lines will be found at the frequencies 

=  o  + B' (J' + 1) + (A' — B')1(` 2  — [B"J"(J" + 1) + 1) + (A" — B")K" 2] 

(6.101) 

where i3 0  is the frequency of the pure vibrational transition and (A', B'), (A", B") 
are the rotational constants of the upper and lower vibrational states. According 
to Eq. 6.101, the rotational structure can be regarded as a superimposition of 
sets of diatomic P, Q, and R rotational branches (corresponding to AJ = —1, 0, 
and + 1, respectively) centered at origins with the K-dependent frequencies 

= + (A' — B')K' 2  — (A" — 	 (6.102) 

For parallel bands (K' = K" K) the origin positions are 

= + [(A' — 13') — (A" — B")]K 2 
	

(6.103) 

whereas for perpendicular transitions (K' = K" + 1 K + 1) they become 

= + [(A' — B') — (A" — B")]K 2  + 2(A' — B')K + A' — B' (6.104) 

The initial and final rotational levels responsible for a given transition may be 
specified by writing P, Q, and R as a superscript to denote AK = —1, 0, or + 1, 
and by supplying the numerical value of K" as a subscript. Hence the symbol 
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Figure 6.14 Rotational fine structure in a parallel vibrational band for a prolate 
symmetric top in which (A' -  B')  - (A" - B") is small: A" = 5.28 cm -1 , 

A' = 5.26 cm -1 , and B" = B' = 0.307 cm -1 . The origin positions are closely spaced, 

and the spectrum resembles the vibration—rotation spectrum of a diatomic 
molecule. Horizontal energy scale is in cm -1 . 

PQ 2(3) represents a 	= 0, 	= —1 transition from J" = 3, K" = 2 to J' = 3, 
K' = 1. In a parallel transition, the origin positions (6.103) will frequently 
depend weakly on K, because the rotational constants are nearly the same in the 
upper and lower vibrational states. In such a case the rotational structure will 
resemble that in Fig. 6.14, which is reminiscent of the HC1 vibration—rotation 
spectrum of Fig. 3.3. Since the positions of the  QK(J) lines in a parallel 
transition vary little with K and J when A' A" and B' B" (Eq. 6.101), 
considerable intensity is concentrated near the frequency of the pure vibrational 
transition. Figure 6.15 illustrates the rotational structure in a parallel transition 
in which [(A' — B') — (A" — B")] is appreciable; the origin positions are now 
well separated. In many prolate tops (e.g., CH 3 C1), the rotational constant A 
about the figure axis is much larger than B. The positions of the  QK(J) lines 
then tend to depend strongly on K, but weakly on J (Eq. 6.101), so that the 
spectrum in Fig. 6.15 is dominated by a series of bunched Q-branch lines. In 
perpendicular transitions, the subband origins depend strongly on K by virtue of 
the + 2(A' — B')K term in Eq. 6.104. The rotational structure then exhibits dense 
groups of PQK  and RQK  lines, because the position of any "QK(J) lines varies 
little with J. 
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-15 	 0 
	

15 
Figure 6.15 . Rotational fine structure in a parallel vibrational band for a prolate 

symmetric top in which (A' - B') - (A" - B") is substantial: A" = 5.28cm -1 , 
A' = 5.00cm -1 , and B" = B' = 0.307 cm -1 . The origin positions here become well 

dispersed. Horizontal energy scale is in cm -1 . 

These spectra serve to illustrate the sensitivity of rotational fine structure to 
the transition moment orientations and rotational constants. In practice, 
individual rotational lines cannot be resolved in most infrared vibration-
rotation spectra, because the rotational constants are too small. In spectra such 
as that in Fig. 6.14, the bunched groups of Q-branch lines frequently materialize 
as single intense bands, while the more sparse P and R branches form weak 
continua. Rotational structures are frequently analyzed by comparing them 
with computer-generated spectra derived from assumed rotational constants 
and selection rules. By weighting the rotational line intensities with appropriate 
Boltzmann factors (cf. Eq. 3.28) and assigning each rotational line a frequency 
width commensurate with the known instrument resolution, realistic simula-
tions of experimental spectra are possible if the rotational constants and 
selection rules are properly adjusted. 

6.7 BREAKDOWN OF THE NORMAL MODE APPROXIMATION 

Our development of the normal mode description of polyatomic vibrations in 
Sections 6.1-6.4 rested on the assumption that the potential energy function 
(6.4) is harmonic in the nuclear coordinates. As in diatomics, this assumption 
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breaks down for sufficiently large vibrational energies in real polyatomic 
molecules. When several quanta of excitation are placed into a normal mode, it 
begins to redistribute its energy to other normal modes. Such behavior is 
guaranteed by the cubic and higher order terms in the vibrational potential, 
since their presence rules out the possibility of finding 3N — 6 independently 
oscillating normal coordinates that obey the uncoupled differential equations 
(6.49). 

At high vibrational energies, there is compelling evidence [9] that the nuclear 
motion cannot be even approximately described in terms of normal coordinates. 
A case in point is the thermal dissociation of benzene, C6H 6  A C6H 5  + H, 
where a hydrogen atom is created by selective stretching of a single C-H bond. 
Such motion is inconsistent with the normal mode descriptions of the six 
benzene vibrations composed primarily of C-H stretches (Fig. 6.16), in which 
the stretching amplitudes must be identical in at least two of the C-H bonds by 
symmetry. The infrared-visible absorption spectrum of benzene exhibits a 
prominent series of overtone bands at frequencies that closely obey the equation 
[10] 

v 	(x i  + x2)v — x 2 v 2 	v = 1, 2, ... , 8 
	

(6.105) 

e lu 	 e 2g  
Figure 6.16 Benzene normal modes dominated by C—H stretching motions. Since 
there are six C—H bonds, there are six such modes: one each of  a, 9  and 13 , . 
symmetry, and two degenerate pairs of e l  and e29  symmetry. 
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with x 1  = 3153 cm ' and x2  = 58.4 cm '. This overtone spectrum is strikingly 
similar to the vibrational spectrum of the isolated CH radical, and has been 
assigned to an anharmonic local stretching mode confined to a single C—H 
bond. The observed frequencies (6.105) are consistent with transitions from 
y = 0 to y = 1, 2, ... , 8 in a one-dimensional oscillator subject to the quartic 
potential 

V(q) = ao  + a2q 2  + a3 q 3  + a4q4 	 (6.106) 

If one treats the anharmonicities a3 q 3  and a4q4  to second and first order 
respectively in a harmonic oscillator basis. Here q is the C—H bond displacement 
coordinate, and the expansion coefficients in the potential are related to the 
overtone spectrum parameters by 

X 1  = a2  

X2 = 6a4 — 30a/a4 	 (6.107) 

Additional evidence for the validity of the local mode description in 
vibrationally excited states is furnished by overtone spectra obtained using 
highly sensitive thermal lensing spectroscopy techniques [11] in several other 
aromatic hydrocarbons. The sixth overtone band of the C—H stretching mode is 
found at virtually the same frequency in benzene (16,480 cm '), naphthalene 
(16,440 cm '), and anthracene (16,470 cm"). This sameness is difficult to 
rationalize in a normal mode description, in which the nature of the parent 
hydrocarbon skeleton is expected to influence the allowed frequencies of the 
collective nuclear motions. Furthermore, the observed width of the C—H 
stretching vibrational band is the same ( — 360 cm for both the e lt, funda-
mental in benzene (cf. Fig. 6.16) and for the sixth overtone. If one distributes six 
quanta among the C—H stretching normal modes in Fig. 6.16, one obtains 
462 distinct levels. Using the symmetry classification techniques outlined in 
Section 6.4, it may be shown that 150 of these will exhibit the overall a 2 „ or 
e h, vibrational level symmetry required in the D6h point group for observa-
tion of an El overtone transition from the a ig  ground state. (These are 75 
doubly degenerate states of e n, symmetry.) Hence one would expect a 
noticably broader vibrational band in the sixth overtone than in the funda-
mental, in consequence of the far greater variety of El-accessible states 
generated using six quanta, if the normal mode approximation were accurate at 
these energies. Such a picture is not supported by the spectroscopic evidence 
[11]. 

In the local mode treatment [11] of the C—H stretching vibrations in 
benzene, the six bonds oscillate independently with energies (cf. Eq. 6.105) 

Evib(vi) = — 1562 + 3153(v + -12) — 58 .4(vi + D2 
	

(6.108) 
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The total vibrational energy residing in the C—H vibrations is 

6 

Evib = E Evib(vi) 

	
(6.109) 

i=  1 

and the corresponding vibrational states y 1  y2  • • • y6 > are products of one-
dimensional anharmonic oscillator states, which are eigenfunctions of a Hamil-
tonian with the potential function (6.106). For a given total number 

(6.110) 

of vibrational quanta, the possible vibrational states may be divided into classes 
of degenerate states. One such class is the nondegenerate class (1 1 1 1 1 1), in 
which each local mode contains one quantum. An example of a degenerate class 
is (4, 2), in which one local mode has four quanta and the other two are placed 
together in any of the other six. The degeneracy of this mode is 30 [11 ].  The 
classes, energies, and degeneracies of all 462 C—H local mode states in benzene 
are shown in Fig. 6.17. The product vibrational wavefunctions within each class 

Class Energy Degeneracy 
No. of E t, 
States 

(1,1,1,1,1,1) 

(2,1,1,1,1) 

18.220 I _ 

5 18.103 30 

18.0 (2,2,1,1) 17.986 90 14 

(2,2,2),(3,1,1j) 3,10 17.870 20,60 

(3,2,1) 20 17.753 120 

toQ 
 17.5 (3,3), (4,1,1) 17.520 2,10 15,60 

7 
(4,2) 17.403 5 30 

>, 
h_ (5,1) 5 17.053 30 '2 17.0 

L1.1 

16.5 
16.469 (6) 03 6 

Figure 6.17 Classes, energies, and degeneracies of the C—H local mode vibrational 
states in benzene. Reproduced with permission from R. L. Swofford, M. E. Long, and 

A. C. Albrecht, J. Chem. Phys. 65: 187 (1976). 
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form a basis for irreducible representations of D6h; one may construct linear 
combinations of these functions transforming as a g, a 2g , b 1 „, b 2„, e 2g , or  e 1 . In 
this way, one finds that there exist 150 linearly independent combinations of 
anharmonic local mode states with e lu  overall symmetry, as shown in Fig. 6.17. 
(This counting of state symmetries if, of course, independent of whether the 
normal or local mode formulation is used.) It may be shown [11] that in the 
local mode formulation, El transitions are possible only when one of the vi  
changes, and the remaining vi  are unaffected (i.e., combination transitions 
among local mode states are forbidden). Hence, for v 6 the only e 1 u  state 
accessible from the a 1g  ground state is the one belonging to the (6) class in which 
all six quanta reside in one of the C—H bonds. This is why the absorption band 
of the sixth overtone in benzene is no broader than that in the C—H stretching 
fundamental. The whole question of whether vibrational motion in polyatomics 
is more appropriately described in the normal mode or local mode formulation 
has fundamental implications for vibrational spectroscopy, intramolecular 
vibrational redistribution (IVR), and dissociation. It is also important in 
radiationless relaxation processes such as internal conversion and intersystem 
crossing (Chapter 7). 

Another manifestation of vibrational anharmonicity occurs in Fermi re-
sonance [8]. When two vibrational states of the same overall symmetry are 
accidentally degenerate, they can become strongly mixed by the anharmonic 
coupling terms between them. Their energies may be repelled considerably (in 
the language of degenerate perturbation theory), and the intensities of the 
spectroscopic transitions to these levels may be redistributed by the mixing. 
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PROBLEMS 

1. The force constants of the H-C and C-N bonds in linear HCN are 
5.8 x 105  and 17.9 x 105  dyne/cm, respectively. Use the treatment of the linear 
ABC molecule in Section 6.1 to predict the HCN stretching frequencies in cm -1 . 
Compare these with the actual stretching frequencies, 2062 and 3312 cm  1 , and 
comment on the validity of the harmonic approximation to the vibrational 
potential. 

2. The frequencies of the stretching fundamentals of linear CS 2  are 657 and 
1523 cm -1 . Calculate the C-S bond force constant in two different ways. Are the 
resulting values consistent? Why or why not? Which of these fundamentals is El 
infrared-active? 

3. Determine the symmetry species of the normal modes in SF6  (Oh), P4 (TA 
and C 5 H 5-  (D 5h). Which of these normal modes have  El-allowed fundamentals? 

4. Consider a planar, T-shaped molecule of C2, symmetry (C1F 3  has approx-
imately this geometry). The pertinent coordinate systems are shown below. 

(a) How many vibrational modes will involve only nuclear displacements in 
the molecular plane, and according to what irreducible representations 
must they transform? 
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(b) We may form the symmetry coordinates 

S i  = (r i  + r2)/2 

S2=  r3  

S3 = 

S4 = (r 1  — r2)/2 

S5 = 

from the internal coordinates r i , r2, r 3 , (/), and (5. According to which 
irreducible representation does each of these transform? Assuming the 
potential energy function 

2V = 1( 1 (ii + ri) + k2ri + k34)2  + k462  

determine the F matrix. 
(c) Obtain the G matrix for the in-plane vibrations, form the matrix F G, and 

determine the value(s) of any vibrational frequencies that can be obtained 
without solving quadratic or higher order equations for A. 

5. Consider a hypothetical square-planar A4 molecule of D4h symmetry. 

(a) How many in-plane vibrational modes does A4 have, and what are their 
symmetry species? 

(b) As symmetry coordinates for the in-plane vibrations, we may take 

S i  = (r i  + r2  + r3  + r4)/4 

S2 = (r i  — r2  + r3  — r4)/4 

S3 = (r1  — 

S4 = (r2  --r4)/2 

S5 = 
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where the internal displacement coordinates r 1 , r2 , r 3 , r4 , 4) are defined in 
the accompanying figure (4) is actually the displacement of the bond angle 
from its equilibrium value of 900). What irreducible representation of D4h 

does each of these belong to? Assuming the potential 

2V = k i (r? +  r  +  r  + ri) + k2 4) 2  

set up the F matrix for the in-plane vibrations. 
(c) Obtain the G and F • G matrices for the in-plane vibrations, and determine 

the A4 vibrational frequencies in terms of the force constants, the equilib-
rium bond length and the nuclear mass. 





7 

ELECTRONIC 
SPECTROSCOPY OF 

POLYATOMIC MOLECULES 

Many of the ideas that are essential to understanding polyatomic electronic 
spectra have already been developed in the three preceding chapters. As in 
diatomics, the Born-Oppenheimer separation between electronic and nuclear 
motions is a useful organizing principle for treating electronic transitions in 
polyatomics. Vibrational band intensities in polyatomic electronic spectra are 
frequently (but not always) governed by Franck-Condon factors in the vibra-
tional modes. The rotational fine structure in gas-phase electronic transitions 
parallels that in polyatomic vibration—rotation spectra (Section 6.6), except that 
the rotational selection rules in symmetric and asymmetric tops now depend on 
the relative orientations of the electronic transition moment and the principal 
axes. Analyses of rotational contours in polyatomic band spectra thus provide 
valuable clues about the symmetry and assignment of the electronic states 
involved. 

Polyatomic band spectra still abound in features that have no antecedents in 
diatomic spectra. Polyatomic spectra are often far more congested (in the sense 
that they exhibit many more vibrational bands per frequency interval), because 
the number of vibrational modes scales with molecular size as 3N — 6. A 
thermal gas sample of naphthalene (C 1 0H 8) cannot be selectively pumped into a 
single vibrational level in its lowest excited singlet S l  state at 300 K, because the 
rotational fine structure at this temperature merges the closely spaced vibra-
tional bands into a barely resolved continuum. A qualitatively new phenomen-
on arises from the presence of nontotally symmetric modes in polyatomics. Such 
modes can cause vibronic coupling between electronic states belonging to 
different symmetry species, allowing electronic transitions which would 
otherwise be El-forbidden to gain appreciable El intensity. This coupling is 

225 
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responsible for the "first allowed" electronic transition in SO 2 , the well-known 
2600-A S i  4-- So  band system in benzene, and the rich S 1  state photochemistry of 
the carbonyl group in aldehydes and ketones. Predictions of vibrational band 
intensities in such transitions require quantitative theories of vibronic coupling. 
In contrast, many other electronic band spectra arise from intrinsically El-
allowed  transitions in which vibrational band intensities are straightforwardly 
given by products of Franck-Condon factors and squared electronic transition 
moments (cf. Eq. 4.51). Examples of these are the "second allowed" transition in 
SO 2  and the S i  4—  So spectrum of aniline, C6H 5NH 2 . 

In isolated polyatomic molecules of sufficient size, electronically excited 
states decay nonradiatively and irreversibly into states with lower electronic 
energy. (Since such a process is necessarily isoenergetic in an isolated molecule, 
the electronic energy difference is converted into excess vibrational energy.) Such 
spontaneous radiationless relaxation processes, unknown in collisionless dia-
tomics, pervade the photophysics of molecules with Z, 4 atoms. Their discovery 
prompted fundamental questions about the nature of quantum mechanical 
stationary states in molecules with dense vibrational level structure, and their 
investigation became one of the most active research areas in chemical physics 
during the 1960s and 1970s. 

Discussions of polyatomic band spectra in a text of this scope can cover only 
a small fraction of the molecular types that have been explored in this vast field. 
We begin by treating electronic transitions in triatomic molecules, which are of 
interest to environmental scientists (viz. NO2, 0 3) and astrophysicists. The 
electronic band spectrum of SO2  is considered in detail and presents us with a 
prototype example of vibronic coupling. We then deal with several aromatic 
hydrocarbons: aniline, naphthalene, and benzene. These chemically similar 
molecules exhibit sharply contrasting S i  4-- So  spectra arising from transitions 
from their ground states to their lowest excited singlet states, and serve to 
illuminate the sensitivity of band spectra to symmetry, vibronic coupling, and 
geometry changes accompanying transitions. This chapter concludes by devel-
oping quantitative theories for vibronic coupling and radiationless relaxation in 
polyatomics. 

7.1 TRIATOMIC MOLECULES 

As in diatomics (Section 4.3), the molecular orbitals in polyatomic molecules 
may be expressed as linear combinations of atomic orbitals (A0s) centered on 
the nuclei. A minimal basis set of AOs contains all of the AOs that are occupied 
in the separated atoms [1, 2]. In the bent ozone molecule, for example, the 
separated 0 atoms have the ground state configuration (1s) 2(2s) 2(2p)4 . The 
minimal basis set for ground-state 0 3  therefore consists of the  is,  2s, and three 
2p orbitals centered on each of the oxygen nuclei (Fig. 7.1). The orientations 
selected for the 2p AOs in the basis set are of course arbitrary (aside from the 
constraint that basis AOs centered on any nucleus must be linearly independ- 
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Figure 7.1 Minimal basis set of atomic orbitals (A0s) in  O.  
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ent); the particular orientations shown in Fig. 7.1 are simply one choice which 
facilitates the construction of MOs appropriate to the molecular symmetry. 

The electronic states must transform as one of the irreducible representations 
F of the molecular point group, and so linear combinations of the AOs in Fig. 
7.1 must be found which transform as these representations. Such symmetry-
adapted linear combinations (SALCs) may be obtained using the projection 
operator technique [3]. Application of the projection operator 

(7.1) 

to any basis AO yields a linear combination of AOs transforming as the JR F, 
provided such a linear combination exists which contains the original AO. Here 
z r(R) is the character in representation F of the class to which the group 
operation A belongs, and the summation is carried out over all operations A in 
the point group. Bent AB 2  molecules belong to the C2 v  point group, which 
contains the operations E, C2,  o  in a plane perpendicular to the 
molecular plane), and a', (reflection in the molecular plane). The projection 
operators for the a l  and b2  representations of C2 v  are then 

	

P(al) = 	C2 + 

13(b 2) = Ê — 02 — + 

By applying these projection operators to the  is  AOs IlsA > and Ilk> in Fig. 7.1, 
we obtain the unnormalized SALCs 

Aai)IlsA> = 2(11sA> + liss>) 

Aai)lisc> 4110 

P(b 2)11sA > = 2(11sA> — IlsB>) 
	

(7.3) 

Neglecting overlap between the  is  A0s, we then have the normalized SALCs 

jo- i (a ip= (11sA > + I lsB >)/N/2 

	

1 0-2(ai)> 	usC > 	 (7.4) 

1 0- 02» = (i 1  sA> — 1  sB>)/N/2  

Application of the projection operators fi(a 2) or /3(b 1 ) to any of the  is  AOs yields 
a null result, and the linear combinations P(a i)IlsB >, fl(b 2)11s8 >, and 15(b 2)Ilsc > 
all either vanish or reproduce the unnormalized SALCs (7.3). Hence, only three 
linearly independent SALCs are generated from the three is basis A0s, as 
expected. In an LCAO—MO—SCF calculation, the two SALCs of a l  symmetry 
will mix to yield the lowest two MOs of a l  symmetry, I la i > and I2a 1 > (Fig. 7.2). 

••• 

aV 

(7.2) 
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Figure-7.2 Symmetry-adapted linear combinations (SALCs) and molecular or-

bitals (MOs) generated from the  i s  AOs in a bent AB 2  molecule. 

The extent of this mixing will be small in triatomics composed of atoms with 
valence electrons in their 2s or higher energy A0s, since the overlap between the 
inner-shell is  AOs in these molecules will be insignificant. The rest of the 
minimal-basis SALCs can similarly be generated using the projection operator 
technique on the 2s and 2p A0s. Mixing between SALCs having similar energy 
and belonging to the same symmetry species then yields valence MOs with the 
qualitative nodal patterns shown on the right side of Fig. 7.3. 

When the bond angle (/) in a bent AB 2  molecule is increased toward 1800 , 
these nodal patterns must be preserved. As the molecule approaches linear 
geometry, the resulting orbital symmetries in D co, may be found by noting that 
the symmetry operations C2, a-  e , and o-', in C2,, correspond to the classes C'2 , h , 

and a„, respectively, in the linear point group. The correlations between AB 2  
orbital symmetries in C2 v  and D op h may then be worked out by requiring that the 
characters of the corresponding classes of operations be identical in both 
irreducible representations. (Some of the characters for ah , which are not 
ordinarily listed in D co, character tables, are + 1 (o- g±  and o-g- ), —2 (mg), —  1 (o 
and o-,;), and +2 (m e)) This yields the correlations 

C 2 ,  E C 2(C2) v(ah) ai v) pooh 
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Figure 7.3 Nodal patterns and qualitative energies of MOs in linear and bent 
triatomic molecules according to Walsh [4]. The lowest three MOs, composed of 1s 
AOs on the constituent atoms (Fig. 7.2), participate little in the chemical bonding 

and are excluded. Horizontal coordinate is the bending angle O. Orbital occupancies 

are shown for linear CO 2  = 1800 ) and for bent NO 2  = 134°). Irreducible 
representations are given for the MOs in Dcot, and C2 , point groups at left and right, 
respectively. 

and these are reflected in the orbital correlation diagram in Fig. 7.3. Note that 
when a linear molecule becomes bent, its doubly degenerate nu  orbitals in D c„ h 

 are split into pairs of nondegenerate a l  and b 1  orbitals in C2,. 

Orbital correlations alone cannot rationalize the electronic structure in 
triatomic molecules; one needs to know how the MO energies are ordered and 
how they are influenced by the bond angle 0. In a remarkably prescient series of 
papers published in the early 1950s (long before accurate wave functions became 
available for polyatomic molecules), Walsh [4] developed semiempirical rules 
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for predicting geometry effects on orbital energies in small polyatomics. Walsh's 
rules for triatomic AB 2  are incorporated in the correlation diagram in Fig. 7.3, 
where the orbital energies and bond angle are qualitatively plotted along the 
vertical and horizontal axes, respectively. Most of the orbital energies are seen to 
increase slightly when linear AB2  becomes bent. The 27r„ orbitals in linear AB 2  
present a key anomaly: one of them correlates with the 6a 1  orbital, whose energy 
falls violently as the bond angle is reduced. 

The electron configurations in AB 2  may now be constructed using the 
Aufbau prescription of placing electrons in successive MOs according to the 
Pauli principle. The first six electrons go into the nonvalence orbitals 1a 1 , 2a 1 , 
and 1b2  (Fig. 7.2). The remaining electrons are placed in the valence orbitals 
which are shown in the correlation diagram (Fig. 7.3). The CO2  molecule, which 
has 16 valence electrons, exhibits the ground-state configuration 

(3o-g) 2(20-„) 2(4o-g)2(3c7J2(1704(17cd4 
	 1 Eg+ 

Since the majority of the occupied orbital energies are minimized at 4) = 1800 , 
CO 2  has linear geometry. In NO 2 , which has 17 valence electrons, the bent 
geometry becomes favored because the "extra" electron goes into the 6a 1  orbital 
whose energy drops sharply when the bond angle is decreased. The electron 
configuration of NO2  then becomes 

	

(3a1) 2(2b2)2(4a1)2(3b2) 2( 1 b1)2(5a1) 2 ( 1 a2) 2(4b2)2(6a1) 1 
	2 A 

In accordance with these predictions, ground-state triatomics with 16 or fewer 
valence electrons (CO 2, CS 2, OCS, N 20) are experimentally found to be linear, 
while those with more than 16 valence electrons (NO2, 03, SO 2) are bent. 

The low-resolution absorption spectrum of SO2  is shown in Fig. 7.4. The 
intense band system lying between 1900 and 2300 A is called the "second 
allowed" band. It exhibits a decadic molar absorption coefficient E ^, 3000 L 
mol cm'  at maximum, which is characteristic of a strongly El-allowed 
electronic transition in triatomics. (Absorption coefficients are defined in 
Appendix D.) The less prominent "first allowed" band system between 2400 and 
3400 A shows s values on the order of 300 L  mol'  cm'.  In the "forbidden" 
band between 3400 and 4000 A, the absorption coefficients of 

0.1 L mo1 -1  cm -1  are typical of those found in spin-forbidden transitions. 
The valence structure in SO 2  is isoelectronic with that in 03 , and we will use the 
orbital nomenclature in Fig. 7.3 to discuss electronic transitions in SO 2 . In so 
doing, we should bear in mind that the "6a 1 " orbital in Fig. 7.3, for example, is 
not actually the sixth lowest-energy a l  MO in SO 2 : This molecule (unlike 03) 
has additional inner-shell a l  MOs arising from SALCs of 2s and 2p AOs 
centered on the sulfur atom. 

The ground state in SO2  has the closed-shell configuration 

( 1a2) 2(4b2)2(6a 1 ) 2 	A i 
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Figure 7.4 Absorption spectrum of SO 2  gas from 1900 to 4000A. The strong 
"second allowed" band system appears between 1900 and 2300 A; the "first 
allowed" band occurs between 2400 and 3400A; and the very weak "forbidden 
band" lies between 3400 and 4000 A. Reproduced by permission from S. J. Strickler 
and D. B. Howell, J. Chem. Phys. 49: 1948 (1968). 

and is a totally symmetric singlet state. According to Walsh's rules (Fig. 7.3), 
some of the lowest-lying excited states in SO2  should be 

. ( 1 a2) 2(4b2)2(6a1) 1 (2131) 1  
1B i,  3/3 1  

. ( 1 a2) 2(4b2) 1 (6a1) 2(2131) 1  1A2, 3 A2 

( 1 a2) 1 (4b2) 2(6a1) 2(213 1) 1  
1B 2,  313 2  

Each of these open-shell configurations gives rise to a singlet and a triplet state; 
the triplet state in each configuration exhibits the lower energy due to Hund's 
rule. The overall electronic state symmetries are given by the direct products of 
irreducible representations for singly occupied MOs (e.g., b2  bi  = A2). The 
second allowed band between 1900 and 2300 A is due to the 'B2  4— 'A I  
transition, which promotes an electron from the 1 a 2  orbital to the 2b 1  orbital. 
This transition is group-theoretically El-allowed (A l  0 B2 = B2) and y-
polarized. This is consistent with an analysis of rotational fine structure in this 
band system [5], which indicates that the electronic transition is polarized in the 
molecular plane. According to Fig. 7.3, this transition removes an electron from 
an essentially nonbonding it-type  orbital (1a2) and places it into an antibonding 
ir* orbital (2b 1 ). This should weaken the S-0 bond in the 1 B 2  state relative to 
the 1 A 1  ground state, and thus endow the 1 B 2  state with longer bonds. This is in 
fact what happens: The S-0 bond lengths in the 'A l  and 'B2  states are 1.432 
and 1.560 A, respectively. Furthermore, the la2  orbital energetically favors 
larger bond angles (its correlation curve minimizes at (/) = 180°), whereas the 2b 1  
orbital energy varies more weakly with 4). Hence the 132  <— 1 A 1  transition 
should produce an excited state with a smaller equilibrium bond angle. This is 
borne out by the experimental bond angles in the 'A l  and 1 B2  states (119.5° and 
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104.3°, respectively). Bent SO 2  exhibits three vibrational modes: an a l  sym-
metric stretch (y 1 ), an a l  bending mode (y 2) and a b 2  asymmetric stretch (y 3 ). 
Since the equilibrium bond angles are so different in the 'A l  and 1 B 2  states, the 
resulting displacement along normal coordinate Q2 between the minima in the 
respective potential energy surfaces causes the Franck-Condon factors 
1<ei v'2 v'3 1v7*;>1 2  to assume appreciable magnitudes for many values of 
Av 2  = v'2  - v'2'. This is responsible for the progression of nearly equally spaced 
vibrational bands which is observed on the long-wavelength side of the second 
allowed system in Fig. 7.4. These arise principally from transitions from v'2  = 0 
in the 'A l  state to v'2  = 0, 1, 2, 3, ... in the 'B 2  state. Such progressions are 
generally associated with significant changes in equilibrium geometry between 
the upper and lower electronic states. 

The assignment of the first allowed band system was controversial for many 
years [5]. It is now known that the low-energy portion of this system (where the 
spectrum maintains a nearly regular band spacing in a progression between 

2800 and 3400 A in Fig. 7.4) is due to the  'A2  +- 'A l  transition. Since no 
vector component transforms as A2 in C2 v , this transition is El symmetry-
forbidden. It is observed anyway (though with lower intensity than the second 
allowed '13 2 4- 'A l  transition), due to a breakdown in the Born-Oppenheimer 
approximation. We recall in Section 3.1 that motion in two electronic states Ilk> 
and lok) in a diatomic molecule may be coupled by a nuclear kinetic energy 
term proportional to 0/410/0/0/4,>. Generalizing this treatment to triatomic 
SO 2 , one finds that nuclear kinetic energy coupling is possible between the I A 2  
state and some other excited singlet state (which we provisionally call 1 B), 
provided that 

oBla/aQkliA2> o 	 (7.5) 

Here Qk is one of the SO 2  vibrational mode coordinates. If Qk were one of the a l  
normal modes, the '13 state would have to be another 1 A2  state to render the 
integrand in Eq. 7.5 totally symmetric as required for a nonvanishing matrix 
element. If mode Qk is the b2  asymmetric stretching mode, however, the 
integrand will transform as F('B) 0 b2  0 A2. This becomes totally symmetric if 
the electronic state 'B has 'B 1  symmetry. As it happens, we have already shown 
that Walsh's rules predict the existence of a low-lying 'B 1  excited state. The 
close energy separation between this 'B 1  state and the 'A2  state then makes for 
substantial kinetic energy coupling between these states by the nontotally 
symmetric b2  vibrational mode. As a result, the 'A2  state no longer has purely 
1 A2  character, but contains an admixture of 'B, character as well. Since a 

1 • 1  
H electronic transition is El symmetry-allowed (and polarized per-

pendicular to the molecular plane), this 'B, admixture to the 1 A2  state renders 
the otherwise forbidden 'A2 4- 'A l  transition partly allowed. This coupling of 
different electronic states by nuclear motion in nontotally symmetric modes is 
an example of vibronic coupling, a phenomenon widely observed in polyatomic 
band spectra. 
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In the Walsh picture, the 'A2  4-  'A I  transition excites an electron from the 
4b2  orbital to the 2b 1  orbital (Fig. 7.3). Such a transition from a nonbonding to 
an antibonding n* orbital should produce an increased bond length, as is 
observed (1.53 versus 1.432 A). In analogy to the 'B 2 4— 'A I  transition, it also 
decreases the bond angle as predicted (from 119.5° to 99°). The question arises as 
to where the 'B, state, from which the 'A l  4— 'A i  transition presumably 
borrows its intensity via vibronic coupling, can be found in the absorption 
spectrum. This 1 13 1  state is not conspicuous in the SO 2  spectrum in Fig. 7.4; it 
may contribute a weak continuum to the high-energy side ( — 2400-2800 A) of 
the first allowed system. 

The forbidden band system (3400-4000 A) arises from a 3 13 1 4— 1 A 1  spin-
forbidden transition. (This 3 13 1  state is the triplet counterpart to the afore-
mentioned "B 1  state.) In this transition, an electron jumps from the 6a 1  orbital 
to the 2b 1  orbital, orbitals that favor smaller and larger bond angles, re-
spectively (Fig. 7.3). Thus Walsh's rules predict that SO 2  in the 3 B 1  state will 
exhibit a larger bond angle than in the ground state, as indeed it does (126.1° as 
compared to 119.5'). 

Investigators have searched in vain [5] for absorption bands due to the two 
remaining low-lying triplet states ( 3A2  and 3 13 2) whose existence is predicted by 
Walsh's ordering of orbital energies. Electronic structure calculations have 
predicted that the 3 11 2  state should absorb in the region around 6000 A, and that 
the 3A2 state should produce a band system at 3400-3900 A. Perturbations in 
the 3 131 4-  'A l  spectrum have been attributed to the presence of a nearby 3 B2  
state. 

7.2 AROMATIC HYDROCARBONS 

The lowest energy electronic transitions in homocyclic aromatic hydrocarbons 
occur at near-ultraviolet, visible, and infrared wavelengths from 2500 A out to 
beyond 7000 A. They involve excitations of electrons in delocalized 7r-type MOs, 
which are composed principally of carbon 2p orbitals oriented perpendicular to 
the aromatic plane. The remaining minimal-basis carbon valence orbitals (the 2s 
orbitals and the 2p orbitals oriented in the molecular plane) are utilized to form 
in-plane ci-type MOs directed along the chemical bonds. Excitations of electrons 
in ci-type MOs to unoccupied MOs require far higher photon energies (in the 
vacuum ultraviolet), and are not considered in this Section. 

A well-studied aromatic molecule is aniline, C 6H 5NH2 , which differs from 
benzene in that one of the six hydrogens has been replaced by the amino group 
—NH 2 . To a first approximation, the  it  MOs may be formed from linear 
combinations of the six out-of-plane carbon 2p A0s. In benzene, these MOs 
would have to transform as irreducible representations of the D61, point group 
(see below). It is reasonable to expect that amino group substitution will perturb 
the 7r-electron system in aniline, however, reducing its effective point group 
symmetry to C2,. (In fact, the plane containing the three atoms in the amino 
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Figure 7.5 Nodal patterns and irreducible representations in C2 , of orbitals in 

aniline, C 6 1-1 5 NH 2 . 

group is inclined from the aromatic plane by 39 0  in ground-state aniline, so that 
the environment experienced by the 7r-electron system does not even show C2, 

symmetry. This point will be ignored in our treatment.) The nodal patterns for 
the six lowest-energy n MOs are shown in Fig. 7.5. This diagram also gives the 
alignments of the x, y, and z axes which are standard in discussions of excited-
state symmetries in aniline. Since each carbon atom contributes one electron to 
the n system, ground-state aniline will have the closed-shell n-electron 
configuration 

( 1 b1)2(2b1)2(1a2) 2 
	

1 A 1  
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while the lowest four excited states should have the configurations 

(1b 1 ) 2(2b 1 ) 2(1a2) 1 (2a2) 1 	1 A1 , 3 A1 

(1b 1 ) 2(2b 1 )2(1a2)  ' (3b1) 1  
113 2,  313 2  

(1b 1 )2(2b 1) 1 (1a2) 2(2a2) 1  'fl  1 2, 3B 2 

(1131) 2(2131) 1 ( 1 a2) 2 (3b1) 1  lA 1, 3A 1 

The singlet ground state S o  is therefore totally symmetric, while the lowest 
excited singlet S I  is either a 1 A 1  state or a 1 13 2  state. Both types of excited states 
are El-accessible from the 1 A 1  ground state: the 1 A 1  <– 1 A 1  and 1 B 2  1A 1  
transitions should be polarized along the z and y axes, respectively. This 
situation poses an interesting contrast to that in benzene, which is considered at 
the end of this section. Under the D6h symmetry of benzene, some of the 
analogous transitions (including the S I  4– S o  transition) prove to be El-
forbidden. 

The S 1  4– S o  fluorescence excitation spectrum (total fluorescence intensity as 
a function of excitation wavelength) is shown in Fig. 7.6 for aniline vapor at 
room temperature. Also shown in Fig. 7.6 are several of the aniline vibrational 
modes (labeled in accordance with the Varsanyi [6] normal mode nom-
enclature). The most prominent bands in the spectrum are assigned using a 
notation that concisely specifies the aniline vibrational levels in the upper and 
lower states. The 14, band, for example, corresponds to a transition from an So

-state molecule with zero quanta of vibrational energy in the a l  mode number 12, 
to an S I -state molecule with one quantum in mode 12. The origin band (arising 
from a transition between vibrationless So  and S I  states) is denoted the 02 band. 
The very fact that Fig. 7.6 shows a strong 02 band—implying that the S I  4-- So  
transition occurs without succor from vibronic coupling through vibrational 
excitation of either the S I  or S o  state—means that the S l  4—  So electronic 
transition is intrinsically strongly El-allowed. Hence the original D6h symmetry 
of the 7r-electron system in benzene is significantly distorted by the presence of 
amino group. In contrast to the allowed band systems in SO 2  (Fig. 7.4), no 
regular progressions of nearly equally spaced bands occur in the aniline 
excitation spectrum. For that matter, the great majority of the aniline bands 
arise from transitions in which no vibrational quantum number changes by 
more than 1 unit. Unlike the allowed transitions in SO 2 , then, the S <– So  
aniline transition is not accompanied by large geometry changes along its totally 
symmetric modes. 

To determine the symmetry of the S 1  state, Christofferson et al. [7] analyzed 
the rotational structure of several of the bands. The appearance of the 02 
absorption band under high resolution is shown in the top portion of Fig. 7.7. In 
a molecule as large as aniline, such a contour comprises some 30,000 rotational 
transitions, and so there is little hope for resolving individual lines. Instead, the 
contour is compared with a computer simulation that calculates the asymmetric 
rotor energy level differences, weights the intensities of allowed rotational 



i 
16a, 

16a1,T,I  1 1,6a°  1 
1 	ot I 

Ii6a,T, 
1 

2975 

:I 6G 
161 a, 	I 2 

T 2  
2u,  I  6OC:T4/1 	0 

1601t Ti .  

2825 	2850 	2875 	2900 	2925 	2950 	29754 
A 

oo° 

6a
i
o 

o I  

29004 

a l 

ØØ 6o 

02 

- . 

0 

• * 	') 
I6o 

0 	z 
 • 

• 

C) 

- _ 

z 

„„ 

c 

0 

0 
0 la 

1; 	., . 
c. 
:: 
;.: c 	c 

160 
0 	: 

tD 

1) 

- - 

0 

c 

Z 

0 

0 

c 

ell  

b2  •  

Figure 7.6 Fluorescence excitation spectra of aniline vapor: (a) 0.3-torr pressure, 

0.32 A resolution; (b) 0.24-torr pressure, 0.08-A resolution. Also shown are several 
normal vibrations that are active in the fluorescence excitation spectra. Used with 
permission from D. Chernoff and S. A. Rice, J. Chem. Phys. 70: 2521 (1979). 
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Figure 7.7  Rotational fine structure of the og absorption band in aniline vapor. The 
experimental rotational contour is shown at top; the theoretical simulations labeled 
(b), (c), and (d) were generated using identical rotational constants, but assumed 

<— S o  transition moments polarized along the h, a, and c principal rotational axes, 
respectively. This work established that the S, <— S o  transition in aniline is polarized 
along the b axis (Fig. 7.8), or equivalently, y-polarized (cf. Fig. 7.5). Reproduced by 
permission from J. Christofferen, J. M. Ho Ilas, and G. H. Kirby, Mol. Phys.  16,  441 
(1969).  

transitions with the degeneracies and Boltzmann factors of the lower levels, and 
superimposes the lines (broadened to replicate the known experimental re-
solution) to generate a theoretical spectrum. The rotational constants A", B", C" 
of So  state aniline were already known from microwave spectroscopy. The S 1  
state rotational constants A', B', C' may be varied to optimize the theoretical 
spectrum to fit to the experimental contour. A crucial point here is that the 
contour shape is extremely sensitive to the rotational selection rules, which in 
turn hinge on the relative orientations of the S 1  4-- So  transition moment and the 
principal rotational axes a, b, and c (Fig. 7.8). We have already seen in Section 
6.6 how the rotational structure in vibration—rotation spectra is influenced by 
the alignment of the vibrational transition moment with respect to the 
rotational axes. The three theoretical contours in Fig. 7.8 were generated using 

75 

50 

0 

50 

0 

50 

50 



1B 3u  

AROMATIC HYDROCARBONS 239 

a 

 

Figure 7.8 Orientations of principal rotational axes in 

aniline. The c axis is perpendicular to the paper. 

identical upper state rotational constants, but assuming different directions for 
the S 1  4—  So transition moments. It is clear that the observed contour is only 
consistent with an electronic transition polarized along the b principal rota-
tional axis, which is equivalent to the y axis in Fig. 7.5. Hence the S 1  state is a 
1 B 2  rather than 'A l  state. This example illustrates the power of rotational 
contour analysis for assigning electronic transitions. 

Naphthalene, C 10H 8 , is a planar molecule belonging to the D2h point group. 
Ten it-type  SALCs may be derived by application of the D2h projection 
operators to the out-of-plane carbon 2p orbitals; the qualitative nodal patterns 
of the resulting it MOs are shown in Fig. 7.9. We use the Panser  coordinate 
system, in which the in-plane x and y axes are aligned with the long and short 
axes in naphthalene; the z axis is perpendicular to the molecular plane. Since 
naphthalene has ten electrons (one donated by each carbon) in its it orbitals, its 
ground state S o  will have the closed-shell configuration 

(1b 1 „) 2(1b 2g)2(1b3g)2(la„) 2(2b 1 „)2 
	

"Ag  

The lowest few excited singlet states are then expected to be 

. . . (1a,,) 2(2b .) 1 (2b 2 di  
• • • (1a„) 2(2b 1 „) 1 (2b3g) 1  

• • ( la)'(2bi u) 2(2b2) 1  

The S l  4—  So transition to the lowest excited singlet state in napthalene is the 
'B 3„ <— 'A g  transition. Since the 'Ag  state is totally symmetric and the vector x 
transforms as B 3„ in D21„ this transition should presumably be El symmetry-
allowed and polarized along the long axis. The next higher spin-allowed 
transition (S 2  4— S o) is a symmetry-allowed B 1- 2u 4-- ' Ag  transition. The vector y 
transforms as B2 u , so this transition should be polarized along the short axis. 
The S2 4—  So transition is in fact responsible for an intense electronic band 
system in the near ultraviolet. 

In Fig. 7.10, S I  <— So  fluorescence excitation spectra are contrasted for room-
temperature collisionless naphthalene (at a pressure of — 5 x 10 -  torr) and for 
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Figure 7.10 Fluorescence excitation spectra of naphthalene: (a) in room-

temperature vapor at 5 x 10 -5  torr; (b) in supersonic jet, 0.07-torr hydrocarbon in 
4 atm helium. The 8(b 19 ), peak in the jet spectrum extends considerably offscale. 
Used with permission from S. Behlen, D. McDonald, V. Sethuraman, and S. A. Rice, 
J. Chem. Phys. 75: 5685  (1981).  

240 



AROMATIC HYDROCARBONS 241 

naphthalene in a supersonic jet. The "bulb" spectrum is broadened by rotational 
profiles at room temperature. The supersonic jet spectrum differs radically from 
the bulb spectrum because the effective rotational and vibrational temperatures 
in the jet are less than — 10 K. The rotational cooling sharpens the vibrational 
bands, while the vibrational cooling removes hot bands caused by transitions 
from vibrationally excited S o  molecules. The jet spectrum is clearly more useful 
for making spectral assignments and for studying the S i  state vibrational 
structure. 

It can be shown using the group theoretical methods in Chapter 6 that 
naphthdlene possesses nine ag , eight b ig , three b2g , four b3g , four an , four b i „, 
eight b2 „, and eight b 3 „ normal modes. Each normal mode is denoted with a 
numerical prefix indicating its rank in frequency among modes of the same 
symmetry. For example, mode 8(b ig) is the b ig  mode having the eighth highest 
(i.e., the lowest) frequency among b ig  modes. This notation is employed in the 
vibrational band assignments in Fig. 7.10: The band 7(ag) arises from a 
transition between an S o  molecule with zero vibrational quanta in mode 7(ag) 
and an S i  molecule with one quantum in mode 7(ag). A distinguishing feature of 
the naphthalene S i  4—  So spectrum is the weakness of the 02 transition between 
vibrationless S i  and S o  states (this transition is labeled "origin" in Fig. 7.10). 
Even though the S i  4— S o  transition is El symmetry-allowed in naphthalene, it 
so happens that the pertinent electronic transition moment Me  (Section 4.4) is 
numerically much smaller than expected for a strong El transition. (In the 
oscillator strength language which will be developed in Chapter 8, the S i  <— So  
transition exhibits f 0.001; the strongly allowed S2 4—  So transition that 
occurs at higher energies exhibits f — 1.0.) The presence of b ig  vibrational 
modes allows vibronic coupling between the  1 B 3 „ S i  state and the nearby 1 B2u 
S2 state (since B 3„ 0 b ig  0 B2 u  = Ag). The 1 B3 u  SI state then gains some of the 
'B2 „ character of the S2 state, and consequently borrows some of the intensity of 
the strong S 2  <— So transition. This vibronic coupling accounts for the 8(b 1g),,, 
7(b ig), and to some extent the 8(b ig)1,8(ag) (1)  bands, all of which are an order of 
magnitude more intense than the origin band at 32,018.5 cm -1 . Since most of 
the intensity in these bands is due to the 1 B 2n  admixture into the 'B3n  S i  state, 
these bands are polarized along the short axis (rather than along the long axis as 
would be expected for an intrinsically strong 1 13 3n 4- 1 Ag  5 1 +-S0  transition). It 
will be shown in the following section that the vibrational selection rule in these 
vibronically induced transitions is dv =  ±1, ±3,  ... in the normal mode 
responsible for the vibronic coupling. This is why one observes transitions such 
as  8(b 1g), but not 8(b ig)6. 

The bands designated 9(ag)1), 8(ag),!) , 7(ag)1) , and 3(ag)1; are also vibronically 
induced bands, occasioned by vibronic coupling of the 1 13 3n  S i  state and some 
higher energy 1 B 3 „ Sn  state by the respective totally symmetric modes 
(B 3„ 0 ag  0 B3 u  = Ag). While this mixing of Sn  into S i  does not modify the B3 u  

character in S i  levels having excitation in ag  modes, it will enlarge the S i  <— So  
transition moment if the S„ 4— So  transition is more intense than the intrinsic 
S i  4—  S0 transition in the absence of vibronic coupling. These bands in the 
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SI 4-  So  spectrum should exhibit the long-axis polarization of the intrinsic 
Sn  4--- S o  (' B 3u  'Ag) transition. All of these band polarizations have been 
confirmed by obtaining absorption spectra of napthalene doped as an impurity 
into host crystals, where the napthalene orientations relative to the crystal axes 
are independently known. 

Another notable feature in the napthalene S I  4-- So  spectrum is the lack of 
progression formation—the absence of intense bands like  8(b ig) O- (ag)4 with 
n>  1. This indicates that large geometry changes do not occur along totally 
symmetry modes in the S l  4-- S o  transitions. In this respect, napthalene is similar 
to aniline and contrasts with SO 2 . 

The benzene molecule C 6H6  exhibits D6h symmetry. The nodal patterns of 
the six  it-type  SALCs formed from linear combinations of out-of-plane carbon 
2p AOs are shown in Fig. 7.11. With six  it electrons, benzene has the totally 

a2u 

Figure 7.11 Nodal patterns and irreducible representations in Det, of n orbitals in 

benzene, C61-16. 
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symmetric A ig  ground-state configuration (a2u)2(e lg)4. Its lowest lying excited 
states arise from the configuration (a2u)2(eig)3(e2u)1;  they have the overall 
electronic symmetries e lg  0 e2„ =  B 1  . C-) B2u 10 E h,. The intrinsic (i.e., not 
vibronically induced) electronic transitions B 1  — 1. 4--  l A lg  and 113 2u 4--  iA lg  are 
symmetry-forbidden. The E ' 2u 4- l A lg  transition is El-allowed, and has been 
assigned to an intense (f — 1.0) band system at 1850 A. The lowest spin-allowed 
transition S 1 4— So  in benzene is associated with a much weaker system 
(f — 0.001) at 2600 A; its spectrum is shown in Fig. 7.12. This must be either the 
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Figure 7.12 S i  <— So  absorption spectra of benzene between 2300 and 2700A in 
the vapor, in  C6  F 14 ,  and in C 6 1-1 14 . Used with permission from C. W. Lawson, F. 
Hirayama, and S. Lipsky, J. Chem. Phys. 51: 1595 (1961). 
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' 13 1u 4-- l A ig  or the 1B2u 	lAig  transition, with El intensity gained through 
vibronic coupling. 

The 30 normal vibrations available in benzene include two a ig , one a2g , two 
b2g , one e ig , four e 2g , one a 2 „, two b iu , two b2u , three e iu , and two e 2„ modes. 
For a vibronically induced El transition from S o  to S i , the latter state must be 
coupled to either an Eli, state (which transforms as x, y) or an A2u  state (which 
transforms as z). In the latter case, the S i  So  absorption spectrum would 
exhibit parallel bands polarized along the z axis. For S i  states having B iu  and 
B2u symmetry, respectively, b2g  and b ig  modes would be required to effect 
coupling to an A2 „ state. Benzene has two b 2g  modes, but no b ig  modes. Since no 
parallel bands have ever turned up in the S i  4-- S o  spectrum, the S i  state is a B2u 

rather than a 1 B iu  state. 
Perpendicular bands (polarized in the molecular plane) may appear due to 

vibronic coupling of the 1 13 2u  state with the higher energy E iu  state through 
vibrations of e 2g  symmetry. The lowest frequency (605 cm') e 2g  mode, called 
mode 6 in current spectroscopic literature, yields the largest B2u 4—° 1 E1 u 

vibronic coupling in benzene. (In the Herzberg-Teller theory of vibronic 
coupling developed in the following section, lower-frequency modes are predic-
ted to yield stronger coupling.) Hence, the vibronically induced bands  6, 67,  6, 
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61 are prominent in the S 1  4—  So  spectrum; the last three are hot bands which 
occur in bulb spectra. The distinctively regular progression in the benzene 
spectrum of Fig. 7.12 appears because the geometry change associated with the 
S 1  4—  So transition has a large component along the totally symmetric "brea-
thing" mode (which is called mode 1). For this reason, one observes, in addition 
to the transitions 61), 67, 6?. , 61, the transitions 61,1 14, 674, 61. 4, 614 with n 1 
(Fig. 7.13). 

7.3 QUANTITATIVE THEORIES OF VIBRONIC COUPLING 

In our qualitative discussions of vibronic coupling in Sections 7.1 and 7.2, we did 
not develop any method for predicting vibrational band intensities or 
vibrational selection rules in electronic band spectra in which vibronic coupling 
is important. Vibronic coupling generally arises from interactions between 
nuclear and electronic motions [8]. The Herzberg-Teller (HT) theory of vibronic 
coupling deals with the ramifications of the vibrational coordinate dependence 
of the electronic transition moment; it thus examines one aspect of coupling 
between nuclear and electronic motions. The Born-Oppenheimer (BO) vibronic 
coupling theory is concerned with interactions arising from the nuclear kinetic 
energy operator  T(Q) = — (h 2/2) a2/aQ7 ;  these interactions are analogous to 
those described for diatomic molecules in Section 3.1. Earlier in this chapter, we 
rationalized vibronic coupling in the 1 A2  state of SO 2  in terms of such nuclear 
kinetic energy coupling. The HT theory has accounted for vibronic band 
intensity distributions to a first approximation in many organic molecules; the 
BO theory has been invoked to improve on the quantitative predictions of HT 
theory. 

Let the initial and final states in an El optical transition be represented by the 
Born-Oppenheimer states 

nv(q, 	= 	Q)X7( 02)> 	 (7.6) 

and 

W..(q, 	= Itfrn(q, Q)X(Q)> 	 (7.7) 

where q and Q represent the electronic and normal coordinates, 11//.> and It/in > 
are the initial and final electronic states, and le, > and bc> are the respective 
vibrational states. In analogy to Eq. 4.49 for diatomics, the transition moment 
integral is given by 

p.. ,„. = <znivr - ley> 	 (7.8) 

where Mr" is the electronic transition moment 

AK"n = 
	 (7.9) 
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In the Herzberg-Teller theory, Mrn (whose notation we now truncate to M„,„) 
is expanded in a Taylor series in some normal coordinate Qk about its 
equilibrium value Qk = 0, 

(OM
mn 	

\ 
Mnin(Q) = Mnin(0) + 	o 	Qk 

" 	o 

This renders the El transition moment equal to 

/OM \ 
Mmn0XXIvnbar> 	mn

841 	
<X71 42kba> ± • • • 

0 

(7.10) 

(7.11) 

M„,„(0) is nonzero only if the electronic transition is intrinsically El-allowed 
(as in the aniline S 1  <— S o  system or in the second allowed system of SO2). It is 
small for the naphthalene S 1  4—  So system, and it vanishes for the S 1  <— So  
transition in an isolated benzene molecule. In the latter two molecules, intense 
vibrational bands can thus arise only from the first-order term (or in principle 
from higher-order terms) in Eq. 7.11. HT theory retains only the first-order term 
in Eq. 7.11. IfQk  is a nontotally symmetric mode having the same frequency and 
equilibrium value in both electronic states m and n, the Franck-Condon 
amplitude <X1,m1Xn.>  vanishes by symmetry unless the number of quanta in mode 
Qk changes by Av = 0,  ±2,  + 4, .... However, (Zniv IQkley> vanishes unless 
Ay = + 1, + 3, ... If Qk is totally symmetric, however, both terms in Eq. 7.11 may 
simultaneously be nonzero, allowing interferences to occur between the zeroth-
order (intrinsic) and first-order (vibronically induced) components of p.„,„„,. 

The vibronically induced component, which is proportional to (aMinnial2k)o, 
controls the vibrational band intensity according to HT theory when the 
intrinsic electronic transition is forbidden. Since the electronic dipole moment 
operator x i  depends only on the electronic coordinates (Eq. 4.47), we have 

(7Q-kn)0  = okinipei 	) KZ:  Peilikn> 

-P- 	Plkm1PollfriXtkii aNtfrik) + ( aalfrQmk 	i ><OillieliOnd (7.12) 

This leads to an explicit expression for the vibronically induced component of 
the transition moment according to Herzberg-Teller theory, 

a 	a 
4n' ,v. = 	 < Of il 	n> — <0.1 i> 	n>i<xivnIQkIK> 

(7.13) 

The first set of terms on the right side of this expression may be physically 
interpreted as follows. The upper electronic state  I//> in the transition nw <— mv 



QUANTITATIVE THEORIES OF VIBRONIC COUPLING 	247 

can be mixed by vibration in normal coordinate Qk  with some other electronic 
state IC> to an extent that is proportional to <tk i 10/042 kIlk„>. The nw my 
transition moment, which would be zero in the absence of vibronic coupling if 
the intrinsic transition is forbidden (Mm„ = 0), can then borrow intensity from the 
i m electronic transition provided that <0.ipel itii i > is nonzero. Since aiaQk  
transforms as Qk  under molecular point group operations, the matrix element 
<iiii 10/0Qk l0„) required for intensity-borrowing is nonvanishing only if the direct 
product F(C) C) F(Qk) /-(0„) contains the totally symmetric irreducible rep-
resentation. This symmetry requirement is identical to the one we used in our 
more qualitative discussions of vibronic coupling in SO 2 , naphthalene and 
benzene. We may interpret Eq. 7.13 less formally by saying that when state 10„> 
is vibronically coupled to some other state I vi i>, it becomes replaced by the 
mixed state It/i n> + Ok i>, where a is a small number proportional to 
<C10/0Qk it/i n >. The transition moment  Prnn =< mX IPeiI' nX v> is then superseded 

, 

in the Herzberg-Teller picture by 

= 	 + <0„,x'vnlpeilOixn  

which says that if the intrinsic nw my transition is forbidden 
(<One, Weilikanw> = 0), it can still occur if the i <— m transition is allowed 
(<IP.X71Poil1'iX nw> 0 0) and if states  I'l',>  and IC> are vibronically coupled (a 0 0). 

The second set of terms in the summation of Eq. 7.13 represents vibronic 
coupling of the initial state I0,n > with other states IC> through vibration in mode 
Qk. The transition nw my then borrows intensity from the electronic trans-
itions i <— n. In most situations of interest, Ilk.> and I> are ground and excited 
states, respectively, in an absorptive transition. Other electronic states tend 
to lie closer in energy to IIIi n > than to 'O m >, and so workers have frequently 
assumed that the "intensity-lending" states I tk i> are much more strongly coupled 
to the excited state  Il/',>  than to the ground state 10,,>. This approximation 
(which ignores the second set of terms) has been challenged, however [9]. It may 
be shown that 

= 	
(tkilallolaQk10.>  E 

aQk 0 	 Ei  — En 	kili> (7.15) 

where 110  is the electronic Hamiltonian and the Ei , En  are electronic-state 
energies. For a nontotally symmetric, harmonic mode with identical frequencies 
in both electronic states, we have the selection rule dy + 1 in the vibrational 
integral <Iry 1 42k1Xnw>. Use of second quantization then shows that 

h )1/2 	 3N-6 
<X71Q/c1K> (e, 	 N/[14, Wk] E oe7(wix(2;)> 	(7.16) 

  j*k 

where yk  and  co k  are the reduced mass and frequency in mode k, and [vk , wk] is 
the larger of the two quantum numbers of vibrational states y and w in normal 
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coordinate Qk. Combining Eqs. 7.15 and 7.16 yields the conventional expression 

• HT 
P•mn,vw 

i> 	ila H 01 aQkil n>  
= i*2.r 

 n 	 E. —E  

(2, 
n 

-04)1/2 

	 3N — 6 

X  	N/[14, wit] H <x7(2i)Ix(Qi)> 	(7 . 17) 
j* k 

for the vibronically induced transition moment in the Herzberg-Teller theory. 
(The last factor in Eqs. 7.16 and 7.17 is simply a product of Franck-Condon 
amplitudes in all modes other than mode Qk .) Herzberg-Teller coupling appears 
to account fairly well for the relative intensities of the vibronically induced 
bands in the naphthalene S 1  <— S o  spectrum. Equation 7.17 predicts that 
vibronically induced band intensities will vary as lkok  with the frequency of the 
nontotally symmetric mode. This is in accord with the observation that lower-
frequency modes of appropriate symmetry tend to be more active in vibronically 
induced spectra. 

Vibronic coupling through the nuclear kinetic energy operator t(Q) rather 
than through Q-dependence in the electronic transition moment M. can be 
treated in a manner that parallels our discussion of the Born-Oppenheimer 
approximation in diatomics (Section 3.1). The Born-Oppenheimer theory of 
vibronic coupling predicts that the induced transition moment will be 

hcok 	 a 
p,11(n)  w E Ei  — 

ko k 	a 
+ E  Em 
	 <LTIQkiK> 	(7.18) 

i  — 	uvk 

If vibronic coupling of the lower electronic state O.> to higher states 10 i > is 
ignored (by setting <0.1a1a 4110i> = 0), comparison of Eqs. 7.13 and 7.18 
immediately shows that 

pnBmO vw  

p Hm nT v w  
= hcok/(E i  — (7.19) 

   

if the coupling is dominated by one of the higher states I tk i >. The vibrational 
spacing hcok  in mode Qk is frequently small compared to the energy gap (E i  — E,) 
between coupled electronic states. For example, Iti/ i > and On > can represent the 
S 1 ( 1 13 3.) and  S2( 1 B 2 ) states that are separated by — 3800 cm -1  in naphthalene; 
they are vibronically coupled by b lg  modes with hcok  = 512 and 944 cm in the 
jet spectrum shown in Fig. 7.10. Hence, BO coupling has frequently been  
assumed to be insignificant relative to HT coupling, a presumption that has 
been questioned by Orlandi and Siebrand [9]. It is necessary to invoke BO as 
well as HT coupling to reproduce the details of the naphthalene S 1  4—  So band 
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intensity distribution, because the intensity borrowing and lending states (S2  
and S 1 ) are unusually close together in this molecule. 

We finally comment on the vibrational selection rules for vibronically 
induced transitions. The intensity of a vibrational band which occurs through 
vibronic coupling in normal coordinate Qk  is proportional to I <Z71 Qkiew>1 2  in 
both the Herzberg-Teller and Born-Oppenheimer theories. When mode k is 
nontotally symmetric, the symmetry selection rule in that mode will be 
dy + 1,  ±3,  ... if the equilibrium position is undisplaced along Qk in the 
electronic transition. If mode k is also harmonic, with similar frequencies in both 
electronic states, the more restrictive selection rule Av = + 1 applies. In such a 
case, the band intensity becomes proportional to h[vk , wk]/2,uk cok  times a 
product of Franck-Condon factors over all vibrational modes other than mode 
k according to Eq. 7.16. For this reason, one observes the vibronically induced 
transitions N), 67, 6?, 61 in the S I  So  spectrum of benzene, but not 61, 66, or  6.  
One similarly obtains the vibronically induced bands 8(b ig) and 7(b 1g) (1., in the 
naphthalene S 1  4-  So  spectrum, but not bands like 8(b 1g)6. In the first allowed 
band progression of SO 2  (in which the upper state 1 A2  is vibronically coupled to 
a higher '13 1  electronic state by asymmetric stretching mode 2, which has b2  
symmetry), the selection rules permit the transitions 17)2 (1)  and 126 with various 
n, but not 1'42S or l'426. 

7.4  RADIATION LESS  RELAXATION IN ISOLATED 
POLYATOMICS 

When an isolated (collision-free) molecule is prepared in an excited vibronic 
level, its probable subsequent fate depends fundamentally on whether the 
molecule is "small" or "large" (the criterion for "largeness" will be developed in 
this section). If one excites the 13 1 11„ state in y = 5 of Na2  at sufficiently gas low 
pressures, that pumped level will decay almost exclusively by emitting a 
fluorescence photon—and one can be confident that essentially all of the 
fluorescence in a system of Na2  molecules so excited will be emitted specifically 
by y = 5 in the 13 1 Il u  state. However, a pumped vibrational level (say 6') in 
collision-free S I  benzene (which is assuredly a "large" molecule in the context of 
radiationless relaxation theory) has access to many decay routes that do not 
involve emission of a photon. These radiationless decay routes include conver-
sion of a 6' S 1  molecule into a vibrationally excited S o-state isoenergetic with 
the 6 1  S state (internal conversion), and conversion into some vibrational level 
of T 1  (lowest triplet state) benzene with a total energy that closely matches that 
of 6 1  S I  benzene (intersystem crossing). Internal conversion and intersystem 
crossing are generic terms for spin-allowed and spin-forbidden nonradiative 
electronic-state changes, respectively. 

Since the molecule is isolated, these radiationless processes must be energy-
conserving. Since they are energy-conserving, it might seem a priori that they 
should be reversible. For example, T 1  benzene formed by intersystem crossing 
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(ISC) from 6 1 S benzene should be capable of reverting back to the initial state. 
The processes are in fact irreversible, even in isolated large molecules. (In 
nondilute gases and in solution, these radiationless decay processes would 
appear irreversible in any case, because collisions would rapidly remove the 
excess vibrational energy from the vibrationally hot S o  or T 1  molecules formed 
in IC or ISC, rendering them energetically incapable of recreating a 6 1 S 1  
molecule. The point we are making here is that the energy-conserving non-
radiative decay processes themselves are irreversible in collision-free large 
molecules.) Unlike diatomics, large molecules can thus spontaneously decay 
nonradiatively into electronic states other than the pumped state, and emit 
luminescence from those states. 6 1 S 1  benzene can emit a fluorescence photon, or 
it can undergo ISC to some vibrational level within the T 1  manifold of levels 
(which may then phosphoresce), or it may undergo IC to the S o  state (Fig. 7.14). 
The peculiarities of large-molecule photophysics and their contrasts to small-
molecule behavior occupied the attention of a number of foremost theoreticians 
during the 1960s and 1970s [10]. 

The general problem of isolated-molecule nonradiative relaxation may be 
stated as follows. A Born-Oppenheimer molecular state itp s > in electronic state 
manifold A is prepared in a molecule by photon absorption from some lower 

Fluorescence 

Phosphorescence 

Figure 7.14 Possible radiationless processes following creation of 6 1  So  benzene, 
one of the vibronic levels which is El-accessible from ground-state benzene (cf. Fig. 
7.13). This level may undergo internal conversion (IC) to an isoenergetic, vibration-
ally hot So  molecule, or it may undergo intersystem crossing (ISC) to an isoenergetic 
level in triplet state T.,. The T 1  S o  phosphorescence transition can be monitored 
for experimental evidence of ISC. Time-dependent S 1  -4 S o  fluorescence decay 
furnishes a probe for depopulation of S, through radiative (fluorescence) and 
nonradiative (IC, I SC) decay. 
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Born-Oppenheimer stateltk g > as shown in Fig. 7.15. Electronic state B possesses 
a manifold of Born-Oppenheimer states IC> with energies E.  which span the 
energy region of the state IC> having energy E.  One wishes to calculate the rate 
of decay of the initially excited level lc> into the IC) manifold due to 
perturbations like nonadiabatic and spin—orbit coupling, and also to determine 
the conditions under which such decay will be irreversible. The Born-
Oppenheimer states and Hamiltonian are analogous to those we used for 
diatomics at the beginning of Chapter 3. The total Hamiltonian 

R = (q) + D(Q) + U(q, Q) + V(Q) + fl 0 	(7.20) 

contains the electronic kinetic energy, nuclear kinetic energy, electronic potent-
ial energy, nuclear repulsion, and spin—orbit operators, respectively, which are 
functions of the electronic and/or nuclear coordinates q and Q. The reduced 
Schrödinger equation for electronic motion is 

Ci"(q) + U(q, Q)]Itk i(q, Q)> = E 1 (Q)10 1 (q, Q)> 	 (7.21) 

where the  II', >  are fixed-nuclei electronic wave functions and the  E1 (Q) are 
potential energy surfaces for nuclear motion in the electronic states >. The 
total wave function is the superimposition of Born-Oppenheimer states 

= 	Q)>IX1(0> 	 (7.22) 

E 

Figure 7.15 General problem for nonradiative decay of an excited Born- 

Oppenheimer state with energy Es  in electronic state A, prepared by photon 
excitation of a level with energy Eg  in the electronic ground state. The prepared state 

s> is connected by perturbations (spin—orbit coupling, nonradiative coupling, etc.) 
to a set of Born—Oppenheimer states 10 1 > with energies E.  in electronic state B. The 
states IC> are not accessible by El transitions from the ground state. 
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and satisfies the total Schrbdihger equation 

ROW, 42» = wItlf(q, $2)> 
	

(7.23) 

This requires that 

+ D(Q) + U(q, Q) + V(Q) + Hs. — W] 	Q)x l(Q)> = 0 

(7.24) 

In analogy to what was done in Section 3.1, we multiply this equation by <0.(q, 
a and use the facts that 

<0 ni l t(q) + U(q, 	= EnA d  

	

<0.1 11(0101> = 17(Q)(5 .1 
	 (7.25) 

<0.1W101> = W6 .1 

to obtain the coupled equations 

CD(Q) + Em(Q) + V( 12) + <CnIt(Q)0.> + <0.111s010.> — WilX.(Q)> 

--E <0.11V)10 	» 1>Ixi(Q ,  

	

h 2 	a 	alb>  
2 —2tik  <0.1 aQk  Itfri> aQk  

_ — Ofr.1h1soltfri>lxi(Q)> 	_ 

where  Uk  is the reduced mass in normal coordinate Q 1, and lx„,> and  Ix>  are the 
vibrational wave functions in Born-Oppenheimer states  hl/m>  and  I Il',>.  When 
the right side of this equation vanishes (i.e., nonadiabatic and spin—orbit 
coupling are negligible), the motion is confined to a single Born-Oppenheimer 
state (10„,> in this example). All of this parallels what we demonstrated for 
diatomics in Section 3.1. 

Returning to the general problem, the pumped BO state IC> may be coupled 
by terms like those on the right side of Eq. 7.26 with varying strengths to a large 
number of levels in the > manifold with irregularly spaced energies Ei . Since 
this general problem is not tractable to analytic solution, Bixon and Jortner [11] 
studied an idealized system in which the energies of the IC> manifold are equally 
spaced, 

	

E.  = E, — a + is 	i = 0, +1, +2, ... 	 (7.27) 

+ E (7.26) 

where Es  is the energy of BO state It/i s  > and a, E are real constants. They also 
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made the simplifying assumption that the coupling matrix element 

<C1 1:1 10i> =  y 	 (7.28) 

has the same value regardless of the final level i, so that all BO levels IC> have 
identical nonadiabatic couplings to II'>.  The density of final states p i  is 1/s, a 
constant independent of Ei , since the latter energies are equally spaced (Fig. 
7.16). It was also assumed that 

ofrs ffli > = 
	< 	> = o 

Mc> =  E. 	ofrgifil 	= o 	(7.29) 

<tk ilill > = o 

so that nonadiabatic coupling occurs only between itks > and the states in the 
manifold. In the presence of the perturbations (i.e., nonadiabatic and spin—

orbit coupling) which are in'cluded in the total Hamiltonian fi, the BO states 
IC> and the IC> will become modified into the mixed states 

I W.> = an Itks > + 	bi> 	 (7.30) 

which satisfy 

fli t>  = E. I wn> 
	

(7.31) 

It is important to differentiate here between the energies Es ,  E.  (which are 
eigenvalues of the BO Hamiltonian t(q)+ U(q,Q)) and the energies E„ (which 

E. 

Es  

  

 

Figure 7.16 Simplified level scheme studied by Bixon 
and Jortner. The levels E, in electronic state B are 
equally separated with spacing c; the level E0  is offset 
from the photon-excited level Es  by an arbitrary energy 
a The coupling matrix element 0//5 1/410 1> = y is as-
sumed to be the same for all states IC>. 
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are eigenvalues of the complete Hamiltonian 	including nonadiabatic and 
spin-orbit coupling). The expansion coefficients in Eq. 7.30 must satisfy 

-

a.

-  

=E (7.32) 
b7 

H 

Using the matrix elements of n assigned by Bixon and Jortner in Eqs. 7.28 and 
7.29, this is equivalent to saying that 

      

 

an  

 

a„ 

 

    

0 
b7 

=E 
b7 

(7.33) 

     

      

      

      

where the only nonzero off-diagonal elements in the Hamiltonian matrix are 
the Hsi . Expanding the matrix equation (7.33) leads to 

(Es  - En)an 	E b7 = 0 	 (7.34) 

	

(E i  - En)b7 + van  = 0 	 (7.35) 

From the second of these equations, we have 

so that 

-van 	-van  
= 	 

Ei  - E„
= 	

- + iE - E„ 
(7.36) 

	

co 	 v 2 an 

	

(E, - E„)a„ = E  	 (7.37) 
i= _ 03  Es  - a + ic - E„ 

and 

00 

Es  - E„ = -v2  E (En  - Es  + a - is) -1  (7.38) 

This is an equation that can be solved for the perturbed-state energies En  in 
terms of Es , the coupling y, and the constants a and e. It can be shown [11] that 
Eq. 7.38 is mathematically equivalent to the statement that 

Es  - E„ = —
11112 

Cot
[(

-7r ) (E„ Es  + oc)] 
E 	 E 

(7.39) 
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which may be solved graphically for the perturbed energies En  (Fig. 7.17). It is 
clear from inspection of the graph that there will be one new eigenvalue En  of the 
perturbed Hamiltonian between each pair of BO eigenvalues  E.  (Fig. 7.18). For 
large  Iii (E, « or »Es) En  will differ little from E i , so that the E„ are little shifted 
from the  E.  for states WO which are far off-resonance. Normalization of the 
perturbed states 1111„> in Eq. 7.30 requires that 

CO 

   

or 

 

	

oo 	 2 a„ 

	

= an2 ± v2 7 	  
ao  (Es  — a + is — E„) 2  

(7.40) 

1 
an2  = (1  + v2  E 	 

_ (Es  — + is — E„) 2 ) - 1  

 

  

V 2 

 

(7.41) 

  

(E. — E 5)2 1,2 (nv2y 

 

—(2c + a) 	—(c + a) 
	

—a 	 E — a 
	

2€— a 
	

3€ — 

E„-E, 

Figure 7.17 Graphical solution of the equation 	(E - En ) = ( r 11,2  I e) 
x cot[(rr e)(E -  E5 + a)]. The eigenvalues are given by intersections of the straight 
line with the periodic cotangent function. 
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E i  

E 3 

 E2  

E l 
E s 	 _ _ 

E0 

E-2 

Figure 7.18 Eigenvalues Es  and  E . 	0, +1, ±2,...) of the Born-Oppenheimer 

Hamiltonian, solid lines; eigenvalues  E (n =  0,  ±1, ±2,...) of the perturbed 

Hamiltonian, dashed lines. The latter eigenvalues are obtained from the graphical 

solutions in Fig. 7.17. Note the general property that there is one perturbed 

eigenvalue between every pair of Born-Oppenheimer levels. 

This expression gives the admixtures an2  of the original BO state lc> in  the 
various mixed states io n > which have energies E. Because of the (E„ — Es) 2  term 
in the denominator of Eq. 7.41, these admixtures will only be appreciable near 
resonance. 

We are now prepared to examine what happens when a molecule is excited 
with a short light pulse. We assume that the transition from tkg > to iti/ s > is El-
allowed, but that transitions from 11// g > to the states  jt/i>  are forbidden, i.e., 

<0 slob P g> o 
ilp10 g> = 	 (7.42) 

This will be the case, for example, when 10s > is an excited singlet state 
vibrational level that is El-connected to the ground state, and when the itfr i > are 
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vibrational levels belonging to one of the triplet electronic states. Excitation by a 
photon of appropriate energy will then momentarily produce the pure BO state 

>, which may be expanded in terms of the mixed states as 

ItGs> = E ion><onios> Eanlon> 	 (7.43) 

at the time t = 0 when excitation occurs. At later times this prepared state will 
evolve as 

10(0> = E ane - iE.trnion> 

= E  a  ne —t/h ( an i tp s\ E  b)) 

n 	 i 
(7.44) 

The probability of finding the molecule in BO state liPs> after excitation will be 

Kti/s10(01 2 	Ps(t) 
2 

E oksiane - œ.trnianiks + E b7tPi> 

E an2e  - iE„t/h 
2 

 

V 2 

 

e - iE„t/h 
2 

(7.45) 
(En  — E ) 2  ± V2  + 

(nv2 )2 

 

   

This is difficult to evaluate a priori, because the mixed state energies ,En  are not 
given by analytic expressions (Fig. 7.17). We therefore coarsen our approxi-
mation by assuming that they are given by 

Es  ± nc 	n = 0, + 1,  ±2,  ... 	 (7.46) 

(This is not totally unreasonable, because there will be an E„ level between every 
pair of  E.  levels, will and so the two sets of levels have similar average spacings in 
Fig. 7.18). Letting 

= 

we have the time-dependent probability 

Ps(t) = 

(nv2 )2 

v 2  + 

2 

(7.47) 

(7.48) 
v 2 

e
inEtth 

Zr 

	

22 	.A2 n nE 
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that the molecule will be found in state Itfr s > after excitation. In the limits y » E 

(or vp i » 1) and t « hie, this sum may be replaced by the integral [10] 

P s(t) = 
fc° 

_ 09  dn 	
v 2 

n 2 e 2 	A2 CO s(entl h) 

k
= e

-2n2tich e 

2 

 

 

(7.49) 

Hence when y » e and t « hle, the excited BO state IC> undergoes irreversible 
first-order decay with a rate constant 

kNR = 2ny 2/eh (7.50) 

which is proportional to the square of the nonadiabatic coupling matrix element 
and to the density of final states pi  = 	If, however, we drop the assumptions 

» e and t « hle, the sum for  P5 (t) in Eq. 7.48 must be evaluated explicitly. This 
was done by Gelbart et al. for several model systems [10], and we show their 
results for y = 0.5e in Fig. 7.19. P5(t) initially decays exponentially, becoming 

I.0 

08 

0.6 

0.4 

0.02 — 

 

0.2 6  re c 

  

001 
0 
	

14 	16 	18 	20 
TIME (nonosec.) 

Figure 7.19 The time-dependent decay function Ps (t) evaluated using Eq. 7,48 
with y = 0.5e. Ps (t) exhibits exponential decay (manifested by a straight line in this 

semilog plot) at early times; a partial recurrence occurs at t 2rrhle T rBej, The 

energy spacing e was chosen to render the exponential lifetime r = 1/kNri  between 1 
and 2 ns for realism. Reproduced by permission from P. Avouris, W. M. Gelbart, and 
M. A.  El -Sayed, Chem. Rev. 77: 793 (1977). 
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very small for t »11k NR . However, it then begins to build up again to a large 
value at the recurrence time Tree 2nhle, since Eq. 7.48 contains a superimposi-
tion of periodic terms proportional to exp(inet1h). In real molecules, the 
population of pumped state IC> is depleted by spontaneous emission (flu-
orescence, phosphorescence) long before this recurrence time is reached. For 
example, we can consider the radiationless decay of vibrationless S 1  benzene 
into T 1  benzene (ISC). The density of T 1  vibrational states isoenergetic with the 
00  S 1  state is p — 3 x 10 5  cm (i.e., 3 x 105  levels per cm -1 ) in benzene, and this 
number can be identified with 1/c in our discussion. The corresponding 
recurrence time is then Tree  = 27thle — 10 -5  s, which should be compared with 
the — 10_ 8  s fluorescence lifetime in benzene. The radiative decay timescale in 
benzene preempts that of recurrence by several orders of magnitude. 

One of the nominal criteria for the validity of the integral approximation in 
Eq. 7.49 was y » e. The foregoing discussion shows that this is too strict, since 
the calculations of Gelbart et al. prove that irreversible decay can be obtained 
for y = 0.5c. A more realistic criterion is vie 1, or vp 1 in molecules with an 
energy-dependent density of final states. 

The problem of estimating densities of vibrational states p is a large one that 
we will only touch on here. For single harmonic oscillator with uniform energy 
spacing hv, p is of course l/hv. The number of ways of placing n vibrational 
quanta in q identical oscillators (total energy E = nhv) is [12] 

	

W(E) = (n + q — 1)!1(q — 1)!n! 	 (7.51) 

The total number of states in such a system with vibrational energies between 0 
and E is 

n 
 G(E) = 	

q — 1)! (n +  q)!  E 
i=c) i4q-1)! 	n!q! 

(7.52) 

and the density of states p(E) at vibrational energy E is obtained from 

p(E) = dG(E)1dE 	 (7.53) 

For a system of three such oscillators, the following table describes the behavior 
of G(E) with increasing n = Elhv: 

G(E) 

0 1 

1 4 
2 10 
3 20 
4 35 
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G(E) and p(E) can become incredibly large at moderate vibrational energies (e.g., 
5000 cm -1 ) in molecules of respectable size (benzene has 30 vibrational modes). 
Approximations are then required to evaluate them, particularly when the 
normal modes have a range of frequencies [13]. 

The criterion that vp I now implies that a critical number of vibrations is 
required to make an irreversible radiationless relaxation process possible. We 
may consider a hypothetical case in which the energy gap between the 
vibrationless electronic states is 1 eV (8066 cm -1 ); that is, state liks > decays 
into a set of final states I il'>  which have — 1 eV of excess vibrational energy. For 
IC and ISC, typical values of the coupling v may be taken to be — 10 -1  and 
10 -4  cm -1 , respectively [11]. A table of products vp calculated by Bixon and 
Jortner for nonlinear molecules with N atoms in which all (3N — 6) vibrational 
modes oscillate with frequency 1000 cm -1  is shown below; the densities of states 
p were evaluated according.  to the method of Haarhoff [13]: 

N p (E = 1 eV) vp (IC) vp (ISC) 

3 0.06 cm 6 x 10 -3  6 x  10 -6  
4 4 0.4 4 x 10 -4  
5 50 5 5 x 10' 

10 4 x 10 5  4 x 104  40 

Hence, internal conversion is typically expected to occur in molecules with 4 
atoms, and intersystem crossing sets in when N 10. These are rough guidelines 
for the "large-molecule" regime in which nonradiative relaxation is prevalent in 
isolated molecules. It includes all aromatic molecules (the smallest common one 
of which is benzene); formaldehyde and larger molecules with the carbonyl 
chromophore; and all laser dyes such as rhodamines, oxazines and commarins 
(Chapter 9). 
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PROBLEMS 

1. The S 1  4—  So  band system of formaldehyde (CH 20) has been thoroughly 
studied, and it has been established that the vibrationless S I  and So  states have 
'A2  and 1 A 1  symmetry, respectively, in C2 v . The S 4-- S o  absorption spectrum 
and descriptions of normal vibrations in the S 
Figure P7.1 and in the list below. 

and S o  states are shown in 

Normal mode Symmetry  l' A 1  A l A2  

v 1  C—H symmetric stretch a l  2766.4 2847 
v2  C=0 stretch a l  1746.1 1173 
v 3  H—C—H bend a l  1500.6 1290 

v4  Out-of-plane wag 13 1  1167.3 124.6 
V 5  C—H asymmetric stretch b2  2843.4 2968 
v6  In-plane wag b 2  1251.2 904 

(a) Is the intrinsic S l  4-- S o  transition El-allowed in formaldehyde? 
(b) Assuming that the exhibited bands gain intensity by Herzberg-Teller 

coupling between S I  and higher excited singlets Sn , what are the symmetries 
of the electronic states Sn ? What polarizations do these bands exhibit? 

(c) What information about the relative geometries of the S I  and So  states can 
be inferred from the progressions in this spectrum? 

Figure P7.1 Reproduced with permission from E. K. C. Lee, Adv. Photochem. 12: 
18 (1980). 
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2. In s-triazine (a D3h molecule), the three lowest excited singlet states are 
predicted to be closely spaced in energy with symmetries 'A' 1", and E". An 
s-triazine crystal absorption spectrum (taken with unpolarized light) is shown in 
Figure P7.2. The weak 0-0 band is El symmetry-forbidden, and appears 
because the D3h symmetry of s-triazine is slightly distorted by the crystal 
environment. From analysis of the polarized crystal absorption spectra, the 
following fundamentals are found in the Si.  4—  So spectrum: 

Normal mode Symmetry Polarization 

6 e' 'I 	(z) 
4  a2  (x, y) 
5 a' 1_ (x, y) 

10 e" 1 (x, y) 
16 e" 1 (x, y) 

(a) Assuming that these fundamentals gain intensity through Herzberg-Teller 
coupling, deduce the symmetry of the lowest excited singlet state. Show that 
this choice is consistent with all  pertinent data given in this problem. 

(b) Mode 12 in s-triazine has 	symmetry. By what mechanism (other than 
environment symmetry-breaking) can the 12(1)  band appear in this crystal 
absorption spectrum? 

(c) What symmetries of electronically excited states are vibronically coupled to 
the S l  state in the 6 1 , 4 1 , 5 1 , 10% and 16 1  vibrational levels? Considering 
this, why does the 61, band exhibit such large intensity? 

F 
30014 	 30500 

	
31000 

(cm- ') 

Figure P7.2 Reproduced with permission from N. J. Kruse and G. J. Small, J. 
Chem. Phys. 56: 2987 (1972). 
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3. Polarized S 1  <— So  absorption spectra of tetracene in a transparent ordered 
host crystal at 4.2 K are shown in Figure P7.3. The upper spectrum was obtained 
using light polarized along the tetracene y axis, and the lower spectrum was 
obtained using z-polarized light. The y and z axes lie in the molecular plane 
along the short and long axes of tetracene, respectively. The tetracene So  state 
has lAg  symmetry in D2h . 

(a) Most of the assigned bands in the y-polarized spectrum arise from 
fundamentals and combinations in ag  modes: the 308-cm" band is 12(ag)(1j, 
the 308 + 609-cm ' band is 12(ag)4 11(ag)1) , etc. What is the symmetry of 
the electronic state S 1 ? 

(b) The 479-, 1166-, and 1506-cm -1  bands in the z-polarized spectrum are 
fundamentals arising from vibronic coupling between S 1  and a higher lying 
1 13 1u  state. What is the symmetry of the normal modes responsible for this 
vibronic coupling? 

(c) Use Herzberg-Teller theory to develop an algebraic expression for the ratio 
of intensities for the 479- and 1166-cm" bands in the z-polarized spectrum. 
What structural information about tetracene would be needed to test the 
theory against these data? 

20500 	 21000 	 21500 

v (cm -I) 

Figure P7.3 Reproduced with permission from G. Fischer and G. J. Small, J. 
Chem. Phys. 56: 5937 (1972). 
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4. One way to evaluate energy-dependent vibrational densities of states p(E) is 
to invert the classical vibrational partition function 

Q = 	p(E)e -  EikT 	p(E) -Es dE = Q(s) 

The desired density of states is the inverse Laplace transform of Q(s), 

	

P(E) = 	- 1 [Q(s)] 

For a harmonic oscillator, the classical partition function is 

Q(s) = lim [1/(1 — exp( — hylk T))] = kT Ihv = 11 shy 
T—■ co 

and for y independent oscillators with frequencies y i  it is 

Q(s) = (kT)v I 	11 hy i  = 	1111 i  

(a) Show that the classical vibrational density of states in a molecule with y 
normal modes is 

p(E) = 
EV - 

 

(y — 1)! 	hv 

(b) Obtain numerical values of p(E) at E = 8000 cm' for CO 2  (whose 
vibrational frequencies are given in Section 6.5) and for ethylene, whose 12 
nondegenerate vibrational frequencies are 825, 943, 950, 995, 1050, 1342, 
1443, 1623, 2990, 3019, 3106, and 3272 cm -1 . What circumstances lead to 
large densities of states for given E? 

(c) The classical density of states is accurate only when E is large compared to 
the zero-point vibrational energy E0  = -1-- hEy i . A more accurate expression 
for p(E) at lower energies is the semiclassical expression 

p(E) = 
(E + Eo) v  

(y — 1)! n  hv 1  

which results from replacing E in the classical density of states with 
(E + E0). Reevaluate p(E) for CO2  and ethylene at 8000 cm -1  using the 
semiclassical density of states. At what energies do the two approximations 
agree to within 10% in these two molecules? 
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5. In the isolated benzene molecule, the 3 B 1uT 1  state lies 9200 cm -1  below the 
1 B2 u  S1 state. Assume that T 1  benzene has the following vibrational frequencies 
in  cm:  

3060 a ig  850 ei g  

990 a ig  3000 elu 
1200 a2g  1500 elu 
650 a2u  1050 elu 

3050 I)" 3000 e2g 
1000 b li, 1500 e2 g  

1500 b2g  1200 e2 g  

550 b2g  600 e2 g  

1900 b2g  1200 e2u 
1145 b2u  400 e2u 

(a) Calculate the semiclassical density of states p(E) in T 1  benzene at the energy 
of the vibrationless S i  state. (Be sure to consider the vibrational mode 
degeneracies.) 

(b) If the value of the spin—orbit coupling matrix element v between S i  and T 1  
is on the order of 10 -4  cm -1 , is irreversible T i  4—  S i  intersystem crossing 
likely to occur in benzene? 

6. The lowest excited triplet state ( 3A2) in formaldehyde lies some 3500 cm -1  
below the S i  origin. Assuming that the vibrational frequencies in T 1  are the 
same as in S i  (Problem 7.1), evaluate the semiclassical density of states in T 1  at 
the energy of the vibrationless S 1  state. If the relevant spin—orbit coupling 
matrix element v is 10 -4  cm', what will be the first-order rate constant kNR  in 
s -1  for T 1  4—  S i  intersystem crossing? 





SPECTRAL LINESHAPES AND 
OSCILLATOR STRENGTHS 

We have tacitly assumed in the preceding seven chapters that spectroscopic 
transitions occur at sharp, well-defined frequencies, leading to absorption lines 
with zero frequency width. In reality, numerous mechanisms (including lifetime 
broadening, Doppler broadening, and collisional broadening) endow experi-
mental absorption lines with finite widths and characteristic lineshape functions. 
We develop a framework in the first part of this chapter for predicting these 
lineshape functions in gases, where they assume a particularly simple form. In 
condensed media, the absorption lineshapes (e.g., in solid naphthalene or 
Nd' : glass) are controlled by electron–phonon interactions, thermal broaden-
ing, and broadening that arises from the fact that not all molecules experience 
identical environments within the medium (inhomogeneous broadening). Such 
condensed-phase broadening mechanisms lie beyond the scope of this chapter. 

Our discussion of Einstein coefficients and oscillator strengths in Sections 8.3 
and 8.4 yields fundamental relationships among absorption coefficients, lumin-
escence lifetimes, and probabilities for stimulated emission. The latter process is 
responsible for light amplification by stimulated emission (laser action), and 
these relationships figure prominently in the derivation of lasing criteria in 
Chapter 9. 

8.1 ELECTRIC DIPOLE CORRELATION FUNCTIONS 

According to the formalism we developed in Chapter 1, the probability 
amplitude for an El one-photon transition from state 1k> to state 1m> is 

1 it 
41 )(t) = — 	e'rnkt i Knil 	Olk>dti 

ih o 
267 
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comk Oyler - AA> 
h 

for a molecule that is exposed to a vector potential A(r, t) = Ao  exp[i(k • r — cot)] 
turned on at time t = O. Since the time integral in this equation is 

o  e i('mk - "tidt -= 	 
i(conik — co) j (8.2) 

the probability that the transition will occur between times 0 and t becomes 

ei(""lk -w)t  — 1 

Z  
la 	

2co  

( t) 1 2  = h2 m 	A01k>1 2 	 
— cos[(co mk  — co)t] 

(w.k - 02  

dt i 
	 (8.1) 

= 	 1 <mlo Aolk>I 2  
2c oLn 2 sin2 [(w,nk  — w)t12] 

(co mk 	a))2  
(8.3) 

In the limit of long times t» con-2, the co-dependent factor in Eq. 8.3 approaches 
a constant times the Dirac delta function, 

—> nt6(w„,k  — co) 
((ontk — 

(The proportionality factor nt is required here to ensure that the delta function is 
normalized to unity.) The external electric field E = E0  exp[i(k • r — wt)] is 
related to the vector potential in the Coulomb gauge by E = — OAP. Noting 
that the delta function (8.4) will constrain co to equal conik  in Eq. 8.3, we may write 

Ic(t)1 2 	2:2  ti <OP' Eoik>1 26(comk — (0) 	 (8.5) 

The transition probability is clearly proportional to the time duration t for 
which the external field is applied. It is therefore meaningful to define the 
transition probability per unit time, 

P  k = 	KMIP E0101 2 45(a)  mk a)) 
m  h2  

21r 	
(8.6) 

This expression coincides with the well-known Golden Rule formulation [1] of 
the molecular transition probability under the external perturbation 
W=  —p• Eo . 

We now wish to generalize this expression to a system of molecules at thermal 
equilibrium. Let  Pk  and pm  be the probabilities that a molecule will be found in 
state k and in state m, respectively. The rate of energy loss from the radiation 

2 5i112 [((O„,k  — co)t/2] 
(8.4) 
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field due to El one-photon absorption/emission processes will be [3] 

E ha)mk Pk-m 
km 

27r 
= 	E (0.k(pk — P.)IonlE0 -pi1>1 26(0).k — 

r& km 

27r 
= 	E wmkPk(1 e -hw mk

/kT)
KiniE0' Plk>126(comk 

km 
—co ) 

(8.7) 

The average energy density stored in the electromagnetic field is E = 80E0/2 [2]. 
Since the delta function in Eq. 8.7 requires co to equal conik  in each term of the 
summation (8.7), the optical absorption coefficient will be proportional to 

—É 4n 
c(0 ) = 	- = — ( 1  — e -hwIkT ) E pki<mlf.pik>1 2 6(0)mk — (0) coE eoh 	 km 

(8.8) 

where Ê is a unit vector directed along the electric field. Since we are now 
concentrating on the shape (rather than intensity) of the absorption lines, we 
define the lineshape function 

3eo he(co) 
1(o)) = 	_h I(T - 3 E pki<miÊ.pik>1 2 6(conik — (0) 4741 — e w-- ) 	km 

In view of the integral representation (1.113) of the Dirac delta function this is 
equivalent to 

/(w) = 
27r E pk<kltinX .plmlf • plk> 

km 	
dt ei" —E k)h—w]t  —

3 

3 r . 
= — 	dt e 	E  Pk  < kl plm > <ml eiE„,t/h 	loe -iEktm ik>  

2n _ 	 km 

(8.10) 

In the Schrödinger representation of the latter matrix element in (8.10), the 
molecular states are regarded as time-dependent basis functions exp( — iEk t/h)lk> 
and exp( — iE„,t/h)lm>, and the operator .8•11 is considered to be time-
independent. For present purposes, it is more illuminating to use the Heisenberg 
representation, in which the molecular states are the time-independent basis 
functions ik>, Im> and the operator is viewed as time-dependent. Since 

> = Eili> for each of the molecular states Ii>, we have 

1(w) = 2  r°°  dte -iwtY pk <kit - plm><mlet/hf.pe- ifilk> 
27r i - x 	km 

(8.9) 

CO 

- 00 

(8.11) 
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and so the time-dependent electric dipole moment operator in the Heisenberg 
representation is 

A t). eifit/hfle -ifit/h 
	

(8.12) 

In terms of this, the lineshape function becomes 

3 
1(o)) = -,z7r  f 	dte" 	pk <klf p(COE'Atlik> 	(8.13) 

Performing the summation in (8.13) with the Boltzmann weighting factors Pk  
amounts to evaluating an ensemble average. Using the subscript zero to denote 
the ensemble average of a matrix element, we then have 

1(w) = —23ir  i s 	dt e 1"<kl • p(0)f p(t)11c> 0 	(8.14) 

Since the orientation of the unit vector Ê is arbitrary in an isotropic sample, and 
since 

<kitt.(0)1i,c(Olk> 0 = <klily(0)141,(t)lic> 0 = <ki 1.(0),,  z(t)lk> 

= i<kili(0) • 11(t)ik> o 

our lineshape function assumes the final form [3] 

1(w) = —
1 

J
, OE 

dt i"<p(0) • P(t)>o 27r _ 

(8.15) 

(8.16) 

1(w) is then given by the Fourier transform of the electric dipole correlation 
function  <p(0)p(t)>0 . For a single molecule, the quantity p(0) • p(t) gives the 
projection of its dipole moment at time t along its initial direction at time t = O. 
In a collection of molexules, the total dipole moment must be used in p(t), so that 
the correlation function will generally contain cross terms between dipole 
moment operators belonging to different molecules. At high concentrations (e.g., 
in pure polar liquids), where orientational motion between neighboring 
molecules may be highly correlated, <0(0)• goo  therefore cannot be interpreted 
in terms of reorientation of a single molecule. Such cross terms are unimportant 
in gases and in dilute solutions of polar molecules in nonpolar solvents (where 
the motions of neighboring polar molecules are essentially uncoupled), and in 
these systems the dipole correlation function gives a quantitative measure of 
how a single molecule loses its orientational memory as a result of collisions or 
other perturbations. The correlation function typically approaches zero at long 
times in liquids in gases, as the molecular orientations become randomized 
through stochastic processes (e.g., angular momentum changes in bimolecular 
collisions). 
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8.2 LIFETIME BROADENING 

We next evaluate the lineshape function (8.16) for two concrete situations in 
gases. (The complexity of molecular motions in liquids precludes computation of 
their dipole correlation functions in a text of this scope.) In the first situation, we 
imagine that we are examining lineshapes in the far-infrared spectrum of a 
collision-free, rotating polar molecule. Its dipole moment po  is assumed to rotate 
classically without interruption with angular frequency co o  about an axis normal 
to po . In a dilute gas, we would then have 

= pi, cos (Do t 
2 

Po • 
= (e't  + e iœa) 

for — oo < t  < +co . The relevant lineshape function is then 

2  1 Go 

/((.0) 	 dt 	+ e imt) 
_ 

2 

= —
2 

[6(co — coo) + (5(0) + Coo)] 

(8.17) 

(8.18) 

These two delta functions correspond to absorption and emission of radiation at 
frequency (Do, respectively, with spectral lineshapes exhibiting zero full width at 
half maximum (fwhm). Such uninterrupted molecular rotation, in which the 
dipole correlation function (8.17) maintains perfect sinusoidal coherence for an 
indefinite period of time, produces no broadening in the lineshape function 1(w). 

Suppose now that we have the more realistic correlation function 

<MO) • p(t)> 0  = 0 	 t  <0  
2 — yt/2 = [to e 	cos coo t 	t > 0 (8.19) 

This would represent a molecule rotating classically with frequency co o, with a 
transition moment that decays exponentially with 1/e lifetime t = 2/y following 
excitation at time t = O. Such decay may occur via radiationless transition, 
spontaneous emission (Section 8.4), or collisional deactivation in the excited 
state. The corresponding (real) lineshape function is 

2 	oo 

ACO) = 
—Po Re 	yt12(eiw0t e - imt)dt 
4n 

2  tio [ 	y/2 	y/2  
4n (co — co 0)2  + y2/4 (co + w0)2  + y2/4] 	

(8.20) 
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Like Eq. 8.18, this expression exhibits terms corresponding to absorption and 
emission, respectively. The normalized absorption lineshape function 

satisfies the condition 

1 
PL(w)  2'Y7r (a) — 0)0) 2  + y 2/4 

PL(w)cico = 1 

(8.21) 

(8.22) 

PL(co) is called the Lorentzian lineshape function. Its fwhm is equal to y, and is 
inversely proportional to the lifetime r = 2/y. It approaches zero as co -4 + cc, 
and maximizes at co = coo  (Fig. 8.1). Physically, y itself will have several 
components in any real absorption line, arising from spontaneous emission 
(fluorescence or phosphorescence), nonradiative excited-state decay (intersystem 
crossing, internal conversion, photochemistry), collisional deactivation, etc.: 

= Yrad 	Ynonrad 	Ycoll ± • • • 
	 (8.24 

Figure 8.1 Lorentzian and Gaussian profiles PL (w) and  PG(w) (solid and dashed 
curves, respectively) with the same peak height and the same fwhm. The two profiles 
are very similar for lcul fwhm/2, but the Lorentizian profile falls off much more 
slowly than the Gaussian profile at large ILO. 
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or 

1 /T = 1/Trad  + 1 trnonrad + 1 Preon + 
	

(8.24) 

Lifetime broadening is ubiquitous, because all excited states decay. The 
observed absorption lineshape is seldom Lorentzian, however, since other 
mechanisms than lifetime broadening usually dominate the actual lineshape. 

8.3 DOPPLER BROADENING AND VOIGT PROFILES 

As a result of the Doppler effect, a molecule traveling with velocity component v z  
along the propagation axis of an incident light beam will experience a light 
frequency that is shifted from that experienced by a stationary molecule by 

= w (Do = — wo(v./c) 	 (8.25) 

Here w o  is the frequency experienced by the stationary molecule. In a thermal 
gas sample at temperature T, the one-dimensional Boltzmann velocity distribu-
tion in v z  will be 

P(v) 	P0e—rrivR21cT 
	

(8.26) 

where m is the molecular mass. (This equation should not be confused with the 
three-dimensional velocity distribution, which is proportional to 
v2  exp( — mv 212kT).) Using vz  = c(co — w)/w0 , we obtain 

PG(w) = Poexp[ — m(co — w 0) 2c 2/2co6k 71 	 (8.27) 

This is the Gaussian lineshape function, which arises from Doppler broadening. 
Like the Lorentzian function PL(w), it maximizes at w = wo, and approaches 
zero as w + oo. The fwhm of PG(w) is 

fwhm  (2w0 y2kTln 2y 1  
c A m ) 

2 

(8.28) 

so that the Gaussian lineshape broadens with temperature as T112 . The 
Lorentzian and Gaussian lineshapes are contrasted in Fig. 8.1. 

The Lorentzian and Gaussian lineshapes physically differ in one important 
respect. All molecules in a homogeneous gas (excepting specialized situations 
where the gas is subjected to a nonuniform external field) in a given excited state 
have an identical probability per unit time of decaying either radiatively or 
nonradiatively. All molecules in such a sample thus contribute equally to PL(w) 
at all frequencies co. This is an example of homogeneous broadening. In Doppler 
broadening, it is clear from Eqs. 8.26 and 8.27 that slowly moving molecules 
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contribute more to the center of the Gaussian profile PG(co), while faster 
molecules account for the wings where co » CO o  or  w  « co o . Doppler broadening 
is thus an example of inhomogeneous broadening. 

Both lifetime and Doppler broadening are always present in gas samples. If 
these two are the only important broadening mechanisms, the resulting profile is 
given by the convolution 

P(w) = 	PG(co — co')PL(a)dol 	 (8.29) 

of the Gaussian and Lorentzian profiles (Fig. 8.2). This function, called the Voigt 
lineshape function, is nonanalytic (i.e., inexpressible in closed form), and it has 
been extensively tabulated for analysis of gas sample absorption lineshapes. 
With our current access to interactive computers, such tabulations are rapidly 
becoming unnecessary. 

Doppler broadening in gases can readily be eliminated by manipulation of 
experimental conditions. One way to achieve this is to do spectroscopy on 
supersonic gas jets, in which the translational velocity distribution can be made 
to resemble a delta function along the jet direction (i.e., the velocity distribution 

Lk) 

Figure 8.2 The Voigt profile, formed by the convolution (8.29) of the Gaussian 
profile with the Lorentzian profile, effectively sums Lorentian profiles (solid curves) 
centered at all frequencies af, weighted by the value of the Gaussian profile (dashed 
curve) at those frequencies. 
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is highly non-Boltzmann), while the velocity distribution transverse to the jet 
direction is characterized by low temperatures T 20 K. At such low temper-
atures, Eq. 8.28 yields an absorption line fwhm that is far narrower than that 
observed in room-temperature gases. Supersonic jet spectroscopy has therefore 
afforded experimentalists an opportunity to obtain highly detailed, well-
resolved vibrational structure in large-molecule electronic band spectra (cf. Fig. 
7.10). An alternative way of obtaining Doppler-free spectra (applicable to 
thermal gases) is to do two-photon spectroscopy with counterpropagating laser 
beams; this will be discussed in the section on two-photon absorption in 
Chapter 10. 

Experimentalists must always contend with instrumental broadening as 
well, since spectrometers and excitation lasers never operate with zero bandpass 
or output bandwidth. The resolution of a grating spectrometer (defined as 
R = IAA, with 2 and Al equal respectively to the operating wavelength and the 
wavelength bandwidth passed by the instrument) is ideally inversely pro-
portional to the width of the instrument's exit slit. Any real instrument suffers 
from aberrations that lower R from its ideal value: coma, spherical aberrations, 
and chromatic aberrations are some of the artifacts that can contribute to 
instrumental broadening in the less well-designed instruments. Additional 
problems arise in grating spectrometers with mechanically ruled gratings, 
because the groove spacing in such gratings cannot be made absolutely uniform; 
these gratings inevitably diffract more than one wavelength at a time into any 
given direction. This drawback has been greatly reduced by the introduction of 
holographic gratings, in which the diffraction grooves are automatically formed 
with uniform spacing upon exposure to an interference pattern of two coherent 
laser beams with well-defined wavelength. 

8.4 EINSTEIN COEFFICIENTS 

The Einstein coefficients prove to be useful for understanding the relationships 
among the probabilities for spontaneous emission, stimulated emission, and 
absorption. They are thus valuable for understanding the criteria for achieving 
laser action, where the competition between spontaneous and stimulated 
emission in the laser medium is crucial. The Einstein coefficients also lead to 
important insights into the relationships between the absorption and flu-
orescence properties of molecules, relationships that are often taken for granted 
in the chemical physics literature. 

We begin our discussion with an ensemble of identical two-level systems in 
which the upper and lower state populations are N2 and N 1 , respectively. The 
energy levels are spaced by AE = hv, and the systems are at thermal equilibrium 
with a radiation energy distribution over light frequencies y given by p(v). It is 
assumed that only three mechanisms exist for transferring systems between 
levels 1 and 2: one-photon absorption, spontaneous emission (radiation of a 
single photon), and stimulated emission (Fig. 8.3). In the latter process, a photon 
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N9  A 

B12N I p(v) 
	

A2I N2 
	 B2I N2 p(v) 

N I  

Figure 8.3 Optical processes in a two-level system with level populations N, and 

N2 . The rates of photon absorption, spontaneous emission, and stimulated emission 

are B 2N,p(v), A 21 N2, and B21 N2p(v), respectively. 

with frequency y (which matches the energy level difference AE) and given 
polarization is incident upon à system in upper level 2. It causes the system to 
relax to level I, giving up a photon of identical energy, polarization, and 
propagation. (Since two identical, coherent photons emerge from one incident 
photon, stimulated emission forms the basis for laser amplification in Chapter 
9.) The number of photons absorbed per unit time will be proportional to both 
N 1  and p(v), and we define the Einstein absorption coefficient B12 by setting this 
photon absorption rate equal to .13 12N p(v). The number of photons emitted per 
unit time will be equal to N2 A 21  + N 2B 2i p(v), where we have now implicitly 
defined the Einstein coefficients B21 for stimulated emission and A 21  for 
spontaneous emission (whose rate is necessarily independent of p(v)). The 
absorption and emission rates must balance at thermal equilibrium, so that 

N2(B21P(v) + A 21) = N1B12P(y) 	 (8.30) 

We may solve this for the radiation energy distribution 

N 2 A 21  
p(v) = 	  

N 113 12  — N 2B 21  
(8.31) 

However, p(v) also be given by the Planck blackbody distribution at thermal 
equilibrium [4] 

	

87rhy 3 	1 
p(v) = 	 

	

c 3 
e

hv/kT 	1 

We also know that N2 and N 1  are related at equilibrium by [4] 

N 2/N 1  = (g2191)e
-hvIkT 

(8.32) 

(8.33) 

where g i  and  g2  are the statistical weights of levels 1 and 2. It is easy to show that 
Eqs. 8.31 through 8.33 are mutually consistent only if 

B21 - (g1ig2)B12 
	 (8.34) 
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and 

A21 = 
87rhy 3  
	 B21 C 3 (8.35) 

Hence, the Einstein coefficients for absorption, spontaneous emission, and 
stimulated emission are all simply related. The y 3  factor that enters in the 
spontaneous emission coefficient A21 (Eq. 8.35) has had historical importance in 
the development of lasers, since it implies that spontaneous emission competes 
more effectively with stimulated emission at higher frequencies. High-frequency 
lasers have therefore been more difficult to construct. This is one of the reasons 
why X-ray lasers have only recently been built, and why the first laser was an 
ammonia maser operating on a microwave umbrella-inversion vibration rather 
than a visible laser. 

It may be shown [5] that in the El approximation the Einstein absorption 
coefficient for the two-level system is given by 

87E 3  
B 12  = 

3h2 
l<111112>I2 (8.36) 

This leads immediately to explicit expressions for the two Einstein emission 
coefficients, 

and 

87r 3  (g1  
B21 = -

3h' 
—
g 2

) Kliiii 2 >1 2  

64ev 3  ( 
A

2' 
= 

3hc 3

g, 

 g2
) 

(8.37) 

(8.38) 

8.5 OSCILLATOR STRENGTHS 

We now exploit the relationships among Einstein coefficients to obtain 
relationships between the electronic absorption and emission properties in 
polyatomics. For simplicity, we assume that an absorptive transition originates 
from the ground vibrational state 0 in electronic state 1, and terminates with 
vibrational state n in electronic state u. (These vibrational level designations are 
shorthand labels for collective vibrational states involving all of the normal 
modes.) The Einstein coefficient for this absorption process is 

8m 3  
B 10 _, = 

3h2 
K1011/1141012 (8.39) 
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which in the Born-Oppenheimer approximation (not good for vibronically 
induced transitions!) is 

870 
= 	I< 1 1P0101 2 101n>1 2  

8n 3  = 	 imi--012K0102 
3h2  

(8.40) 

Here K0101 2  is the Franck-Condon factor for the 0 -÷ n vibrational band 
intensity in the electronic spectrum, and ME!'" is the electronic transition 
moment. If one sums Eq. 8.40 over all of the upper state vibrational levels n 
reached from the vibrationless lower state, one obtains 

E B 4O  , = 87E3 IMuI 2  <010<n10> 
3h2  

87r 3  iw,u 1 2 
3h2  

(8.41) 

which depends only on the electronic transition moment and is independent of 
the upper state vibrational structure. This sum is therefore a measure of the 
allowedness of the electronic transition. To describe the latter, it is conventional 
to use the dimensionless oscillator strength [6] 

8n 2m 
u = 	 

3he
2e1.11‘4!""12  (8.42) 

where me  is the electron mass, e is the electron charge, and 	is the mean 
frequency of the electronic transition. Defined in this way, the sum of oscillator 
strengths  > , 

for electronic transitions from electronic state 1 to all other 
electronic states is supposed to equal unity, but in practice this depends on how 
T) 1u  is specified. As a rule,fi  _, u  on the order of unity is associated with a strongly 
allowed El transition in aromatic hydrocarbons, while El-forbidden transitions 
carry  f1  2 . 

Next we examine the fluorescence properties embodied in the spontaneous 
emission coefficient. In a two-level system with low radiation density (i.e., 
negligible stimulated emission and negligible pumping of level 2 by absorption 
from level 1), we have 

dN 2  
	= N2 A 21 dt 

This has the time-dependent solution 

(8.43) 

N 2(t)= N2(0)e -A21t  

N2(0)e - otrad 	 (8.44) 
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meaning the upper level decays by spontaneous emission (fluorescence in the 
case of a spin-allowed transition) with an exponential lifetime r rad = 1 /A21- 
When we consider the analogous case of a polyatomic fluorescing from its 
vibrationless electronic state u down to a manifold of vibrational levels m in 
electronic state 1, the radiative lifetime is given instead by 

1/rad E Auo-oim 
	 (8.45) 

In the Born-Oppenheimer approximation, this becomes 

647t4  
lltr"= 

3hc3 (g1/92)KUllie1l 1  >1 2  E qo--.1.1<01m>1 2 	(8.46) 

which simplifies into 

647T4  
ittra = 	/9 

)1A,1-■ /412,,3 
1 	2 	I vu-■ 1 d  3hC3  

(8.47) 

if the value of v 3  is assumed constant over the fluorescence spectrum. At this 
level of approximation, it is clear that r rad -- iS independent of the upper state 
vibrational level. (To see this, assume that upper vibrational level / rather than 
level 0 emits, replacing the right side of Eq. 8.45 with E. Aaj, i ,a . The 1- 
dependence of 1/T -rad then drops out by the time the analog of Eq. 8.47 is 
reached.) As we pointed out at the end of Section 8.2, Trad is related to the 
observed lifetime T by 1/-c = 1/-r lh , rad • -f nonrad + 1 /"Ccoll + • • .9 so that the ob- 
served lifetime equals Trad only if the other excited-state deactivation pathways 
have negligible rates. The fluorescence quantum yield of the excited state u is 
defined as 

QF = YradAYrad + Ynonrad 	Ycoll + • • *) 
	

(8.48) 

and approaches unity -v , rad » Ynonrad + ycoll + • . Since yrad  is nearly independ-
ent of the fluorescing vibrational level 1 in the Born-Oppenheimer approxi-
mation, a strong /-dependence in QF implies that there are vibrational level-
dependent intersystem crossing, internal conversion, photochemical, or colli-
sional deactivation processes present if the Born-Oppenheimer approximation 
holds in Eq. 8.46. 

We next combine Eqs. 8.41 and 8.47 to find a relationship between the 
absorption spectrum and the fluorescence lifetime. In particular, the equation 

8nhv 3 ., 1  
1 /Trad 	e3 	(g1/g2) L, B10-■ un (8.49) 

implies that the fluorescence lifetime for the u 1 fluorescence transition may be 
predicted by summing the Einstein absorption coefficients for all of the 0 --+ n 
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vibrational bands in the 1 -* u electronic absorption spectrum. In many 
practical situations (i.e., outside of supersonic jets) the measured absorption 
spectrum is not a series of discrete vibrational lines, but a continuous spectrum 
(inhomogeneously broadened in a solution, for example). A working formula 
that has been evolved for singlet-singlet transitions in such cases is [6] 

87c • 230314 	_  
litrad = 	  <V

3
f > 	dv 	 (8.50) 

Nc 2 na  

where n a  and n are the medium (solvent) refractive index at the absorption and 
fluorescence wavelengths, y is frequency in s -1 , Traci is in s, and e(y) is the molar 
absorption coefficient in L/mol cm. Equation (8.50) has been verified for a 
number of rigid molecules by Strickler and coworkers [7]. In nonrigid molecules 
having different equilibrium geometries in electronic states 1 and u, 
(which depends on the electronic wave functions) will not have the same value in 
both Eqs. 8.46 and 8.41, so that Eq. 8.50 will not be valid. 

The strongest commonly observed absorption bands in organic molecules are 
exhibited by laser dyes such as rhodamine 6G, a xanthene dye with a rigid 
chromophore which exhibits g max  - 10 5  L/mol cm at 5300 A (Chapter 9). Its 
fluorescence lifetime r is in the neighborhood of 5 ns (depending on solvent), and 
is dominated by trad  because QF is nearly unity under conditions in which 
stimulated emission is suppressed. At the other extreme, em.„ for 12 in an inert 
solvent like cyclohexane is about 7 x 102  L/mol cm for the spin-forbidden 
V- Eg+  B3noi, transition. In accordance with Eq. 8.50, T raci for this transition is 
in excess of  10j. Little 12  B 3 Hou VEg+  emission can be seen in solution, 
however (QF  <  10), because collisions of B 3 H0u 1 2 with the solvent induces 
rapid predissociation into I atoms on a time scale of - 15  Ps.  
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PROBLEMS 

1. The El transition moment <2pl4 ti ls> for a ls -4 2p transition in H can be 
evaluated analytically using the hydrogenic wave functions. 
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(a) Calculate the Einstein coefficients B 12,  A21, and  B21  for this transition. 
Include units. 

(b) For what radiation energy density p(v) at the transition frequency will 
stimulated emission from a 2p level become competitive with spontaneous 
emission? 

(c) Determine the radiative lifetime of a 2p state in hydrogen. 

2. The absorption and fluorescence spectra of the organic dye rhodamine 6G 
in ethanol are shown in Figure P8.2. Use reasonable approximations to 
determine ;ad  and the oscillator strength to within 20% for the S 1 4- So 

 electronic transition. (Assume that the S 1 4- S o  system is confined between 400 
and 600 nm; the absorption bands at wavelengths shorter than 400 nm arise 
from transitions to higher singlet states.) 

3. Calculate the expected fwhm of the R(0) line in the HCI vibration-rotation 
spectrum of Fig. 3.3 if the linewidth is dominated by Dopper broadening. 
Assume that the gas temperature is 300 K. Is the observed broadening primarily 
Doppler broadening? 

4. An absorption spectrophotometer is operated with a resolution of 1 cm -1  in 
the near ultraviolet. What excited-state lifetimes will yield Lorentzian lineshape 
functions with fwhm larger than this? 

5. Figure P8.5 shows the normalized dipole correlation functions 
<AO) 72(t)>/<02(0)> obtained by taking the inverse Fourier transform of near- 
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Figure P8.2 Reproduced with permission from K. H. Drexhage, in Topics in 
Applied Physics, Vol. 1, Dye Lasers, F. P. Schafer (Ed.), Springer-Verlag, New York, 
1973, p.168. 
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infrared absorption lines of CO in several contrasting environments [3]. 
Account for the qualitative differences between the various correlation functions 
(assume that the solutions are dilute enough to render cross terms in <(0) • p(t)i> 
insignificant). Why is the correlation function for "free" CO (i.e., isolated 
molecules) not a simple sinusoidal function of time, like that of a set of classical 
dipoles rotating at a uniform frequency coo? How would the correlation function 
for free HC1 differ from that of free CO? 



LASERS 

Since their introduction to spectroscopy laboratories in the 1960s, lasers have 
revolutionized the field to the point where most current spectroscopy would be 
unrecognizable to observers from the pre-laser era. This stems partly from the 
fact that tunable lasers can be made to operate with intense output which is 
highly monochromatic (output bandwidths AT) 10 -3  cm are now available 
using specialized ring lasers), so that high-resolution spectroscopy which was 
once barely feasible can now be done routinely. The fact that lasers can easily 
generate picosecond and subpicosecond light pulses with selectable wavelength 
and repetition rate has brought time-resolved spectroscopy securely into the 
time scale of vibrational motions and fast photochemistry. The truly novel laser-
based spectroscopies, however, have evolved primarily from the ability of lasers 
to generate such extraordinarily high power densities that the nonlinear terms in 
the Dyson expansion of cm(t) in Eq. 1.96, which are barely noticeable with 
classical light sources, become prominent in laser-excited molecules. Processes 
like two-photon absorption, second- and third-harmonic generation, four-wave 
mixing, stimulated Raman scattering, self-focusing and self-phase modulation 
were all discovered in laser laboratories. Ordinary Raman scattering was well 
established in classical spectroscopy before the 1950s, but required cumber-
somely large excitation lamps; laser excitation has enormously expanded its 
resolution and productivity. We discuss the characteristics of lasers in this 
chapter, and we deal with several topics in nonlinear optics in the last two 
chapters of this book. 

283 
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9.1 POPULATION INVERSIONS AND LASING CRITERIA 

To establish the conditions required for laser action, we consider a slab of a laser 
medium containing a large number of two-level species. A light beam initially 
with intensity /0  will have the intensity 

I = I oe 	 (9.1) 

after passing a distance 1 through the medium if the latter obeys Beer's law. 
According to Eq. 9.1, the absorption coefficient a is 

dl 	
(9.2) 

so that the change in beam intensity after passing through a distance dl is 

—dI = aI dl 	 (9.3) 

We now rephrase Eq. 9.3 in terms of the microscopic dynamics of the two-level 
system. If W1,2 and 14/2„1 are the probabilities for upward and downward 
transitions per unit time in a two-level system, the change in beam intensity will 
be 

—dl = hv(W 1 _. 2N — W 2, 1 N 2)dt 	 (9.4) 

where dt = ndllc is the time required for a photon to traverse distance dl 
through a medium with refractive index n. Using the Einstein coefficients and 
two-level notation introduced in Chapter 8, this becomes 

—dl = hv(B 12N — B 21 N 2)I • n 	 (9.5) 

From Eq. 9.2, we may now obtain an expression for the absorption coefficient of 
the laser medium, 

dI nhv 
Œ = — — -= 	(13 12N — B 21 N 2) 

I dl 
(9.6) 

Note that we include no term in A21 (for spontaneous emission) in Eqs. 9.4 
through 9.6: Fluorescence is so widely dispersed over all propagation directions 
that its contribution to the coherent beam directed along the propagation axis of 
the incident light can be ignored. Using the relationships among the three 
Einstein coefficients, the absorption coefficient of the laser medium is finally [1] 

Œ =  C2A21  (g2XN1 — f?.!—i N2) 
87cv2 n 2  g 	92 

(9.7) 
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This absorption coefficient can have either sign a priori, with the consequences 
tabulated below: 

Sign of a 	 Result 

N1
1 
 N2 	< 0 	Amplification, / > Io 

g2 

N1> —
gl 

 N2 	> 0 	Absorption, I < I  
g2 

N1= —91  N2 	=0 	Threshold, / = / 0  
92 

At thermal equilibrium, N2 = (g 2/g 1 )N 1  exp(— hylk T), meaning that one inevit-
ably has 

Œ  = c2A21  (g2) 	N1[1 — exp(— hvficT)] > 0 
8nv2 n2  gi  

(9.8) 

for a collection of two-level systems in a Boltzmann distribution with finite, 
positive temperature. Hence, no system at thermal equilibrium can lase; to get 
the required "negative absorption coefficient," N2 must be artificially increased 
by external pumping of the upper level through optical or other means. 

To set up a prototype laser cavity (Fig. 9.1), we place a laser medium of length 
L between parallel mirrors with light intensity reflectivities r 1  1 and r2  1 at 
the optical frequency v = AElh corresponding to the transition between the 
upper and lower levels of the two-level system. Upon traveling twice through the 
gain medium with absorption coefficient a in a single round-trip pass through 
the cavity, an incident light beam with intensity /0  will emerge with intensity 

exp(— 2aL). At the same time, it will be reduced by the factor r 1 r2  exp( — 2y) 
as the beam strikes each reflector once in a round-trip pass; this defines a cavity 
loss coefficient y = —iln(r I r2). For lasing to occur, the round-trip gains must 

LASER 
MEDIUM 

r- 

M(r ) M(r2 ) 

.11 	 

Figure 9.1 A laser cavity. The laser gain medium has physical length L; the end 
reflecting mirrors M have light intensity ref  lectivities r i  and r2 •  
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exceed the cavity losses, or 

This requires 
v satisfy 

In view of Eq. 

or 

Ioe -  221' e -  2))  > /0 

that the negative absorption coefficient a(v) 

— a(v) > y/L 

9.7, this implies the condition 

— c 2  A21 1-1 21 (g2 ) (N I  — 	N2) > 

(9.9) 

at the lasing frequency 

(9.10) 

)± 	 (9.11) 

y 
(9.12) 

L 

87rv 2 n2 

1
) 

92 

92, 

8n (gi) 2n2v2 
N2 	N1 — 	> 

c A21 	g 2  

As a final detail, we allow for broadening (e.g., Doppler broadening, which 
determines the lasing lineshape in He/Ne lasers) of the two-level transition. 
Assume that the spectral lineshape function is g(v), normalized so that 

g(v)dv = 1. Then the negative absorption coefficient in Eq. 9.7 at the lineshape 
center frequency vo  should be multiplied by g(v 0), which will be inversely 
proportional to the lineshape fwhm Av since g(v) is normalized; the product 
g(v o)Av will be about unity. This implies that the lasing criterion in Eq. 9.12 
should be replaced by [1] 

(
) N2 — N1 

87r
2
n2 v 2  (g 1 )y  dv  

92 	 C A2i g 2 	L 	
(9.13) 

The factors favoring lasing are now easily identified. The right side of inequality 
(9.13) can be minimized by selecting a strongly allowed El transition (large A 21 ), 
by using a large laser medium length L (in principle), by using sharp transition 
bandwidths dv, and by minimizing the cavity loss coefficient y. (In practice, y has 
contributions from diffraction, scattering, and reflection losses at the medium 
boundaries as well as from the cavity mirror reflection losses mentioned earlier.) 
The upper state population N2 must be kept large enough to maintain the 
inequality. 

Not all of these requirements are symbiotic. In an argon ion  (Ar k )  laser, the 
upper lasing level population N2 is created in a plasma in which Ar atoms are 
ionized and excited by bombardment with hot electrons. However, the resulting 
high temperatures markedly increase the transition bandwidth Av through 
Doppler broadening, raising the lasing threshold. As another example, a laser at 
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the Lawrence Livermore Laboratory amplifies 1.06-pm pulses through one of 
the world's longest Nd' :YAG gain media—but this fact can incur problems, 
because the intense laser pulses themselves can cause the gain medium to 
become lenslike (with nonuniform refractive index), leading to pulse self-
focusing and gain medium damage over such distances. 

In the next section, we describe how these lasing criteria are met and 
maintained in two real laser types, the He/Ne laser and the dye laser. 

9.2 THE He/Ne AND DYE LASERS 

Discovered by A. Javan and coworkers in 1960 at Bell Laboratories, the He/Ne 
laser is the most commonly used laser for alignment and holographic purposes. 
The upper and lower laser levels in this system are pairs of highly excited 
( 150,000 cm -1) electronic states in the Ne atom. Lasing has been achieved 
between many such pairs: The 6328 A line is the one most commonly used, but 
the system can lase at 3.39, 1.12, 1.21, 1.16, and 1.19 pm, and many other lines 
stemming from the complicated multiplet structure of rare gas atom excited 
states. 

When a mixture of He and Ne is subjected to a suitably energetic electric 
discharge, the following energy transfer processes take place: 

1. He + e 	He* + e 

He* + Ne —> He + Ne* (N2) 

hv(laser) 

Ne* (N 1 ) 

2. Ne  +e 	Ne* (N2) + e 

i hv (laser) 

Ne* (N 1 ) 

(The asterisks denote electronic excitation.) In the first mechanism, electroni-
cally excited Ne* produced in the discharge transfers its excitation collisionally 
to Ne, which subsequently lases down to a lower excited level. In the second 
mechanism, excited Ne* is produced directly by the electric discharge. The latter 
mechanism can cause lasing at several lines in pure Ne; however, the addition of 
He greatly increases the lasing efficiency for the following reasons. He gas 
subjected to an electric discharge is initially pumped to a wide range of excited 
states, which can then rapidly relax radiatively to a succession of lower lying 
levels by El transitions (Fig. 9.2). The latter process, known as cascading, 
proceeds according to the selection rules Al = + 1, Aj = 0, + 1 for the excited 
electron. A large fraction of the plasma-excited He atoms accumulate this way in 
the 2 1 S and 2 3 S states (both with the (1s) 1 (2s) 1  configuration) of He. Once 
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Figure 9.2 Energy level diagram for He. Since the 2 1 S and 2 3 S levels are El - 

metastable, populations accumulate by cascading toward these two levels. Repro-
duced by permission from B. Lengyel, Lasers, 2d ed., Wiley-Interscience, New York, 
1971. 

populated, these levels are El-metastable because neither one is El-connected to 
any lower level (only the  (is)2  PS ground state lies below the 23 S state). These 
levels do not lase in He, because (aside from the lack of any El-connected lower-
lying level) the 1 S ground state invariably has a larger population N 1  than 
either 2'S or 2 3 S. Hence, 2'S and 2 3 S He atoms typically retain their excitation 
(at suitably adjusted He and Ne pressures) until they collide with a Ne atom, 
creating Ne*. The efficiency of this collisional excitation transfer is abetted by 
the near-resonance of the 2'S and 2 3 S energy levels with several of the 
• • • (2p) 5(5s) and • (2p) 5(4s) excited levels in Ne, respectively (Fig. 9.3). 

The multiplet structure in Ne* arises from a pair-coupling (not Russell-
Saunders) angular momentum coupling scheme, which is obeyed in rare-gas 
atom excited states. The ground and excited states of Ne exhibit the electron 
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Figure 9.3 Energy level diagram for Ne excited states in the energy region of the 
metastable He 2'S and 2 3 S levels, which are shown at extreme left. The strongest 

laser transitions are indicated with their wavelengths. Adapted from B. Lengyel, 

Lasers, 2d ed., Wiley-Interscience, New York, 1971; used with permission. 

configurations • • (2p)6  and • • • (2p) 5 (n1) 1 , respectively. In the latter configura-
tions, the angular momenta of the 2p "core" electrons form the resultants L„ S, 
of their orbital and spin angular momenta, which couple to form the core 
angular momentum J.  Clearly Le  = 1 and S, = 4 (since these are the quantum 
numbers of the missing electron in the otherwise-filled (2p) 5  core shell), and so 
the possible J, values are  4  and 4. The excited "valence" electron  (ni)',  whose 
angular momenta are comparatively weakly coupled to the core angular 
momenta because its orbital is considerably more voluminous than those of the 
core electrons, exhibits 4, =  I and S, =  4. The angular momenta J, and L, then 
couple to form a resultant 

K = J, + L, 	 (9.14) 
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and the total Ne* angular momentum is given by 

J = K + S, 	 (9.15) 

The Racah notation for rare gas excited states neatly summarizes all of these 
pertinent angular momenta in the term symbol nl[K],. As two examples of Ne* 
multiplets, we consider the 3s[K]., and the np[K], states. The former are the 
lowest-lying • • • (2p) 5 (3s) 1  excited states with L i, = 0 and S, = 4. Since one always 
has L, = 1, S, = 4, and J, = 4 or  4  in the rare-gas atoms, the possible K values 
are from Eq. 9.14 

K = J, + L„, . . • 	— Lyi = = 
	 (9.16) 

since L, = 0 in the  3s[K]  J  Multiplet. Then the possible J values are [Eq. 9.15] 

J = K + S„, .. • , IK — Syl 

when K = 
when K = 

(9.17) 

The 3s[K], multiplet therefore has four sublevels: 3s[4] 0 , 3s[1] 1 , 3s[4] 1 , and 
3s[4] 2 ; the higher ns[K]J  multiplets exhibit similar sets of four sublevels. In a 
similar vein, the np[K]j  multiplets each exhibit 10 components, because Le  = 1 
can combine with J, = to form K = I I; 

With these multiplet splittings, a large number of Ne* laser transitions is 
possible. The common 6328-A line arises from a 5s[K] —> 3p[K]  J  El transition, 
the 3.39-pm infrared line arises from a 5s[K]j  4p[K] j  transition, and the 
series of infrared lines between 1.12 and 1.19 pm arises from transitions from 
various 4s[K] j  levels to lower-energy  3p[K]  j  levels. Most laser applications in 
spectroscopy require monochromatic output, and the undesired laser lines are 
easily suppressed in favor of the selected one. One can make the cavity loss 
coefficient y = — -11n(r 1 /- 2 ) considerably larger for the infrared wavelengths than 
for the 6328-A wavelength, for example, by using laser cavity mirrors with 
coatings exhibiting larger r 1 r2  at 6328 A than in the infrared. One may 
alternatively insert a prism or other dispersive element into the cavity so that 
only the desired wavelength will strike both cavity mirrors at normal incidence 
in a self-consistent, recycling trajectory (Fig. 9.4). 

One important property of the above Ne* excited states which favors their 
involvement in lasing is their radiative lifetimes. To maintain favorable N2 and 
N 1  in Eq. 9.13 and achieve continuous laser action, the upper state population 
N2 should have a high probability for stimulated emission prior to deexcitation 
by other pathways, and the lower state population N 1  should be depleted 
rapidly after the laser transition to prevent its buildup. Thus, the upper and 
lower levels ideally should have relatively long and short radiative lifetimes, 
respectively. This condition is met in each of the He/Ne transitions we have 
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'evo 

r = I 
	 r2 < 

Figure 9.4 Laser cavity with intracavity tuning prism. Laser oscillation at the 

selected frequency y0  is refracted by the prism in a direction normal to the reflector 

with r 1  = 1, and retraces its trajectory through the gain medium. Oscillation at other 

frequencies y strikes the reflector at non normal  incidence, and leaves the cavity. 

described, since the ns[K]J  and np[K]j  levels have radiative lifetimes of 10 -7  
and —  10 8 s, respectively. This condition is not met in the well known N2 laser, 
which oscillates with high efficiency in a series of Cll. --÷ 13 3 11g  transitions 
between 3370.44 and 3371.44 A. Since the upper state lifetime is shorter than the 
B 3 11g  state lifetime, the laser action terminates in about 20 ns, and N2 laser 
operation is restricted to the pulsed mode. 

Prior to the discovery of organic dye lasers in 1966, laser action had already 
been demonstrated in several hundred gases (e.g., He/Ne, CO, N2) and solids 
(e.g., ruby, Nd' :glass, Nd' :YAG). The truly novel property of dye lasers was 
their tunability—the fact that their output wavelengths could be varied over a 
broad range (tens of nm) by adjustment of the dye concentration and/or 
resonator conditions. While dyes may lase in vapors and solids as well as in 
liquid solutions, the latter rapidly became the media of choice owing to their 
economy and ease of handling. Population inversions in early dye lasers were 
frequently achieved by broadband excitation with xenon gas-filled flashlamps. 
Dye lasers are now more commonly monochromatically pumped using another 
laser (typically a 5145-A argon ion laser or a 5320-A beam from a frequency-
doubled Nd' :YAG laser). 

The processes that are critical to lasing in an organic dye [2] are summarized 
in Fig. 9.5. Absorption of a visible photon creates a vibrationally excited S 1  
molecule. In aqueous or alcoholic solution, the excess vibrational energy is lost 
within several picoseconds to the medium, leaving an S 1  molecule whose 
vibrational energy distribution is thermally equilibrated. Laser action may then 
occur, terminating in So  molecules with varying degrees of vibrational excita-
tion. To obtain S i  4° So energy gaps appropriate for visible laser transitions, one 
must resort to molecules with extended n electron systems (alternating single 
and double bonds) which are larger than those in any of the ultraviolet-
absorbing molecules we considered in Chapter 7. A typical size is exhibited by 

- the rhodamine 6G cation (Problem 8.2), which has 64 atoms and therefore 186 
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Tn 

Triplet — Triplet 
absorption 

T I  

Figure 9.5 Energy levels for an organic dye laser. IC and ISC denote internal 
conversion and intersystem crossing, respectively (Chapter 7). Wavy arrows indicate 
vibrational relaxation. So  and S., are singlet electronic states, while T., and  T  
triplet states. 

vibrational modes. In view of the resulting potential for spectral congestion, it is 
no surprise that this dye's S 1  <— So  absorption and fluorescence spectra are 
vibrationally unresolved continua. It is this feature that endows a dye laser with 
its most conspicuous asset, continuous tunability. 

Two of the processes which detract from lasing, S i  —> So  internal conversion 
(IC) and S 1  —> T 1  intersystem crossing (ISC), are shown in Fig. 9.5. IC depletes 
the S 1  population, reducing the laser gain. The consequences of ISC are often 
more serious. Since the T1  state is metastable (the T1  —* So  phosphorescence 
transition is spin-forbidden), molecules accumulate in T1  if the ISC quantum 
yield is substantial. Many dyes exhibit large T 1  T„ absorption coefficients at 
the wavelengths of the S 1  —> So  laser transition, due to transitions from T 1  to 
some higher triplet state T.  Such triplet—triplet absorption can dramatically 
reduce the laser gain. Since rapid IC and/or ISC occur in the vast majority of 
organic compounds (Section 7.4), a survey of some one thousand dyes that were 
commercially available in 1969 gleaned only four that proved useful in dye lasers 
[2]. Most of the dyes that are currently used fall into three structural classes: 
xanthenes, oxazines, and coumarins. 

It has been empirically established [2] that the presence of torsional modes 
(intramolecular rotations about bonds) accelerates S i  —* So  IC in dyes. For 
example, the dye phenolphthalein has essentially zero fluorescence yield, while 
fluorescein has 90% yield (Fig. 9.6): The torsional modes in phenolphthalein are 
frozen out by the presence of the oxygen bridge in fluorescein. In the absence of 
such torsional modes, most of the S 1  <— So  electronic energy difference in IC is 



Phenolphthalein Fluorescein 

Figure 9.6. 

absorbed as So  state vibrational energy in high-frequency C—H stretching 
modes. (It may be shown that the IC probability is larger if this energy difference 
is deposited into a smaller number of vibrational quanta in the lower electronic 
state [3]. For a fixed energy gap, this implies that higher frequency "accepting" 
modes are more effective in promoting IC.) For this reason, the presence of more 
H atoms attached to the chromophore will reduce the fluorescence yield (and 
also the lasing efficiency). Dyes frequently show larger fluorescence yields in 
deuterdted solvents, because proton exchange with the solvent replaces the C—H 
modes with lower frequency C—D modes via the isotope effect. 

Intersystem crossing will obviously be accelerated by heavy-atom sub-
stitutients, and no efficient laser dye contains them. The four bromine atoms in 
eosin (Fig. 9.7) increase its S 1  —> T 1  ISC yield to 76%, as compared to the 3% 
value observed in fluorescein. Solvents containing heavy atoms (e.g., CBr 4) also 
contribute to T 1  buildup in laser dyes, and are avoided. 

Drexhage [2] has formulated a remarkable rule that relates the ISC rates in 
dyes to the topologies of their 7r-electron structures. If the ring atoms that 
contribute to the 7r-electron structure form a closed loop of adjacent sites, the 
molecule exhibits a higher ISC yield than if the loop is broken by the presence of 
a ring atom uninvolved the 7c-electron system. This rule can be rationalized 
semiclassically by noting that the orbital angular momentum in dyes with such 
closed loops will produce larger spin—orbit coupling and enhanced S 1  —> T 1 

 yields. As an example, acridine dyes (Fig. 9.8) have not materialized as a class of 
laser dyes. The two resonance structures shown in this figure both exhibit the 

Eosin 

Figure 9.7. 
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Figure 9.8 Resonance structures contributing to n electron densities in acridine 

dyes (X = N) and rhodamine dyes (X = 0). The resonance structures containing 

=X+ < are dominant in acridines, but are less favorable in rhodamines. 

ammonium group =N +  <. Both structures have comparable weighting in the  it-
electron structure of acridines, so that considerable it-electron density resides 
on the bridging N atom. In the important rhodamine laser dyes, the bridging 
group < in the second resonance structure is replaced by the energetically 
less favored oxonium group =O—. Appreciably less it-electron density is then 
found on the bridging atom in rhodamines than in acridines, with the result that 
the latter show far higher S i  T1  yields. Likewise, carbazine dyes (in which the 
bridging atom is a tetrahedral C atom, Fig. 9.9) exhibit very low triplet yields. 

Many laser dyes (xanthenes and oxazines) are employed as cations in polar 
solvents, and the S i  state in such dyes may be quenched by electron transfer 
from the negatively charged counterion. The quenching rate decreases with the 
identity of the counterion as I - > Br - > Cl > C1C4. Perchlorate is therefore 
the counterion of choice, particularly at higher concentrations in nonpolar 
solvents, where rapid diffusion occurs between the dye and counterion. 

In the xanthene dyes (Fig. 9.9), the absorption and lasing wavelengths are 
sensitive to the substituents on the xanthene chromophore, with the result that a 
continuous range of lasing wavelengths is accessible between 540 and 

650 nm through appropriate choice of dye. (The carboxyphenyl • group 
common to all rhodamine dyes is not part of the rigid xanthene chromophore, 
and it has little effect on its lasing properties.) Longer lasing wavelengths (630- 

750 nm) are available using oxazine dyes, in which the =C— bridge group in 
xanthenes is supplanted by =N—. Since the S 1 4- So  energy gap is smaller in the 
oxazines than in the xanthenes, IC is more problematic in the oxazines, and the 
use of deuterated solvents improves their lasing efficiency. In both the xanthene 
and oxazine dyes, the S i  <- So  transition moment is polarized along the long 
molecular axis. By symmetry, neither the S i  nor So  state in these dye 
chromophores exhibits a permanent dipole moment. 

In contrast, the coumarin dyes, while relatively nonpolar in the ground state, 
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Figure 9.9 Typical xanthene and oxazine dyes. 
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Figure 9.10 Dominant resonance structures for S o  and S, electronic states in 

coumarin dyes, and two typical coumarins. 

are highly polar in the S 1  state (Fig. 9.10). Excitation of a coumarin S 1  state in a 
polar solvent (e.g., methanol) then produces a sudden increase in the molecule's 
permanent dipole moment, followed by rapid solvent dipole reorganization [2]. 
This lowers the S 1  state energy relative to that in nonpolar solvents, and 
decreases the S 1  <— So  energy separation; the result is a large wavelength shift 
(Stokes shift) between the absorption and fluorescence maxima. For example, 
the absorption and lasing maxima of coumarin 1 in methanol are at 373 and 
460 nm. Owing to their smaller chromophore size, the coumarins lase at shorter 
wavelengths (440 to 540 nm) than the xanthenes and oxazines. 
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Figure 9.11 Folded-cavity configuration for dye laser pumped by an argon ion or 

frequency-doubled Nd 3  :YAG laser. The optics denoted M are >99.9% reflecting at 

the incident wavelength. The dye jet is flowed along an axis perpendicular to the 

plane of the paper. The Lyot plate provides wavelength tunability (see text). 

A commonly employed configuration for a cw (continuous-wave) dye laser 
externally pumped by an argon ion or frequency-doubled Nd' : YAG laser is 
shown in Fig. 9.11. A rhodamine dye solution in ethylene glycol (a viscous 
solvent) is flowed in a jet stream 0.25 nm thick at — 7 m/s. The use of such a jet 
obviates the thermal inhomogeneities, window damage, and extensive dye 
photochemical degradation that would attend exposure of a stationary dye 
solution to an intense laser beam in a cell. To attain the large population 
inversions requisite for lasing, the pump laser beam is tightly focused using a 
spherical concave reflector to -.0.01  mm diameter at the center of the jet. The 
dye laser beam inside the cavity is similarly focused, using two confocal spherical 
reflectors (i.e., reflectors whose focal points coincide at the center of the jet) to 
provide good spatial overlap between the amplified dye laser beam and the 
small pumped volume of the jet. All of these spherical surfaces are coated with 
specialized multilayer dielectric materials, which are essentially 100% reflecting 
at the incident wavelengths and are highly resistant to optical damage. 

The laser output is extracted through the output coupler, a multilayer 
dielectric-coated fused silica substrate with typically 5% transmission at the 
lasing wavelength. In a well-aligned rhodamine 6G laser pumped by a 5145-A 
cw argon ion laser, 25-30% of the optical pump power can be converted into 
dye laser output. Coarse wavelength tuning can be effected by incorporating a 
prism into the dye cavity (Fig. 9.4), or by including a diffraction grating as one of 
the cavity elements. The current tuning element of choice is a Lyot plate, aligned 
with its surface normal at the Brewster angle OB [4] with respect to the laser 
propagation axis as shown in Fig. 9.11. A dye laser beam polarized in the plane 
of the Lyot plate (which is made of birefringent single-crystal quartz) and 
incident on the plate at OB will be partly reflected off the plate and partly 
refracted into the plate. (This polarization, termed the S polarization, corre-
sponds to polarization along an axis perpendicular to the paper in Fig. 9.11.) 
Laser light with the orthogonal polarization (P polarization) incident at OB will 
be totally refracted through the plate. Since a typical laser photon experiences 
many round-trip passes in the cavity prior to exiting through the output 
coupler, the presence of these Brewster-angle surfaces therefore strongly favors 
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P polarization in the laser beam. The crucial property of the Lyot plate is that it 
rotates the polarization of all wavelengths traversing the plate, with the 
exception of those wavelengths A obeying 

d(no  — n e) = nA 	n = 1, 2, ... 	 (9.18) 

Here n., ne  are the ordinary and extraordinary refractive indices [4] of the 
birefringent plate, and d is the plate thickness. Since a laser beam that is 
consistently P-polarized during each cavity pass is strongly favored, the Lyot 
plate effectively suppresses lasing at wavelengths that fail to satisfy condition 
(9.18). When the plate is rotated about its normal, the wavelengths that fulfill Eq. 
9.18 become shifted. Hence a Lyot plate (or a stack of two or three Lyot plates 
with different thickness) can afford continuous tuning of the laser output across 
the entire dye gain bandwidth. 

9.3 AXIAL MODE STRUCTURE AND SINGLE MODE SELECTION 

Provided the loss coefficient y is accurately given (taking into account all cavity 
loss mechanisms), lasing will occur a priori for all frequencies for which 
inequality (9.10) is satisfied. The resulting lasing bandwidth, shown graphically 
in Fig. 9.12, extends over all frequencies for which the gain coefficient [ — a(v)] 
exceeds 7/L. A new constraint is now posed by the physical boundary condition 
that the laser oscillation must have nodes at the surfaces of the cavity end 
mirrors. This means that an integral number of laser half-wavelengths must fit 

Lasing Bandwidth 

7 

Figure 9.12 Dye laser gain curve — a(v) versus laser frequency v. Lasing occurs for 
frequencies satisfying — a(v)> ylL. 
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into the cavity's optical path length, so that 

= L 	n(s)ds 
2 	

n -= 1, 2, 3, ... 	 (9.19) 

Here n(s) is the refractive index along the light propagation path in the cavity, 
and the line integral is taken over a single traversal of the cavity (one-half round 
trip). For a laser medium with refractive index n and physical length L 1  situated 
in air between cavity mirrors separated by physical length L2 > L 1 , the optical 
path length is L = nL i  + (L2  — L 1 ). Equation 9.19 can be rearranged using 

clv to give the allowed longitudinal (or axial) mode frequencies [1] 

v. = ncl2L 	n = 1, 2, 3, ... 	 (9.20) 

These axial mode frequencies are equally spaced with separation 
Llv v., 1  —  y ,,  = cl2L = 11T, where T is the time required for one cavity round-
trip. In the absence of tuning elements, the actual lasing frequencies will be those 
which simultaneously satisfy both Eqs. 9.10 and 9.20, and all axial modes with 
frequencies v for which — Œ(v)  > y/L will lase (Fig. 9.13). The shape of the gain 
curve —Œ(v)  depends on the operative line-broadening mechanism: Doppler 
broadening in He/Ne or Ar ± lasers, lattice broadening in solid-state 
Nd' :YAG lasers, and so forth. 

The axial mode frequencies themselves are not infinitely sharp. The widths of 
the individual modes depend on how long a typical laser photon stays inside the 
cavity. In consequence of lifetime broadening, we have 

AE At ?, h/2 	 (9.21) 

lin 	Un+i 

Figure 9.13 Dye laser gain curve — a(v), with axial mode frequencies yr, = ncl2t 
superimposed. Lasing occurs in axial modes yn  for which  —a(v) > y/ L.  Axial mode 

profiles are represented as Lorentzian profiles for realism, since they are broadened 

by finite photon lifetimes in the cavity. 
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and so we can deduce that since AE = h Av = hc Ai," for photons, 

tpAv 	1/4z 	 (9.22) 

where tp  = At is the photon lifetime inside the cavity. The photon lifetime tp  is 
controlled by the cavity loss coefficient y. Cavity losses tend to deplete the cavity 
photon population by a factor of exp(— y) per cavity pass; by the definition of  ti,,  
this factor can be equated with exp(— TI2t p), where T = 2LIc is the round-trip 
time. (One round-trip equals two cavity passes.) Hence the photon lifetime is 

tp  = T/27 = 	 (9.23) 

According to Eq. 9.22, the order of magnitude of zli) is then 

1/4nctp  = y 14n1', 	 (9.24) 

for the width of individual axial modes in  cm. 
As an example, we consider a laser with 1-m optical path length and cavity 

end reflectors with reflectivities r 1  = 1.00, r2  = 0.95 (these are typical values for a 
rear (high) reflector and an output coupler reflector respectively in a practical 
laser). If cavity reflector losses dominate the loss coefficient, 

	

y = —11n[(1)(0.95)] =  +0.025 	 (9.25) 

and so the individual mode width will be the order of S,  2.5 x 10 -5  cm -1 . 
This suggests a potential for compressing the intense laser output into a 

remarkably narrow (by classical spectroscopy standards!) bandwidth of 
< 10'cm', if the laser oscillation can be limited to just one of these axial 
modes. In fact, this is readily achieved by incorporating an etalon, in effect an 
additional pair of partially mirrored parallel reflectors separated by the etalon 
length Le , into the cavity (Fig. 9.14). All lasing frequencies must then simulta-
neously satisfy two sets of axial mode boundary conditions 

v„ = ncl2L', 	n = 1, 2, 3, ... 

v n , = 	n' = 1, 2, 3, ... 	 (9.26) 

Le  

■■•■ 

Eta Ion  

	  L' 	  

Figure 9.14 Laser cavity of optical path length L' augmented with an etalon, 
whose partially reflecting surfaces are separated by a precisely variable distance  L e.  
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Figure 9.15 Laser gain curve —a(v), axial mode frequencies v r, = ncl2L', and an 
etalon mode frequency vn . = n'cl2L e . Since L e  « L', other etalon modes are too 
widely spaced from vn . to appear in this frequency range. Lasing occurs selectively at 
the axial mode which overlaps the etalon mode. Tuning the etalon separation L e  
controls the axial mode selected. 

The etalon spacing Le  can be adjusted in practice so that only one axial cavity 
mode within the gain bandwidth — oc(v) > TIL satisfies both of Eqs. 9.18, as 
shown in Fig. 9.15. Moreover, Le  can be varied to select successive cavity axial 
modes at will. 

This discussion barely touches on the topics of cavity modes and high-
resolution laser technology. Laser light also propagates in transverse cavity 
modes [5], which can introduce fine structure superimposed on the axial mode 
frequencies if lasing is not confined to the lowest-order TEM 00  transverse mode. 
Ring dye lasers are currently the most widely used frequency-stabilized high-
resolution lasers. 
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9.4 MODE-LOCKING AND ULTRASHORT LASER PULSES 

We now concentrate on the time dependence of laser oscillation in a cavity 
whose gain curve encompasses a large number of axial modes. Each axial mode 
amplitude will oscillate with a time dependence of the form 
exp[icon(t — x/c) + i(/), ] , with circular frequency 

= 2in,„ = nncIL 	n = 1, 2, 3, ... 	 (9.27) 

0„ is the phase of oscillation for mode n. The total amplitude of laser oscillation 
will then behave as 

E(t) =_- E Enekon(t-xm+ i4)„ 	 (9.28) 

where the amplitude factors E„ reflect the weighting of the laser gain curve at the 
axial mode frequencies w n . Equation 9.28 describes the time dependence of a 
randomly spaced sequence of light pulses, since E(t) is a superimposition of 
different frequency components added together with random phases  

We now consider what happens when all of the axial modes are forced to 
oscillate at the same phase, say 00 . For simplicity, we assume that (2k + 1) 
modes oscillate with identical amplitude E0, and that the equally spaced mode 
frequencies run from w = w0  — k do) to w = w0  + k do), with 
do) = 2n Av = nc/L = 27EI'T. The total oscillation amplitude then simplifies into 

E(t) = E0e0 	ei(010 + niico)(t — xlc) 

n=  — k  

= E0el[
..(t _ x/c)±00]  sin[(k + 1--)Aco(t — x/c)] 

sin[4dw(t — x/c)] 

The intensity of the associated light wave is then 

sin2 [(k  + 1)L1(0(t — xlc)] 
1E(t)1 2  = 1E0 1 2  

sin'[dw(t — x/c)] 

(9.29) 

(9.30) 

This function is periodic, with period T equal to the cavity round-trip time (Fig. 
9.16); it corresponds physically to the fact that one light pulse is propagating 
back and forth inside the cavity at all times. Since part of this pulse is 
transmitted outside the cavity everytime it strikes the output coupler reflector, 
the laser output consists of a train of pulses equally spaced in time by T The 
zeros in IE(t)1 2  on either side of the primary pulse peaks are separated by the 
duration 2 T/(2k + 1), which gives an upper bound estimate of the laser pulse 
width -c p . For a 1-m optical path length cavity, the round-trip time T is 
2LIc = 6.67 ns. If 9 axial modes are forced to oscillate in phase with equal 
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Figure 9.16 Graphs of the periodic time-dependent function lE(t)1 2  for k=4, 8, 
and 25, corresponding to (2k + 1) = 9, 17, and 51 axial modes locked in the same 

phase with equal amplitude. Note the laser pulse sharpening which occurs as the 

number of locked modes increases. 

amplitude, the pulse widths are on the order of 1.5 ns; for 51 phase-locked 
modes, the pulse widths would be reduced to 260 Ps.  This trend is illustrated in 
Fig. 9.16. Since the pulse widths depend on the number of locked modes 2k + 1 
via tp 2 T/(2k + 1), generation of extremely short laser pulses has become the 
province of mode-locked solid-state and dye lasers, whose broad gain 
bandwidths can permit simultaneous phase-locked oscillation in thousands of 
axial modes. 

Mode-locking does not occur spontaneously in a simple laser cavity. Either it 
must be actively driven by a cavity element which introduces cavity losses with a 
period of exactly T/2 (i.e., one-half the optical round-trip time), or it must be 
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passively induced by an intracavity nonlinear absorber [6] which discourages 
lasing at phases other than some phase 00  at which strong lasing initially occurs. 
In an active acousto-optic [7] mode-locker, coarse wavelength selection of the 
laser output is provided by an interactivity triangular prism placed near the rear 
mirror (Fig. 9.4). A thin layer of piezoelectric material is deposited on one of the 
triangular faces. An oscillating voltage applied to the piezoelectric creates a 
mechanical stress, which is transmitted to the prism in the form of a standing 
longitudinal acoustic wave if the driven wave frequency matches a prism 
resonance frequency. The mechanical rarefactions and compressions induced in 
the prism by the standing acoustic wave produce a spatial alternation in 
refractive index, creating a transient diffraction grating which deflects the laser 
beam from its cavity path when the voltage is applied to the piezoelectric. By 
proper synchronization of the applied voltage frequency with the cavity round-
trip time, the longitudinal modes can thus be forced to oscillate in phase. 
Acousto-optic mode lockers are commonly used in argon ion lasers, which can 
operate in several strong visible lines (notably 4880 and 5145 A). The 5145-A line 
is generally selected with the tuning prism; Doppler broadening of this line in the 
argon plasma tube allows some 40 axial modes to lase under the gain bandwidth 
curve in a 1-m cavity. Active mode-locking of such a laser typically produces 
laser pulses with — 500  Ps  fwhm. 

It is beyond the scope of the present chapter to review the technology and 
capabilities of mode-locked lasers. The currently favored systems for picosecond 
pulse generation are mode-locked Nd3+  :YAG lasers (which afford 1.06-iim 
pulses — 15  Ps  fwhm and may be wavelength-converted by using their 5320-A 
second-harmonic pulses to pump tunable dye lasers), although dye lasers 
pumped by mode-locked Ar + lasers are still widely used. Pulses from 
Nd 3+  :YAG-based systems have been compressed to less than 1 ps fwhm in 
optical fibers. The very shortest pulses now reported have been generated in 
passively mode-locked Ar + -pumped colliding-pulse-mode ring dye lasers, which 
have yielded pulses as short as 40 fs wide (1 fs = 10 -15  s). 

REFERENCES 

1. B. A. Lengyel, Lasers, 2d ed., Wiley-Interscience, New York, 1971. 
2. K. H. Drexhage, in Dye Lasers, Springer-Verlag Topics in Applied Physics, Vol. 1, Dye 

Lasers, F. P. Schafer (Ed.), Springer-Verlag, Berlin, 1973. 
3. P. Avouris, W. M. Gelbart, and M. A. El-Sayed, Chem. Rev. 77: 793 (1977). 
4. E. Hecht and A. Zajac, Optics, Addison-Wesley, Reading, MA, 1976; M. V. Klein, 

Optics, Wiley, New York, 1970; M. Born and E. Wolf, Principles of Optics, Pergamon, 
Oxford, 1970. 

5. A. E. Siegman, An Introduction to Lasers and Masers, McGraw-Hill, New York, 1971. 
6. D. J. Bradley, in Springer-Verlag Topics in Applied Physics, Vol. 18, Ultrashort Light 

Pulses, S. L. Shapiro (Ed.), Springer-Verlag, Berlin, 1977. 
7. A. Yariv, Quantum Electronics, 2d ed., Wiley, New York, 1975. 



304 LASERS 

PROBLEMS 

1. As an exercise in evaluating criteria for lasing in an idealized system, 
consider the 3 2 13312  --÷ 3 2 S 112  transition in a Na atom. The radiative lifetime of 
the 3 2 13 312  levels is 5 x  10 8 s;  the photon energy for the transition is 
16,978 cm'. It is proposed to explore the possibility of lasing in a uniform 10-
cm cavity bounded by end reflectors with r 1  = 1.00 and r2  = 0.98. Assume that 
the translational temperature in the Na vapor is 300 K, and that no cavity losses 
other than transmission losses at the end reflectors are operative. 

(a) Determine the population inversion (g 1 /g 2)N 2  — N 1  required for lasing in 
this system; include units. How is the answer changed if the translational 
temperature is increased to 600 K? 

(b) What are the most fundamental problems that limit the practicality of such 
a laser? 

2. Several compounds from the limitless roster of organic species that cannot 
serve as useful laser dyes are listed below. For each of these, indicate the most 
important physical reason(s) why the molecule is an unsuitable laser dye 
candidate. Consider only the S 1  —* So  transitions. 

(a) Naphthalene 
(b) Aniline 
(c) Rosamine 4 
(d) Dithiofluorescein 
(e) Acridine 
(f) Iodoanthracene 

H2 N NH2  

Rosamine 4 

Di th  jot I uorescein 

Acrid Inc 
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3. A dye laser 0.5 m long is operated in a single axial mode with end reflectors 
characterized by r 1  = 1.00, r 2  = 0.95. The single-mode output bandwidth is 
10 cm -1 . Is this bandwidth limited by end reflector losses? What effect would 
doubling the cavity length L have on the output bandwidth if the cavity losses 
are dominated by r 2? If the cavity losses are uniformly distributed along L (e.g., 
through diffraction losses?) 

4. An etalon is used for single-mode selection in a 1-m rhodamine 6G laser. If 
the dye gain bandwidth is commensurate with the width of the rhodamine 6G 
fluorescence spectrum shown in Problem 8.2, what etalon separations L e  and 
etalon surface reflectivities would ensure that only one axial mode is selected at 
any time? 

5. A 0.75-m solid-state Nd' :YAG laser is acousto-optically mode-locked to 
yield ultrashort pulses centered at V L  = 9416 cm'. 

(a) Assuming that the lasing bandwidth function is given by 

	

1c0) + y/EI = c, 	— 	0.5 cm" 

	

=0, 	—VJJ > 0.5 cm -1  

where C is a positive constant, how many axial modes will lase? What pulse 
duration will result from perfect mode-locking in this laser? What will be 
the time separation between adjacent pulses? 

(b) Suppose now that the lasing bandwidth function is given by a Gaussian 
function of centered at 3L  with an fwhm of 1 cm -1 . How are the answers 
in part (a) qualitatively charged? 
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TWO-PHOTON PROCESSES 

Up to now, we have been primarily concerned with one-photon absorption and 
emission processes, whose probability amplitudes are given by the first-order 
term 

1 
c(t) = 	e - LCOkrng 1 <ml /4741)1k>dti 

ih to  
(10.1) 

in the time-ordered perturbation expansion (1.96). We have seen that evaluation 
of the time integral (10.1) in the cw limit to  — co, t + co leads to a statement 
of the one-photon Ritz combination principle E. — Ek = hco, where co is the 
circular frequency of the applied radiation field (Eq. 1.112). The discussions of 
oscillator strengths and radiative lifetimes in Chapter 8 proceeded from the 
assumption that one-photon processes accounted for all spectroscopic trans-
itions of interest. 

Many radiative transitions cannot be treated under the framework of one-
photon processes. Raman transitions (which are two-photon processes) were 
discovered by Raman and Krishnan in 1928; evidence for two-photon ab-
sorption and more exotic multiphoton phenomena accumulated rapidly after 
the introduction of lasers in the 1960s. Some of the characteristics of two-photon 
processes are illustrated by the Raman spectra of p-difluorobenzene (Fig. 10.1). 
These spectra were generated by exposing the pure liquid or vapor to a nearly 
monochromatic cw beam from either a He/Ne or an argon ion laser, and 
analyzing the wavelengths of light scattered by the sample at a right angle from 
the laser beam. They are plotted as scattered light intensity versus the difference 

— co' between incident and scattered frequencies. p-Difluorobenzene exhibits 

307 
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Figure 10.1 Raman spectra of p-difluorobenzene (a) pure liquid and (b) vapor, 
recorded as light intensity /(a) scattered at frequency a versus the difference 
(w — a) between incident and scattered frequencies. The spectra excited using an 
argon ion laser (4880 A) and a He/Ne laser (6328 A) are nearly identical. Used with 
permission from R. L. Zimmerman and T. M. Dunn, J. Mol. Spectrosc. 110; 312 
(1985). 

an S 1 4— So  electronic spectrum with an origin band at 2713.5 A in the near 
ultraviolet, and is practically transparent at the visible He/1\1e and Ar ± laser 
wavelengths (6328 and 4880 A, respectively). Photons at the scattered freq-
uencies co' are produced essentially instantaneously (within 1 fs) upon disap-
pearance of incident photons at frequency co. Consequently, this process cannot 
be interpreted as a sequence of one-photon absorption and emission steps. A 
one-photon absorptive transition with an oscillator strength of 1 in the UV-
visible would populate an excited state with a radiative lifetime on the order of 
ns (Chapter 8). In a p-difluorobenzene molecule subjected to a visible laser, the 
emergence of photon w' would typically be delayed by a far longer time if it 
followed the (extremely weak) one-photon absorption process at 6328 or 4880 A. 

The frequencies w — co' of the Raman lines in Fig. 10.1 prove to be 
independent of the excitation laser frequency co, and analysis shows that they are 
equal to vibrational energy level separations in So  p-difluorobenzene. This is an 
example of the energy conservation law h(co — = E,„ — E k  in Raman spec-
troscopy: An incident photon with energy hco interacts with the molecule; a 
transition occurs from level 1k> to level 1m>,  and a scattered photon emerges with 
a shifted energy hol that compensates for the energy gained or lost by the 
molecule (Fig. 10.2). When co > a, the process is called a Stokes Raman 
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Figure 10.2 Energy level diagram for Raman scatter-

ing. A photon is incident at frequency w and a photon is 

scattered at frequency cu'; the energy difference 
h(cu — cu') matches a molecular level separation Em  — Ek. 

The dashed line corresponds to a virtue/ state, which 
need not coincide with any eigenstate of the molecule 

(Section 10.1). 

transition; when co < co', it is an anti-Stokes transition. We will see that Stokes 
transitions are generally stronger than anti-Stokes transitions, and only the 
Stokes portions of the p-difluorobenzene spectra are reported in Fig. 10.1. 
Detailed study of these spectra reveals that some of the Raman lines (e.g., the 
lines at 3084, 859, 636, and 376 cm -1  in the liquid spectrum) are fundamentals in 
vibrations of ag , b2g , and b3g  symmetry in the D2h point group. Such 
fundamentals are symmetry-forbidden in one-photon vibrational spectroscopy 
(Chapter 6). This illustrates the value of vibrational Raman spectroscopy for 
characterizing vibrational modes that are spectrally dark in the infrared. Raman 
spectra have also been used to probe rotational and (less frequently) electronic 
structure. 

The other important two-photon process is two-photon absorption (TPA), in 
which two photons are simultaneously absorbed and a molecule is promoted 
from some state 1k> to a higher-energy state 1m>. The selection rules in TPA are 
different from those in one-photon absorption, and TPA has proved fruitful in 
identifying electronic states that are inaccessible to conventional electronic 
spectroscopy. 

10.1 THEORY OF TWO-PHOTON PROCESSES 

The probabilities of two-photon 1k> —> 1m> transitions are controlled by the 
second-order coefficients 

cno 1  Ef e 	On1W (t i )In> dt 

f t. e - iancnt2< 	t (10.2) 

n 	to  

from the Dyson expansion (1.96). We may allow for the presence of two different 
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(10.7) 
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radiation fields with vector potentials A l (r, t) and A 2 (r, t) in the Coulomb gauge 
by setting 

ihq  
WOO= 	A 2(r , t 1 ) • V 

mc 

ihq 
W(t 2) = 	 A i (r, t 2 ) • V 

mc 

If one lets 

A i (r, t 2 ) = A 1  cos(k i  .r — w 1 t2 ) 

A 
= —

2 
texp(i(k r — co t 2)] + exp[ — 	r — co l  t 2 )]} 

A 1 	 A 1  
= 	  2 (r) exp( iw i t 2 ) + 	

2 	exP(ko 1- 2) 

(10.3) 

(10.4) 

and similarly treats A 2(r, t 1 ), we have 

ihq 	 ihq 

	

<niW(t 2)10= 	 <nlik i (r)- Vik>e'"2  + 	<nlA 	Vik>e'" 2  
2mc 	 2mc 

ihq 

	

= 	 (anke - ) 1 t 2  + inke i"2 ) 
2mc 

and 

ihq 

	

<ml W(t1)1n> = 	<mIA 2(r) Vin>e 
2mc 

ihq 

	

= 	(a  e _ 2t1 + rimne) 
2mc mn  

We finally obtain 

q
2 

c(t) = 
4m2,2 
	e i(Dnra 1 (a„me iw2t + .„ei'2' 1 )dt 

n 	to 

(10.5) 

ihq  
+ 	OnIA 2( — r) • V In> e + i(D2t1 

2mc 

(10.6) 

as the second-order contribution to cm(t). This summation contains four cross 
terms for each n. Their interpretations will become clear as we develop Eq. 10.7 
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farther, and we list them for reference below: 

Term 	 Process 

amnank 
	Two-photon absorption 

5Cmnank 
	 Raman (Stokes if w 1  > (0 2 ) 

amnank 
	 Raman (anti-Stokes if w 1  < w2) 

amnank 
	 Two-photon emission 

These processes can also be visualized in the same order using qualitative energy 
level diagrams in Fig. 10.3. The dashed lines in this figure denote virtual states, 
which are not generally true eigenstates of the molecular Hamiltonian unless 
one of the radiation field frequencies w 1 , w2  happens to be tuned to one of the 
molecular energy level differences. All of these two-photon processes are 
effectively instantaneous, and the virtual states do not exhibit measurable 
lifetimes. A second way [1] of visualizing these processes, which appears to be 
cumbersome for displaying these (relatively) simple second-order phenomena 
but which proves to be valuable in sorting out still higher order processes like 
second-harmonic generation (Chapter 11), is to use time-ordered graphs (Fig. 
10.4). The time coordinate in these graphs is vertical, pointing upwards. The 
photons are represented by wavy lines. The vertical lines, which are divided into 
segments labeled k, n, and m, identify the molecular states that are occupied at 
various times; the center portions of these lines denote the time intervals during 
which the molecule is in the virtual state labeled n. The state of the system at any 
time t can thus be inferred by noting which portion of the vertical line and which 
(wavy) photon line(s) intersect the horizontal line representing time t. In the first 
diagram (corresponding to two-photon absorption), there are two photons, 
(k 1 , w i ) and (k2 , w 2), and the molecule is in the initial state Ik> at time ta . By time 
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Figure 10.3 Energy level diagrams representing the four contributions 
to 4,2) (t) when the perturbation matrix elements are given by Eqs. 10.5 and 10.6. 
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Figure 10.4 Time-ordered graphs corresponding to the four contributions to 
c („1)  (t) when the perturbation matrix elements are given by Eqs. 10.5 and 10.6. These 
are shown in the same order as the energy level diagrams in Fig. 10.3. 

tb , the molecule has undergone a transition to virtual state In> by virtue of the 
radiation-molecule interaction W(t 2), and only the (k 2 , w2) photon remains 
unabsorbed. At time tc  the molecule has reached its final state 1m> as a result of 
the interaction between virtual state In> and the (k2 , (0 2) photon via coupling by 
the W(t i ) term. The intersections of the photon lines with the vertical lines, 
which are labeled with interaction Hamiltonian terms like W(t 1 ) or W(t2), are 
called interaction vertices. 

The role implied by these time-ordered graphs for the virtual states called 
"1n>" should not be taken too literally. In the treatment that follows, these 
virtual states are in effect expanded in infinite series of true molecular eigenstates 
In>, and no virtual state in any of the processes will coincide with any single, 
particular true In>. Hence, while the energy conservation hco i  + hco 2  = En, — Ek 

must be preserved in the overall two-photon absorption process, the first of the 
time-ordered graphs is not intended to imply that hco = E n  — Ek, where 
E„ is the energy of some true molecular eigenstate  In>.  The absorption of photon 
(k 1 , w 1 ) in this graph is called a virtual absorption, and it is not subject to the 
energy level-matching Ritz combination principle that is obeyed by one-photon 
absorption (a real absorption process). 

We have arbitrarily chosen to associate A2 (r, t) with W(t 1 ) and A l (r, t) with 
W(t 2) in Eqs. 10.3. If we allow in addition the reverse assignments  [A  1 (r, t) with 
W(t i ) and A2(r, t) with W(t 2)], we will generate the new energy level diagrams in 
Fig. 10.5 and the new time-ordered graphs in Fig. 10.6. 

At this point, we have developed our theoretical framework sufficiently to 
deal explicitly with TPA and Raman spectroscopy. Spontaneous two-photon  
emission (which is depicted by the last of each set of time-ordered  graphs in Figs. 
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Figure 10.5 Energy level diagrams for four additional contributions 
to c (n1 ) (t), generated by associating A, with W(t., ) and A2  with W(t2 ). 
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Figure 10.6 Time-ordered graphs corresponding to the energy level diagrams in 

Fig. 10.5. 

10.4 and 10.6) exhibits transition rates far smaller than those of  El-allowed one-
photon emission [1], and has not been detected. It is likely to contribute to 
decay in astrophysical systems in which one-photon decay is El-forbidden. 

10.2 TWO-PHOTON ABSORPTION 

We now develop the terms pertinent to TPA in Eq. 10.7. They become 

2 
TP ror )r2 	(10.8) C

A
m 	=  q  

c 	Œrnnarik 	dti e i(wnPr. + (1)241 	dt 
A  2 2 	

t 

to 	
- 2e 

to 



TPA(t) Cm 	= 	
14

2 

4m2 c2 f t amnInk 	dt l e i(a)km ± (4) 1 + W2 )t i 

—  oo 

1 

i(wk. + w1) (10.11) 
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Setting t o  = —  co  in the cw limit, we have 

14
2 

CTjA (t) = 	 i(conm+2)ti (0 
4m2 c 2 En  Œmn Œnk 	03 dt 1 e — 

 

j•ti 

— 
dt2e —i+ wot2 (10.9) 

To make the last integral on the right converge, we may replace cok„  by (wk. + 
where c is small and positive, and then let s —> 0 after the integration: 

t i 

 — 

— e
—i(co k.+ cot + iE)t2 t 

00 

— e
— i(.,„+ coot' 

(10.10) 

i(cokn + (0 1  + ie) 

—e —i(cok.+Wi+ioti 

i(wk. + 	+ i(wk. + col) 

This is more than just a mathematical artifice. This substitution is tantamount 
to replacing the energy E n  by (E„ — ihE), so that the intermediate state In> 
exhibits the time dependence exp(— iEntlh — £t) and hence physically decays 
with lifetime 1/2e. The constant s can be identified with y/4, where y is the 
Lorentzian linewidth (Chapter 8). Such linewidths are generally much smaller 
than level energies En , so that dropping e at the end of the integration yields 
good approximations to  c(t) in Eq. 10.10. Next, we have 

and so in the cw limit 

c (co) 
27rq 2 	amnank  

	

(5(Wicnt 	W 1 ± a) 2) 
4iM2 C2  n (0)kn 	(DI) 

—27-cq 2 	<mIA 2(r)  Vin><nlA l (r)- Vik> 
o(wk., +  w,  + a) 2) 

4iM2C2 	 Wkn W1  
(10.12) 

In the El approximation (Chapter 1), this is equivalent to 

E2 <MIPin><nillik> 	• El  cIPA(co) oc E 	 6(cokm +  w,  + 0)2) 	(10.13) 
Wkn W1 

where E l  and E2 are the electric vectors of the incident light waves (11( 1 , co l ) and 
(k 2, co 2). Since the roles of vector potentials A l  and A2 can be reversed in TPA 
and cm(t)  must-exhibit symmetry reflecting this fact, we finally conclude that 

C( GO) 	
E • <mli/In><nlfilk> El 	El  <mlitin><n1P1k> • E2) 

IPA 	GC E  2  
Wkn +  w 1 	 wkn + w 2 

X 6(CA, ± 0 h C ° 2) (10.14) 
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Since the delta function in Eqs. 10.13-10.14 is proportional to 
(5[Ek  - Em  + h(col  + co2)], it yields the obvious energy-conserving criterion 
(E. - Ek) = h(coi  + co2) relevant to TPA. It is thus clear that the terms included 
in Eq. 10.8 are the ones associated with TPA, and furthermore that the 
particular physical processes connected with the other terms in Eq. 10.7 may be 
identified by examining the signs of the time-dependent exponential arguments. 

Equation 10.14 describes the TPA transition amplitude for a molecule 
subjected to two light beams with arbitrary electric field vectors and propa-
gation vectors. A particularly useful application of TPA in gas phase spec-
troscopy employs two counterpropagating laser beams with k 1  k2  - iki11k2I-
In this case, a molecule traveling with velocity vx  parallel to k2  will experience 
Doppler shifts 

(01 — 
0 	 Vx/C 

COI 

(02 - 03 = — Vx /C 
(02 

(10.15) 

in the frequencies co i , co 2  relative to the frequencies ai?, co? experienced by a 
molecule at rest (Fig. 10.7). The total energy absorbed in a transition involving 
photons (k b  ai l ) and (k 2 , co 2 ) will then be proportional to 

	

Vx 	 o‘ 
(0 12 = (0 1. + (02 	.1 = (0  + (02

0 
 + 	

0
c 	

(02) 

vx  
+ 	ta) 1 (4) (10.16) 

or 

0 	V), , 
W12 — w12 = kwl w2/ (10.17) 

The Gaussian absorption profile that results from Doppler broadening of the 
TPA transition probability as a function of co 12  will then be 

P(co i  2 ) ..-_- p 0e -mv,212kT = po  e  - inc 2(co 1  2 - co?2) 2/2k 71,4 _ 4)2 	
(10.18) 

k 2,  (0
2 

k 
I 

co
l 

Figure 10.7 Two-photon absoription in a molecule subjected to counterpropagat-

ing light beams (k 1 , (0 1 ) and (It, (02 ) directed along the x axis. 
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This profile exhibits a full width at half-maximum 

21w°  —  w° 1  (2kT ln 2Y /2  2  fwhm =  1 
 c 	m 

(10.19) 

where m is the molecular mass. If photons of identical frequency are used 
(w7 = w?), the Doppler broadening cancels between the counterpropagating 
photons, and one nominally obtains zero fwhm. (In practice, one will still 
observe lifetime and possibly other residual broadening effects.) Doppler-free 
TPA spectroscopy is the most practical means of obtaining high-resolution 
absorption spectra in thermal gases. 

The 3 2 S —0 5 2 S transition in Na vapor provided the now-famous prototype 
system for observing Doppler-free TPA [2, 3]. The one-photon 3 2 S —0 5 2 S 
transition, which would occur at 301.11 nm, is El-forbidden (Al = 0). If two 
counterpropagating photons with identical wavelength = 602.23 nm are used, 
we have co l  = CO2 CO and k2  =  —k 1  (Fig. 10.8). The leading contributions to 
the 3 2 S —0 5 2 S TPA transition amplitude will then be 

(10.20) 

The intermediate states In> are restricted to the m 2 P states (with m 3) by the 
El selection rule Al = + 1 in each of the matrix elements of p. Contributions 

4
2

P 

32 P 	 Figure 10.8 Energy level diagram for 

3 2 S—>5 2 S two-photon absorption in Na 

2 
P - 3

2
S  Fluorescence  

vapor. The two-photon process is moni- 
tored by detecting 4 2 P-32 S  fluorescence 
from the 42 P level, which is populated by 
cascading from 52 S atoms created by  
two-photon absorption. 
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from the 62P, 7 2 P states, etc. will be smaller than those in Eq. 10.20, because the 
energy denominator (Enip — E35 - hw) increases with tn. In one of the earliest Na 
vapor TPA experiments, a N2 laser-pumped rhodamine B dye laser provided 
linearly polarized pulses at 602.23 nm. These laser pulses were passed through a 
thermal Na vapor cell, and then reflected backward by a mirror, causing them to 
collide inside the cell with later pulses passing through the cell for the first time. 
The 3 2 S —> 5 2 S TPA transition was detected by monitoring 4 2 P —> 3 2 S flu-
orescence from the 4 2 P Na atoms, generated by cascading from the 5 2 S atoms 
created by TPA; this particular fluorescence transition in Na occurs at a visible 
wavelength that is easily monitored by conventional phototubes. 

The elimination of Doppler broadening in this experiment allows the clear 
observation of hyperfine structure that arises from the interaction of electronic 
and nuclear angular momenta. The total atomic angular momentum is 

F=L+S+I 	 (10.21) 

where I is the nuclear spin angular momentum. In 2 S states of 'Na, L = 0, I =1 
and S =  4, so that the possible F values are 

F = I + S, 	II — SI = 2, 1 	 (10.22) 

in both the 3 2 S and 5 2 S states. The splitting between the F = 1, 2 sublevels is 
larger in the 3 2 S than the 5 2 S state (as might be expected because the 5 2 S orbital 
is more diffuse and has less electron probability density near the nucleus). It can 
be shown that the selection rule on AF is AF = 0 in TPA [2]; thus two 
transitions will be observed (F = 1 1 and F = 2 ->2 as shown in Fig. 10.9) at 

52 S 
2 

   

 

3
2 

S 

 

Figure 10.9 Detailed energy level diagram for 
32 S —> 5 2 S two-photon absorption in Na, showing 
splitting of the n2 S levels into hyperfine components 
with F = 1, 2. Dashed lines indicate virtual states. 
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single-photon frequencies separated by 

2 dco = A3 — 21 5  or dw = 1-(A 3  — A 5) = 2.6 x  10-2  cm' (10.23) 

(the factor of 2 is required here because this is a two-photon transition). The 
actual TPA spectrum obtained this way is shown in Fig. 10.10. The hyperfine 
components exhibit approximately a 5 : 3 intensity ratio, because 5 and 3 are the 
degeneracies of the F = 2 and 1 sublevels. The resolved hyperfine peaks result 
from Doppler-free TPA of photons travelling in opposite directions. The broad 
background in which these Doppler-free peaks are superimposed arises from 
TPA of pairs of photons traveling in the same direction, since nothing in this 
apparatus can present TPA of copropagating photons. This background can be 
removed using circularly polarized photons, however (Fig. 10.11). 

It is instructive to touch briefly on the TPA spectroscopy of benzene [4] since 
we have discussed its one-photon absorption spectroscopy in Chapter 7. For 
TPA from the l A ig  benzene ground state to some final vibronic state f, 

(E2 •  (fIPIn><nlplA„>• E 1 	Ei<flilin><MPIAl g> • E2  

CinrrA(C°)  CC 	(E — E 	) 

	

Aig h col 	(En  — E — t 1(0 2) 

For El-allowed TPA, it is then necessary that both 

F(n) 0 1-(p) 0 A ig  

F(f) 0 r(p) 0 F(n) 

(10.24) 

simultaneously contain A ig  for some intermediate state In>. Since (x, y) and z 
transform as E iu  and A2 „ in D 6h, respectively, the intermediate states In> must 
have E l „ or A2 „ symmetry. Consequently, the allowed symmetries of the final 
vibronic states If >  are A ig , A2 g , Ei g , and E2g . This exemplifies the obvious fact 
that the selection rules in TPA are anti-Laporte in centrosymmetric molecules, 
and that TPA can be used to study excited states that are inaccessible to one-
photon absorption from the ground state. 

While the 'I32u  S 1  state in benzene has inappropriate symmetry for an 
intrinsically El-allowed S i  4—  So TPA transition, S i  4—  So TPA is still observed 
due to vibronic coupling. Since 

B2u 

_ 	- 
b2u 

13 1u 

e2u 

elu - 

-A 1g - 

A2 g 

 Eig  

E2g_ - 

(10.25) 

in D 6h, there are four symmetries of normal modes (b 2u , b i „,  e 2 ,  e i „) that can 
serve as promoting modes in vibronically induced S 1  4—  So transitions. This 
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Figure 10.10 Two-photon absorption profiles in Na vapor, obtained using linearly 
and circularly polarized light beams. Profile (a) was obtained using only copropagat-
ing beams. Profiles (b) and (c) were obtained using counterpropagating beams that 
were linearly and circularly polarized, respectively. Reproduced by permission from 
F. Biraben, B. Cagnac, and G. Grynberg, Phys. Rev. Lett. 32; 643 (1974). 
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Figure 10.11 Apparatus for measurement of two-photon absorption profiles in Na 
vapor using counterpropagating circularly polarized beams. PMT denotes photo-
multiplier tube. The dye laser is wavelength-scanned by rotating an intracavity 
Fabry-Perot etalon. Profile (a) was obtained by two-photon absorption from one 
linearly polarized beam. Profile (b) shows the Doppler-free F = 1 1 and 2 —*2 
hyperfine peaks, obtained using counterpropagating circularly polarized beams. 
Used with permission from M. D. Levenson and N. Bloembergen, Phys. Rev. Lett. 32, 
645 (1974). Note that this work arrived in a dead heat with that of Biraben et al., Fig. 
10.10. 
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situation contrasts with that in the one-photon spectrum, where vibrational 
modes of e2g  symmetry are required for the intensity-borrowing (Section 7.2). 

10.3 RAMAN SPECTROSCOPY 

In ordinary Raman scattering, we are concerned with the two-photon process 
whereby photon (k 1 , co 1 ) is annihilated, photon (k 2 , co 2) is created, and the 
molecule undergoes a transition from state 1k> to state Int>. Energy conservation 
requires that h(co i  — co 2) = E. — Ek. The possible time-ordered graphs satisfy-
ing these conditions are shown in Fig. 10.12. These two graphs should not be 
regarded as physically distinct in the sense that the first graph depicts 
"absorption" of photon ( ( 1 , co 1 ) followed by "emission" of photon (k 2 , co 2), while 
the second graph depicts these events occurring in reverse sequence. They are 
simply a bookkeeping method for keeping track of different terms in the 
perturbation expression (10.7). (For that matter, the portions of the time lines 
labeled "n" in Fig. 10.12 are unresolvably short, and the interaction vertices 
labeled "W(t i )" and "W(t 2 )" coincide for practical purposes.) Using the terms 
associated with these two diagrams in Eq. 10.7, it is straightforward to show by a 
procedure similar to that carried out for TPA in Section 10.2 that the second-
order probability amplitude for Raman scattering in the cw limit is 

c(cc)
(E 2  • <mlPln> <nlPlk> • E  + 	OnliiInXn1P1k> • E2) 

oc E 
W kn 	 1 CrIkn 	(D2 

x .5(cok„, + (01 — ) 2) (10.26) 

For a given intermediate state In>, the first and second right-hand terms in Eq. 
10.26 correspond to the first and second time-ordered graphs in Fig. 10.12, 
respectively. When co l  > co 2 , the scattered radiation frequency co 2  is said to be 

(k 1 , cod 

Figure 10.12 Time-ordered graphs for the Raman process with incident frequency 
co l  and scattered frequency cu2. 
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Stokes-shifted from the incident frequency w ;  anti-Stokes scattering is obtained 
when co l  <(02 .  The energy difference h(co 2  —  co i )  normally matches either a 
molecular vibrational—rotational or rotational level difference, and the incident 
frequency co is usually some readily generated visible frequency (e.g., an Ar or 
He/Ne laser line) in conventional Raman spectroscopy. In such cases 
1c0 2  — 1/co « 1. We may specialize Eq. 10.26 to chemical applications of 
Raman spectroscopy [1] by using Born-Oppenheimer states for the molecular 
zeroth-order states, 

lk> = 	Q)zo„(Q)> 

In> = 101(q, 
	 (10.27) 

= 	Q)zov ,(Q)> 

This implies that the initial and final states 1k> and 1m> are different 
vibrational levels within the same (normally the ground) electronic state, and 
that the intermediate states In>, in terms of which the virtual states are 
expanded, are vibrational levels in electronically excited manifolds (Fig. 10.13). 
Using this notation, the Raman transition amplitude becomes 

E2 • <ZOCIPOniZnv"›<Znv"IiinOlZ0v> • El  
CRm( CC) CC E 

n,v" 	 W On  ± W0v,nv" + 

where 

+ E1 <xov, Ilionix„„-><znclonolzov> • E2  
W On  ± W Ov,nv" — W2 

/ion = 	 Pon(Q) 

(10.28) 

(10.29) 

• 

> 

   

cu 2  

exovi> 

exov> 

Figure 10.13 Energy level scheme for chemical appli-
cations of ordinary Raman scattering. The first allowed 
electronic state Ike> lies well above the energy tua l  of the 
incident photon; the energy separations h(cu l  — cv2 ) cor-

respond to rotational/vibrational energies in the ground 
electronic state le>. 
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is a transition moment function for the electronic transition In> <-10>. In 
analogy to the R-dependent diatomic transition moment function M e(R) in Eq. 
4.49, p0 (Q) depends on the vibrational coordinates Q in polyatomics. The 
quantity hwon (E0 — En) is the electronic energy difference between states lk> 
and In>, and ho)0,,, is the vibrational energy difference between states 1k> and 
In>. In a conventional Raman experiment where 10) 2  — cod/w1 « 1 and 
1(130v%nv"1 « ICON' (Fig. 10.13), one may use the approximation co 2  co i  co and 
neglect the vibrational energy difference terms coo ,,, n,” in the energy denomi-
nators, with the result that the Raman transition amplitude takes on the 
symmetrical form 

E 2 *  <ZovilioniXnv-><XncilinoiXov> E1  c(co) cc E 
n, y" 	 'On  + 

(E2 . /10nOn0 • El) 
 + 

(El' lionXiino • E2)  <x.„,1 E 	 bcov> (10.30) 
wOn ± 	 coon — 

The polarizability tensor Œ(a))  for a molecule in electronic state 10> subjected to a 
sinusoidal electric field with circular frequency a) has components 

(liOnViinA 	GtiOnViinO)i  
Œij(W) 	(hcoon  ± hW hCOOn  

(10.31) 

This bears a family resemblance to expression (1.35), which was derived for 
the polarizability of a molecule subjected to a static electric field (a) = 0). 
Equation 10.31 is a generalization of Eq. 1.35 for the dynamic polarizability in 
the presence of applied fields with nonzero frequency a). (The dynamic 
polarizability is reduced when the applied frequency is increased, because the 
electronic motions in molecules cannot react instantaneously to rapid changes 
in the external electric field.) A comparison of Eqs. 10.30 and 10.31 then shows 
that 

di( 00) CC E2 <ZOIYIMMIX0v> "El 	 (10.32) 

which is to say that the transition amplitude is proportional to the matrix 
element of the frequency-dependent molecular electric polarizability taken 
between the initial and final vibrational states. The polarizability tensor *co) 
generally depends on Q as well, through the Q-dependence of  ,i0  in Eq. 10.29— 
otherwise, Eq. 10.32 tells us that no vibrational Raman transitions would take 
place between the orthonormal Born-Oppenheimer states 1k> and 1m>. 

We may obtain working selection rules for vibrational Raman transitions by 
expanding the molecular polarizability tensor in the normal coordinates Q.  

) E1 . <X0v1POniXnv"›<Xnt,"10nOlZ0v> . E2  + 
WOn 	(I)  
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about the molecular equilibrium geometry, 

	

atx 	
1 	( a 2ot  
	 QiQ; ± • • Œ --- cto + E 	 Qi ± 2 	3Qi0Q.;)0 0 

so that 

at: 
<xocIcelx0v> = 0(06„,, + 	<x0„ , 1 	Qi1x0,) 

	

1 	 a2ot 
+ 	<xot,,1 4,3Q,a.2)0 QiQi1x> + • • • 

ii 

(10.33) 

(10.34) 

Hence, the Raman selection rules on Av depend on the relative magnitudes of 
the derivatives of a in different orders of  Q.  The Raman fundamentals 
(Av = + 1) arise from the terms linear in Qi . Symmetry selection rules may be 
derived by noting that quantities like (aa/0Qi)0Q i  and (a 2a/Niagdos2e2; 
transform under point group operations like a itself; any component a ii  of a 
transforms like x ix;  (i.e., c  like xy, etc). Hence, Raman funda-
mentals generally arise only from normal modes  Q.  which transform under point 
group operations like linear combinations of x ixi  such as (x 2  — y2), z 2, xy. 

Allowed vibrational Raman transitions involve only modes that change the 
molecular polarizability (the right side of Eq. 10.32 would otherwise reduce into 
E2 171((0) • El<X0v1X0v>5 which is proportional to ö v ). Cases do arise in which 
Raman fundamentals are symmetry-allowed, but very weak. For example, alkali 
halide molecules consist of pairs of oppositely charged ions whose electronic 
structures are nearly insensitive to the internuclear separation R for R near R e . 
The alkali halide molecular polarizability 

a a(M + ) +  Œ(X) 	 (10.35) 

is thus nearly R-independent, and alkali halides exhibit very weak Raman 
scattering even though their Raman fundamentals are symmetry-allowed. (Their 
diatomic vibrational motion is of course totally symmetric in C., and the E 
irreducible representation transforms as both (x 2  + y2) amd  z 2 .)  

For a nontrivial example of Raman symmetry selection rules, we consider the 
molecular vibrations in p-difluorobenzene. We list in Table 10.1, next to each of 
the irreducible representations in D2h, the number of vibrations of that species 
exhibited by p-difluorobenzene, the vector and tensor components that trans-
form as that representation, and the corresponding infrared (one-photon) and 
Raman activity expected for fundamental transitions in the pertinent vibrational 
modes. Table 10.2 gives an analysis of the p-difluorobenzene Raman spectra 
shown in Fig. 10.1. These tables illustrate the point that in centrosymmetric 
molecules, symmetry-allowed Raman fundamentals appear only in modes with 
g symmetry, while the infrared-active fundamentals occur only in modes of u 
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Table 10.1 Molecular vibrations in p-difluorobenzene 

Irreducible 	Number of 
representation 	vibrations 	 JR 	Raman 

ag 	 6 	x2, y2 , Z2 

bi g 	 1 	 xy 
b2g 	 3 	 x 
b 3g 	 5 	 yz 
au 	 2 

13 1u 	 5 	 z 	V 
b2u 	 5 	 Y 	V 
b 3u 	 3 	 x 	V 

Table 10.2 Assignments of p -difluorobenzene Raman bands 

Liquid Vapor 

v (cm -  ') 
Relative 
intensity Assignment v  (cm 

Relative 
1)intensity 

1619 (11) v2(ag) 1615 (3) 
1606 (3) [2v9(b ig)], Ag  
1388 ( 1 ) [2v 1 6(b2g)], Ag 

1285 (3 ) V25(b3g) 

1244 (42) v 3(ag) 1257 (30) 
1141 (14) va(ag) 1140 ( 5) 
1019 (2) Ev17(b2g) + V26(b3g)], Big 1013 (2) 

895 ( 1 ) [2v6(ag)], Ag 897 (2) 
[21'2703 3ga Ag 867 (16) 

859 (68) v 5(ag) 859 (73) 
840 (89) [2v8(au)], Ag 840 (35) 
799 (2) v9(bi g) 
636 (23) v26(b3 g) 635 (6) 
451 (84) v6(ag) 450 (37) 
376 (47) v17(b2 g) 374 (9) 

symmetry. Hence, vibrational modes exhibiting infrared and Raman funda-
mentals belong to mutually exclusive sets if the molecule has a center of 
symmetry; this fact has been used as evidence for assigning molecular geometry. 
Laser Raman spectroscopy has found wide applications in environmental 
chemistry, biochemistry (e.g., conformational analysis of proteins), and medicine 
as well as in chemical physics. 

A specialized situation called resonance Raman scattering arises when the 
laser frequency co l  is tuned close to resonance with one of the molecular 
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eigenstates In> = 	x(Q)>,  as shown in Fig. 10.14. The energy denomi- 
nator (co -I- co On • — Ov,nv"  w1)  in Eq. 10.28 becomes very small relative to its value 
in ordinary Raman scattering, and the transition probability (which is pro-
portional to je„,1 2) becomes anomalously large. In this limit, the vibrational 
energy differences w0 , cannot be ignored next to the other terms in the energy 
denominators, with the result that the transition amplitude  c(co) no longer 
reduces to the symmetrical form (10.30). Hence, the assumptions leading up to 
Eq. 10.32 (which gives the Raman transition amplitude in terms of a matrix 
element of  Œ(w)) fall through: The ordinary Raman selection rules are not 
applicable to resonance Raman transitions. It turns out that some transitions 
that are forbidden in ordinary Raman become allowed in resonance Raman 
spectroscopy (Problem 10.4). Time-resolved resonance Raman (TR 3) scattering 
has been developed into a useful technique for monitoring the populations of 
large molecules in electronically excited states (Fig. 10.15). Such excited-state 
populations might be more conventionally probed by studying the evolution of 
S„ 4-  S 1  or T„ 4-  T 1  one-photon transient absorption spectra on the ns or ps time 
scale. These transient spectra tend to be featureless (due to spectral congestion) 
in photobiological molecules and transition metal complexes. TR3  scattering is 
a more advantageous probe, because the resulting spectra exhibit sharp 
vibrational structure similar to that in Fig. 10.1. The enhanced sensitivity 
inherent in TR 3  can be rendered specific to an excited state of interest by tuning 
the probe laser frequency co l , because each excited state will be uniquely spaced 
in energy from higher-lying electronic states. 

In Chapter 8, we characterized the strengths of one-photon transitions in 
terms of Einstein coefficients and oscillator strengths. According to Beer's law, a 
weak light beam with incident intensity /0  will emerge from an absorptive 
sample of concentration C and path length 1 with diminished intensity / = /0 

 exp( — aC1), where a is the molar absorption coefficient. Beer's law can be recast 
in the form 

I = 	 (10.36) 

   

• 
• 
• 

    

        

        

        

       

Figure 10.14 Energy level scheme for resonance 
Raman scattering. The incident photon energy ha is in 
near resonance with a vibronic level in some electroni-
cally excited state Iv>;  the energy differences 
h(tu i  — (2) 2 ) correspond to rotational/vibrational energies 
in the ground electronic state 100>. 
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Figure 10.15 Resonance Raman detection of 
populations in electronically excited states S, and 
T., following creation of S, state molecules by laser 
excitation at frequency W e . Probing S., molecules 
at frequency ca l  will generate intense resonance 
Raman emission at t2/2  if the S 2  4— S, transition is 
El -allowed, because Li), is in near-resonance with 
the energy separation between vibrationless S, and 
some vibronic level of S 2 . Probing at frequency cu.,' 
will generate similarly intense emission only if 
appreciable population has accumulated in T., by 
intersystem crossing from S,, since w is in re-
sonance with the T, — T, energy gap. This excited-
state selectivity of resonance Raman scattering has 
rendered it a useful tool for monitoring time-
resolved excited state dynamics. 

where N is the molecule number density in cm -3  and a is the absorption cross 
section. This cross section, which has units of area, is related to the absorption 
coefficient by 

a(A 2) = 1.66 x 10 -5cx (L mo1 -1  cm -1 ) 

= 3.83 x 10 -5e (L mo1 -1  cm -1 ) 	 (10.37) 

The physical picture suggested by the concept of a cross section may be 
appreciated by visualizing the photons as point particles impinging on a sample 
containing N molecules per cm 3 . Each molecule is imagined to have a well-
defined cross sectional area a. A photon is absorbed when it "hits" a molecule, 
but is transmitted if it traverses the path length 1 without scoring a hit. Under 
these conditions, the fraction No  of photons that are transmitted will be 
exp( — Nul). For strongly allowed one-photon transitions, a is somewhat smaller 
than the molecular size: The absorption cross section for rhodamine 6G at 
5300 A (cmax  = 10 5  L mo1 -1  cm 1,  Problem 8.2) is 3.8 A2 . 

Raman scattering intensities (which are proportional to 41 2) are commonly 
expressed in terms of cross sections. The differential cross section duldS22  is 
defined as 

du  dN„Idf22  (10.38) 
61122 	dN incidA 

where di■iinc  is the number of photons (k 1 , co 1 ) which traverse the area element 
dA normal to wave vector k 1  in the incident beam, and dNsc  is the number of 
photons scattered into the solid angle element c/[22  = sin 020242  (Fig. 10.16). 
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Laser 

Raman 

Figure 10.16 Raman scattering geometry. The laser is incident along the z axis, 
and the Raman emission is scattered into the volume element cif-12  = sin 02 c/61 2d02 . 

The total Raman cross section 

2 Is ( d a  ) 
a-  = f sin  02d02    dcP 2  

0  
(10.39) 

has an interpretation similar to that of the one-photon absorption cross section: 
a is related to the fraction N o  of incident photons that remain unscattered after 
traversing path length 1 in the sample, via /// 0  = exp( — No- 1). It may be shown 
that the differential cross section for Raman scattering is [1] 

E  (E2 <m11110<nlfilk> Ei  ± E1 .  Onlilin>07 1flik> • t2) 

Wkn W1 	 Wkn (02 

(10.40) 

do- 	1.(03  
df22 	(4ne 0hc 2) 2  

2 

where Ê1 ,  f2  are unit vectors in the directions of polarization of the electric 
fields associated with photons (k 1 , co l ) (k 2 , w 2). A special case called Rayleigh 
scattering occurs when oi l  = w2  (i.e., the initial and final molecular states are the 
same). The differential cross section for Rayleigh scattering is obtained by 
replacing co2  by co l  in Eq. 10.40, with the result that the cross section becomes 
proportional to the fourth power of the incident frequency w.  This pheno-
menon is responsible for the inimitable blue color of the cloudless sky, because 
the shorter wavelengths in the solar spectrum are preferentially scattered by the 
atmosphere. According to Eq. 10.40, the scattered photon may propagate into 
any direction k'2 in general. The angular distribution of Raman scattering 
(relative intensities of light scattered into different directions k 2) may be ob-
tained by averaging expressions like (10.40) over the orientational distribution 
of molecules in the sample. For conventional vibrational Raman transitions 
excited by visible light, a typical cross section doldr22  is on the order of 10  14A2, 
with the result that only one photon in 10 9  is scattered in a sample with molecule 
number density N = 1020 cm 

 —3 and path length 1 = 10 cm. (The cross sections 
for resonance Raman transitions are, of course, far larger). This is why intense 
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light sources (preferably lasers) are required for Raman spectroscopy. Visible 
rather than infrared lasers are normally used in vibrational and rotational 
Raman spectroscopy, because the cross sections (which are proportional to 

i col) and the photon detector sensitivities are more advantageous in the visible 
than in the infrared. 

Raman line intensities are proportional to the number density N of molecules 
in the initial state 1k>, which is in turn proportional to the pertinent Boltzmann 
factor for that state at thermal equilibrium. Consequently, the relative intensities 
of a Stokes transition 1k> 1m> and the corresponding anti-Stokes transition 
1m> 1k> are 1 and exp( — hco,„k /kT), respectively. (The factor co i col varies little 
between the Stokes and anti-Stokes lines, because the Raman frequency shifts 
are ordinarily small compared to cop) Hence the anti-Stokes Raman transitions 
(which require molecules in vibrationally excited initial states) are considerably 
less intense than their Stokes counterparts, particularly when the Raman shift 
co„ik  is large. In much of the current vibrational Raman literature, only the 
Stokes spectrum is reported (cf. Fig. 10.1). 
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PROBLEMS 

1. Two-photon 3s —) 5s absorption is observed in Na vapor at 400 K with 
counterpropagating laser beams whose frequencies co? and co? are not quite 
identical. How large must the frequency difference 1co? — 041 be so that the 
Doppler contribution to the linewidth equals the Lorentzian contribution if the 
5s radiative lifetime is 10 ns? 

2. What states in K can be reached by two-photon absorption from 44' 112  
level in the El approximation? To what term symbols are the intermediate states 
restricted? 

3. Show that expression (10.40) for the differential cross section in Raman 
scattering has units of area as required. 

4. The acetylene molecule C2H2  has five.  vibrational modes, three nondegen-
erate and two doubly degenerate (Chapter 6). 
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(a) Several of this molecule's lowest energy vibrational levels are listed below. 
The polarizability function is assumed to have the form 

5 	 5 	 5 

aiQ i  + E biNiQ; + E i=1 	ij 	 ijk 

with no other terms. Which of the levels will be reached by El-allowed 
Raman transition from the 0000000  level? 

a(Qi, • • • , Q5) = 	+ E 

V3 14 1,4 
/
5
5 

V v Symmetry 

0 1' 0  Hg  
0 0 1 1  flu  
0 1 1  1 1  /UF  
0 2°  1 1  nu  
0 0 2°  Ag 
0 0 0 Eg+  
0 0 3 1  11„ 
0 0 33  (Du 
0 0 1 1  flu  
1 0 0 
0 1 1  1 1  

0 0 0 Es+  
0 2°  1 1  Hu  
0 0 0 Eg+  
0 0 0 Ig+  
0 0 0 Eg+  
0 3 1  0  Hg  
0 2 2  0 Ag 

1, 1 	V2 

o 	o 
0 	0 
0 	0 
0 	0 
0 	0 
0 	1 
0 	0 
0 	0 
0 	1 
0 	0 
0 	1 
1 	0 
0 	1 
3 	0 
3 	1 
0 	4 
0 	1 
0 	0 

(b) Consider the hypothetical case in which the laser frequency co l  is tuned 
close to the lowest El-allowed electronic transition in C 2 H2 , so that 
resonance Raman emission occurs and the polarizability expression (10.32) 
for the Raman transition probability amplitude is no longer applicable. 
Which of the vibrational levels listed above can be reached from 0000000  
acetylene by El symmetry-allowed resonance Raman transitions, even 
though they cannot be reached by conventional Raman transitions? 

(c) The frequency of mode 2 in acetylene is 1974 cm -1 . What will be the 
approximate ratio of intensities in the Raman fundamentals of this mode in 
the Stokes and anti-Stokes branches in a 300 K sample? 
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NONLINEAR OPTICS 

The discussion of Raman and Rayleigh scattering in Section 10.3 was based on 
the time-dependent perturbation theory of radiation—matter interactions devel-
oped in Chapter 1. The scattered light intensities were found to be linear in the 
incident laser intensity; the scattered Raman frequencies were shifted from the 
laser frequency by molecular vibrational/rotational frequencies. Identical con-
clusions may be reached using a contrasting theory which treats the polarization 
of bulk media by electromagnetic fields classically. Such a classical theory 
provides an insightful vehicle for introducing the nonlinear optical phenomena 
described in this chapter, and so we begin by recasting the familiar Raman and 
Rayleigh scattering processes in a classical framework. 

The total dipole moment p of a dielectric material contained in volume V is 
given by the volume integral 

p= 	P dr 	 (11.1) 
Jv  

of the local dipole moment density P [1]. Defined in this way, P (which is 
normally called the polarization) has the same units as electric field. In a material 
composed of nonpolar molecules or randomly oriented polar molecules, P 
vanishes in the absence of perturbing fields. In the presence of an external 
electric field E, the polarization becomes 

P sox E 	 (11.2) 

where x is the dimensionless electric susceptibility tensor. This expression gives 
the correct zero-field limit P = O. However, the polarization is not necessarily 

331 
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linear in E, because the susceptibility itself may depend on E. We shall see that 
this nonlinearity forms the basis for the phenomena in this chapter. For 
isotropic media (gases, liquids, and most amorphous solids), the susceptibility 
reduces to a scalar function z(E), and the polarization P points in the same 
direction as E. In many crystalline solids, the induced polarization does not 
point along E, and z is an anisotropic tensor. Equation 11.2 closely resembles 
the expression for the dipole moment induced in a molecule by an electric field, 
Pind = a • E. For atoms and isotropically polarizable molecules at low densities 
N (expressed in molecules/cm 3), the bulk susceptibility is clearly related to the 
molecular polarizability by 

= Na/go 
	 (11.3) 

At general number densities where the total field experienced by a molecule may 
be influenced by dipole moments induced on neighboring molecules, the 
susceptibility is given instead [1] by x = (Nale 0)I(1 — Na/3 0). 

We now consider an electromagnetic wave with time dependence 
E = Eo  cos coo t incident upon a system of isotropically polarizable molecules. 
For simplicity, we assume the molecules undergo classical harmonic vibrational 
motion with frequency w in some totally symmetric mode Q. The normal 
coordinate then oscillates as Q = Q0  cos(cot + 6), where 6 is the vibrational 
phase and Q 0  is the amplitude. If the molecular polarizability a is linear in Q (as 
a special case of Eq. 10.33), the vibrational motion will endow the molecule with 
the oscillating polarizability 

Œ  = ao  +  Œ 1  cos(cot + 6) 	 (11.4) 

Ignoring the vibrational phases 6 (which will be random in an incoherently 
excited system of vibrating molecules), the polarization induced by the external 
field will be 

P = eox E 

=  N(Œ 0  + a l  cos wt)E 0  cos coot 

{  = NEo  {Œ o  cos co o t + —
2 

Lcos(o o  + w)t + cos(w o  — co)t] (11.5) 

According to the classical theory of radiation [1], an oscillating dipole moment 
p will emit radiation with an electric field proportional to its second time 
derivative P. Equations 11.1 and 11.5 then imply that radiation will be scattered 
at the frequencies co o , w o  — w, and coo  + co, corresponding to Rayleigh, Stokes 
Raman, and anti-Stokes Raman scattering, respectively. The scattered electric 
fields are proportional to E0, so that the Rayleigh and Raman intensities are 
linear in the incident laser intensity. Expressions similar to Eq. 11.5 are 



NONLINEAR OPTICS 333 

frequently cited in classical treatments of Raman scattering [2, 3]; they em-
phasize the central role of Q-dependent molecular polarizability, and they 
demonstrate heuristically how Raman-scattered light frequencies are shifted by 
molecular frequencies a) from the laser frequency co o. 

As lasers with high output powers became accessible to spectroscopists in the 
1960s, conspicuous nonlinearities emerged in the polarization P(E) induced by 
intense fields. The components Pi  of P may be expanded in powers of 
components E»  Ek, Ei  of the electric field E via 

3 	 3 

( 

V „(1)E,  _j_ V ,(2) 	E X(3)  E 	• - - Pi 1---- 0 Z., Aij 1-'j -1-  Z., ItE jE k + 	lE E j k 1 + 
i 	 jk 	 jkl 

(11.6) 

The linear susceptibility x" )  gives rise to the Raman and Rayleigh processes 
treated in Chapter 10; it dominates the polarization in weak fields. As the light 
intensity is increased, the responses due to the nonlinear susceptibilities d , 
da ,•.. gain prominence. A discussion analogous to the one culminating in Eq. 
11.5 shows that scattering may occur at frequencies that are multiples of the 
laser frequency. A process controlled by the second-order nonlinear sus-
ceptibility d is second-harmonic generation (SHG), whereby two laser photons 
at frequency co o  are converted into a single photon of frequency 2(0 0 . (A related 
process is sum-frequency generation, in which laser photons co l  and co 2  are 
combined into a single photon with frequency co l  + co2 .) The third-order 
nonlinear susceptibility da  is responsible for third-harmonic generation, 
co o  + coo  + coo  —> Roo. It also leads to coherent anti-Stokes Raman scattering 
(CARS), which is treated in Section 11.3. Generation of nth-harmonic freq-
uencies is governed by the nth-order nonlinear susceptibility x ("); ninth-
harmonic pulses have been generated by 10.6-prn CO 2  laser pulses in nonlinear 
media. 

Because the scattered light intensities occasioned by the second- and higher 
order terms in Eq. 11.6 increase nonlinearly with the incident light intensity, 
higher order contributions to the susceptibility become important at sufficient 
laser powers. SHG conversion efficiencies of 20% from 1064 to 532 nm are 
routinely achieved in pulsed Nd' :YAG lasers, and were unimaginable prior to 
the invention of lasers. 

Explicit formulas for the nonlinear susceptibilities x (iPc , xV4, . . . may be 
derived by working out the coefficients cL3)(t), c (nt)(t), , respectively, in the time-
ordered expansion (1.96). Straightforward evaluation of the integrals in the time-
ordered expansions rapidly becomes unwieldy, and an efficient diagrammatic 
technique is developed in Section 11.1 for writing down the contributions to 
c(t) that are pertinent to any multiphoton process of interest. In Sections 11.2 
and 11.3, we apply this technique to obtaining the nonlinear susceptibilities for 
two important nonlinear optical processes, SHG and CARS. Experimental 
considerations that are unique to such coherent optical phenomena are also 
discussed. 



1 
c(3) t = 	 

(ih) 3  
e -iwPm"<mlif(t i)IP>dt 	e'n't2 <pl W(t2)In>dt2 
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11.1 DIAGRAMMATIC PERTURBATION THEORY 

To illustrate the simplifications introduced by diagrammatic perturbation 
theory [4], we consider the three-photon processes corresponding to the third-
order term in the Dyson expansion of cm(t), 

ft, 
x 	e 0k-t 3 <nIW(t 3 )1k>dt3  

to 
(11.7) 

We may associate the perturbations W(t 1 ), W(t 2), and W(t 3) with vector 
potentials for electromagnetic waves with frequencies co i , w2 , and (03  

respectively: 

ihq  
<mlw(t.  1)1p> 	

2mc (ccmPe
-i(iti 	ampe iwoi) 

ihq 
<PI Mt2)In> = 2mc 

(cc'e - iw2t2 	pneit)2t1 

ihq  
<niW(t 3)1k> --= 

2mc 
(oc

"k
e - iw 3 t 3  + anke i0) 3 t 3 ) 

(11.8) 

Substitution of these matrix elements into Eq. 11.7 then yields terms in  c(t) 
proportional to the eight products 

Œmp°Ipnank 
	

ampapnC(nk 

Implpnt 5Cnk 
	

mpŒpnank 

oempapnank 
	

CXynpapnClnk 

ampŒpnank 
	

ampaptAnk 

These correspond to the eight time-ordered graphs (a) through (h), respectively, 
in Fig. 11.1. These are only a small fraction of the possible third-order graphs, 
because the arbitrary assignment of vector potentials to perturbations W(t i) in 
Eqs. 11.8 is only one of six permutations of co l , co2 , (0 3  among the  W(t). Hence, 
c(t) contains 48 time-ordered graphs, of which only eight are shown in Fig. 
111.  

We next evaluate the terms in C(t) corresponding to the first two time-
ordered graphs. The contribution from graph (a) in the cw limit is 

q3t1 

8m 3 	„.3 E ampŒpnCCnk 	exp[ — i(copm  + co l )t i ]dti 	exp[ — i(conp  + co2)t 2]dt2  
pn 	 to 	 Ito 
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x expE-1 
to 	

i(WIcn ± W3)t3Nt3 

—27 -cq 3 

8M3 C 3  

ampŒpnInk  

Ph (Wkp ± W2 ± (0 3)(Wkn + (0 3) 
(5(cokm + Wj  + (02 + (03) (11.9) 

The delta function in (11.9) implies the energy conservation 
E.— Ek = h(0)1 ± (02 + (03) pertinent to three-photon absorption. This is con-
sistent with graph (a), which shows photons co l , 0) 2 , c0 3  incident at early times, 
and no photons scattered at long times. The contribution from graph (b) is 

t2 

8m 3 c 3  E ampŒpAk 	exp[—i(cop. + co i )tidt i  

I 
exp[ —i(co np  + co 2)t 2]dt 2 	exp[ — i(wko 	1  co 3 ,t 3_.dt 3  

to 	 to 
 

—2nq 3 
amp°(pnkk  

6(Wk m  + W1 ± W2 — W3) (11.10) 
8M 3 C 3  Ph (Wkp (02 W3)(Wkn — (»3) 

pn 	 t 

t 

q 3 

(b) (c) (d) 

  

w2 

(e) (f (g) (h) 

w2  co 

 

Figure 11.1 Time-ordered graphs representing the eight contributions to 43) (t) in 
Eq. 11.7 when the perturbation matrix elements are given by Eq. 11.8. 
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(03  

Figure 11.2 Energy level diagram for the process represented 
by graph (b) in Fig. 11.1. The process is sum-frequency 

1m> generation when states 1k> and 1m> are the same, and hyper-
1 k> Raman scattering when they are different. 

The energy conserving condition here is E. — Ek = h(Wi + W2 — (0 3), corre-
sponding to absorption of photons co l , co 2  and scattering of photon co 3  (Fig. 
11.2). When the initial and final molecular states 1k>, 1m> are identical, the 
process is sum-frequency generation [5,6], an important gating technique used in 
time-resolved laser spectroscopies. When the two states differ, the process is 
hyper-Raman scattering [4]; the energy difference Em  — Ek usually corresponds 
to a rotational/vibrational energy separation in gases, or to phonon frequencies 
in lattices. 

It is clearly tedious to evaluate 48 such integrals. The number of graphs 
mushrooms as 2nn! with the perturbation order n: the four- and five-photon 
processes are associated with 384 and 3840 graphs, respectively. The dia-
grammatic technique's great utility consists in that it quickly isolates those 
graphs that contribute to any given multiphoton process. It also provides simple 
rules for generating expressions like Eqs. 11.9 and 11.10 directly from the graphs, 
without recourse to explicit integration. These rules (which should be self-
evident by induction to readers who have retraced the steps leading to Eqs. 11.9 
and 11.10 and studied the accompanying graphs) are: 

1. For a given multiphoton process, decide which frequencies are incident 
and which are scattered. In sum-frequency generation, for example, one can 
stipulate that frequencies oh, co2  are incident and frequency (0 3  is scattered; the 
frequencies obey the conservation law (0 3  = co l  + co 2 . 

2. Write down all of the graphs consistent with these assignments of 
frequencies. These graphs will exhibit n interaction vertices (Section 10.1) in an 
n-photon process. In our sum-frequency generation example, there are six 
distinct graphs having incident frequencies oh, co2  and scattered frequency c03  
(Fig. 11.3). Only one of these graphs is contained in the set shown in Fig. 11.2. 

3. Each interaction vertex between states 1p> and  l >  in any diagram 
contributes a factor aixi  for a photon incident at that vertex, and a factor de pq for a 
photon scattered at that vertex. (These quantities are defined in Eqs. 10.5-10.6.) 
The diagrams (a) through (f) in Fig. 11.3 yield cumulative factors of 0Cmpapn  

Impcxpnank, ŒmpElpnŒnk 9 ampapnŒnk, CimpŒpnInk, and impŒpnŒnk 5 
respectively. 
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(a) 
	

(b) 
	

(c) 

co2 	 co
2 
	 W

' 

( d) 
	

(e) 
	

(f ) 

Figure 11.3 The set of time-ordered graphs that can be drawn for the sum-
frequency generation process in which w, and c.u 2  are the incident frequencies and 
tu3  is the scattered frequency. Six graphs result from permuting the three frequencies 
among the three interaction vertices. 

4. Reading from bottom to top of the time line in each graph, each of the first 
(n — 1) interaction vertices contributes a factor of (cola + a)) to the energy 
denominator. Here coki  = (Ek  — E1)/h, 1/> is the state lying above the vertex on 
the time line, 1k> is the initial state, and co is the total photon energy "absorbed" 
at all vertices up to and including that vertex. The energy denominators for the 
six diagrams of Fig. 11.3 are in order 

(wkp + w1 — (03)(wk. — w3), (wkp + 02 — (0 3)(wk. — 3)1 

(W k p (0 3 + 1)(a)  kn W 1)5 (W kp —(03±W 2)(W kn (02), 

(Wkp ±  2  ± (9 1)(Wkn W1), and (Wkp 	± 2)(Wkn W 2) 
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5. The contributions from the graphs are summed to give the total proba-
bility amplitude. For the sum-frequency generation w 1  + co2  (O3 , we have 

c,n(oo) = 
— 27rq3 	 °Cm pn 5Cnk  

(2M0 3 	(C) k p  Wi — (931‘W kn 	(0 3) 

CX m pn 6- nk 	 Œmp .5(  pnŒnk  
▪ (a)  k p — (0 3 + W 2)(W kn (03) k(Dkp — W3 + WAD )  kn W1) 

Œ m pOEp nŒ nk 	 5(mpatpnank  
▪ , 	  

k(thp 	(°3 d- (02)(0)kn d- 0)2) 	lcokp -E 00 2 -E 00(04. -E ( )1) 

mp Œ pnn k  

▪ (W kp 	0 1 W 2)(W kn ± (0 2) 

These rules provide an enormous labor-saving device for evaluating nonlinear 
susceptibilities, as we shall see in the last two sections of this book. 

11.2 SECOND - HARMONIC GENERATION 

Second-harmonic generation (SHG), the special case of sum-frequency gen-
eration where co i  = c0 2  co and w3  = 2w, is an invaluable frequency upconver-
sion technique in lasers [5,6]. Most near-UV lasers are frequency-doubled 
beams originating in visible dye lasers, and Nd' :YAG-pumped dye lasers are 
excited by the 532-nm SHG rather than the 1064-nm fundamental from the 
YAG laser. Autocorrelation diagnoses of pulse durations generated by mode-
locked lasers also rely on frequency doubling. 

It is clear from Eq. 11.11 that for SHG (in which lo> represents both the initial 
and final state) 

C(3 	
4irq 3  

)(CO) = Z.4 
(2/710 3  pn 

o pCC ',nano 	 Cto pnŒno  

(W op — (*Don — 2w) 
+ X [ 

	  

 (coop — 04(w + 
E.(  o pnŒno  

(W op  ± ao)(co,„ + co) 

(11.12) 

Since the second-order nonlinear susceptibility is proportional to c(3)(co), we 
have in the El approximation 

<obuilp><piiiiin><nigkio>  
oc E 

	

p„ [ (w op 	— w)(won  — ao) 

	

+ <0 1 k 	
+ 

<olttilP><PIttkIn><n1Pilo>] 	(11.13) 
(coop  — co)(coon  + co) 	(coop  + 2co)(coon  + co) 
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where y i  is the ith Cartesian component of the electric dipole operator. The 
summations in (11.13) are carried out over all states In>, Ip> other than the 
ground state to>. Efficient frequency-doubling will naturally occur only in 
materials that are transparent at both w and 2w, so only terms for which cop° , 
con, > ao will contribute to AP,. 

The practical problems associated with SHG may be appreciated by 
considering a classical theory for wave propagation in the medium. By 
combining the Maxwell equations (1.37c) and (1.37d), we obtain the homog-
eneous wave equation [1] 

V x V  X E + ttosnE = 0 	 (11.14) 

for electromagnetic waves propagating in free space. 	Since 
V x V xE V(V E) — V 2E and since V E = 0 in vacuum, the wave equation 
becomes 

V2E — posnE = 0 	 (11.15) 

This has solutions (Section 1.3) of the form 

E(r, t) = E ei(k 	 (11.16) 

When an electromagnetic wave propagates through a frequency-doubling 
medium, the homogeneous equation (11.15) becomes superseded by [1,5] 

V2E — itogoE = itoP 

where the source term in P reflects the fact that electromagnetic waves are 
radiated from regions with oscillating polarization P. Owing to the source term, 
the plane wave (11.16) is not a solution to the wave equation inside the medium. 
When the optical nonlinearity is dominated by second-order terms due to SHG, 
the polarization is 

P = coXE 

= 80(XWE X(2)E2) 

where we have assumed that the susceptibility is isotropic to simplify our 
algebra. The wave equation then becomes 

(
0 2E2  

VE — /108,,E = eol-to X(nE ± X
(21 

 '  at2 ) 

=- poi' 

The source term in (11.19) now contains two contributions P 1  and P2 due to the 
linear and nonlinear susceptibilities x(1)  and X(2), respectively. As a zeroth-order 
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approximation to E, we may take the plane wave (11.16). The nonlinear 
contribution to the source term is then 

152  = 	
e0X(2)E?0,4e2i(k ir - wit) 

	
(11.20) 

This equation asserts that as the incident wave of frequency co l  propagates 
through the medium it stimulates the radiation of new waves with frequency 
co2  = 2co 1  at every point r along the optical path. The SHG electric field dE2  
generated by the incident wave travelling through distance dr near r = ro  will 
then have an amplitude proportional to [5] 

(2) u2 _2 _2((k - w")dr coX 

Note that the amplitude varies as E?, so that the SHG intensity is quadratic in 
the laser intensity. Since the SHG radiation will itself propagate with wavevec-
tor k2 , the infinitesimal field generated near ro  will be 

Eox(2)E? wie2i(kiro-col()ei[kAr-ro)] dE2 cc  

after it has propagated from ro  to some arbitrary point r down the path. The 
quantity k 2(r — r o) is the phase change accompanying SHG beam propagation 
from ro  to r. The total SHG field observed at point r is the resultant sum 

f E2 oc Eox(2)Ei coiei(k2r-w2t) r  e i(21cl - k2)rodro  

J o  

=Eox (
2)Eiwiei[k2r LOA reiPki-k2,_ 1 

L 	k2) 	j 	(11.22) 

of interfering waves generated between positions 0 (corresponding to the edge of 
the medium) and r. The wave vectors k l , k 2  are related to the fundamental and 
SHG frequencies co l , w2  by 

= n i co i /c 	 (11.23) 

and 

k2  = n 2a)2/c = 2n 2 0.) 1 /c 
	

(11.24) 

where n 1 , n2  are the refractive indices of the medium at frequencies co l , co2 . Since 
most materials are dispersive (n 1  é  n2), one ordinarily finds 2k 1  — k2  0 0. 
Hence the SHG amplitude will oscillate as exp[i(21c 1  — k 2)r] — 1, with 
periodicity 

ic  = 7r/12k i  — k2I 	 (11.25) 
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along the optical path. This oscillation, caused by interference between SHG 
waves generated at different points along the path, severely limits the attainable 
SHG intensity unless special provisions are made to achieve the index-matching 
condition 2k 1  — k2  = 0. The distance lc , called the coherence length, is typically 
several wavelengths in ordinary condensed media. 

In an index-matched medium, the coherence length becomes infinite, and 
complete conversion of fundamental into second harmonic becomes theoretical-
ly possible. Index matching is not possible in isotropic media with normal 
dispersion, where n2  > n 1 . (In dilute isotropic media, the molecular polariza-
bility a is proportional to (n 2  — 1) according to the Clausius-Masotti equation. 
It is apparent from Eq. 10.31 that the frequency-dependent polarizability a(w) 
increases when the optical frequency is increased, in the normal dispersion 
regime where w is smaller than any frequency won  for El-allowed transitions 
from the ground state 10> to excited state In> of the medium. It then follows that 
n 2  > n 1  in normally dispersive media.) It is possible in principle to achieve 
index-matching in anomalously dispersive isotropic media, in which w is larger 
than some won , and in which n2  is not necessarily larger than n 1 . However, such 
media are likely to absorb prohibitively at co l  (not to mention w2). Practical 
index matching is instead achieved in birefringent crystals [6], in which the 
refractive indices differ for the two linear polarizations and depend on the 
direction of propagation. The incident laser fundamental is linearly polarized, 
and the SHG emerges with orthogonal polarization. The direction of propa-
gation is adjusted by aligning the crystal in a gimbal mount so that the refractive 
indices at co l  and co 2  become equal for the respective polarizations. Large SHG 
conversion efficiencies can then be obtained. 

Still another criterion for an SHG medium is implicit in Eq. 11.18, where the 
presence of the nonzero second-order nonlinear susceptibility X(2)  implies that 
the polarization P cannot simply change sign if the electric field E is reversed in 
direction. (The inclusion of only odd-order terms varying as E, E3 , E 5, ... in P 
would ensure that P( — E) = — P(E).) Hence SHG is impossible in any medium 
for which reversing E produces an equal but opposite polarization P. Such 
media include isotropic media (liquids, gases) and crystals belonging to 
centrosymmetric space groups. For these materials, X(2)  vanishes by symmetry. 
By way of contrast, efficient third-harmonic generation is possible in isotropic 
media, and was demonstrated many years ago in Na vapor. A common SHG 
crystal for frequency-doubling Nd' :YAG lasers is potassium dihydrogen 
phosphate (KDP), which belongs to the noncentrosymmetric space group 42m. 

11.3 COHERENT ANTI-STOKES RAMAN SCATTERING 

Coherent anti-Stokes Raman scattering (CARS) is one of several four-photon 
optical phenomena that can occur when a sample is exposed to two intense laser 
beams with frequencies co l , w2 . Some of the other phenomena, two of which are 
shown in Fig. 11.4, are the harmonic generation and frequency-summing 



342 	NONLINEAR OPTICS 

-r - 
w 

co
l 

co l  

co
l 3 wi  

a/2  20)
1
+0)

2 

1k> 1k) 
Figure 	11.4 Energy 	level 	diagrams 	for 	third-harmonic 	generation 

+ w1  + 3w1 (left) and frequency summing cu., + W , + W2 --0 (2w, + w 2 ) 
(right), two of the four-photon processes which are possible in a material subjected 
to two intense beams at frequencies w 1  and w2 . 

processes which yield the scattered frequencies 3w i , 2co l  + co 2 , co l  + 2w2 , and 
3W2 . In CARS, two photons of frequency co l  are absorbed, one photon of 
frequency co 2  is scattered via stimulated emission, and a photon at the new 
frequency co 3  = 2co l  — c0 2  is coherently scattered (Fig. 11.5). It is apparent in 
this figure that when the frequency difference w 1  — co 2  is tuned to match a 
molecular vibrational/rotational energy level difference, co 3  becomes identical 
with an anti-Stokes frequency in the conventional Raman spectrum excited by a 
laser at w . In this special case (called resonant CARS), the scattered intensity at 
co 3  exceeds typical intensities of Stokes bands in ordinary Raman scattering by 

co 3  

— n> 

l o> 

P> 

4, 3 

Nonresonant 	 Resonant 
CARS 	 CARS 

Figure 11.5 Energy level diagrams for nonresonant CARS and resonant CARS. 

The latter case occurs when (w., u.,2 ) matches some molecular energy level 

difference E„,— Eo. 
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several orders of magnitude. Resonant CARS thus offers greater sensitivity and 
improved spectral resolution over conventional Raman spectroscopy. 

As a first step in deriving expressions for CARS transition probabilities, we 
list in Fig. 11.6 the 12 time-ordered graphs corresponding to absorption of two 
photons at co l  and scattering of photons at co2 , co 3 . Using the diagrammatic 
techniques introduced in Section 11.1, we immediately get for the CARS 
contribution to the fourth-order coefficient in the time-dependent perturbation 
expansion (1.96) 

2irq4  v, 	 oqa qp°6  pnCX no CA RS( co  ) = 
(27)2c)4  npq ((00q 	co 2  A- 2co l )(coop  + 2(0 1)(0)00 -F 0) 1) 

6-(oq5Cqpapnano  
▪ (W og  — (03 2(0 AW op  + 200(00n  0i) 

5CoqŒqp&pnŒno 

((00q  -- (02 -E 20) 1)(010p -- 0)2 -E 0) 1)(0)00 -E col) 

aoq; pnŒ no 

▪ (W og  7- co3 	2co l )(coop 	co3  -F co l )(coo, -E co l ) 

loqaqpapnŒno 

(0)0q 	(4)2 -- (0 3  -E 0) )(w -- 0)2 -F 00 1)((000 -E col) 

loq6Cqp6tpnŒno 

-C-ioqa(qp2  pi:66n°  

▪ (Woq 	ath -- ()3)(0)0p d- 0) 1 -- 0) 3)(0)00 -- ()3) 

Cito45(qP2pn6tno 

(11.26) 
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This coefficient is proportional to the third-order nonlinear susceptibility 
responsible for CARS. It may be simplified somewhat by defining 
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Figure 11.6 The 12 time-ordered graphs that can be drawn for CARS with two 
incident photons at frequency ca l  and scattered photons at frequencies co2  and w3. 
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co l  — co 2  = co3  —  w 1 .  In the El approximation, repeated application of the 
identity 2w1  — co 2  — co 3  = 0 then leads to 

[ 	(ter,u7P + tirti,,P)tifitir  
,,q 1.2.(cooq + w3)(w0p + 2(0 1010 + (0 1) 

(Pr 	tir + /17n  /Ogg  Pr 	 Prifk" 71174° 	 
+ 2

(0).q + (02)(coop+ 2(0 1)(won+ w 1) 
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(wo g + (0 3)((0 o p + A)((00„ + (01) 
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iir PlicIP(firgliT9  ± tirPr) 	-I (11.27) 
+ 2(cooq  — wi)(wop — 2w 1 )(w 0  —W 3)]  

where we have used the abbreviation 127" = <olpiln> and similarly throughout. 
The terms in Eq. 11.27 have been listed in the same order as the graphs (a)—(1) in 
Fig. 11.6. When the frequencies co l , co 2  are tundd so that h(co i  — w 2 ) hA  
matches some molecular energy level difference Ep  —  E0  (Fig. 11.5), the terms in 
xr: AIR s w proportional to (coop  + AY 1  become large. These terms, which correspond 
to graphs (c), (e), (g), and (i), are responsible for the resonant CARS phenomenon: 
When the laser frequency co 2  is swept across the resonance condition 
h(co l  — co 2) = Ep  — E o  while wi  is held fixed, the CARS intensity peaks sharply 
at the value of co 2  at which Stokes Raman scattering off the laser frequency w i  
would be observed. The remaining (nonresonant) terms in 
ars  contribute a weak background intensity which varies little with co 2 . It 
may be shown that the total scattering intensity at w3  is [4] 

12 2  1 k4N2  1 	3  
13 = 

6n2E6c2 
4 	E if#03%;(c0ak(w2)Êi(0)1)fiRs1 2  

ijki  
(11.28) 

Here / 1 , / 2  are the incident light intensities at co b  co2; N is number of scattering 
molecules;  Ê(w 3) is the projection of the unit electric field vector at frequency 0) 3  
along Cartesian axis i, and similarly for fi(co l ), etc.; and aiRs  is averaged over 
the molecular orientational distribution. The intensity is proportional to the 
square of both the number of scattering centers and the third-order nonlinear 
susceptibility. 

,CARS 	i. - 3  
Aijkl  
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4co 1  w 2 n3 — 4w?(n3 — n?) — w3(n3 — n3) 
(11.30) 
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Generation of a CARS signal requires that the momentum conservation 
condition 

2k 1  = k2  + k3 	 (11.29) 

be satisfied for the incoming and scattered photons. The magnitude k i  of each 
wave vector is given by nico ilc, where ni  is the sample medium's refractive index 
at frequency co i . In dilute gases, where the refractive index dispersion is low (i.e., 
ni  is relatively insensitive to wi), one automatically satisfies (11.29) by using a 
collinear beam geometry in which all three wave vectors are parallel. The 
refractive indices depend appreciably on the frequencies w •  in liquids, however. 
In this case, index matching may be achieved by crossing the incident beams at 
an angle 19 which achieves momentum conservation (Fig. 11.7). From the law of 
cosines, the required angle 19 is given by 

Owing to this momentum conservation, the CARS signal with wave vector k3  is 
directionally concentrated in a laser beam with a divergence of typically 10 -4 

 steradians. This contrasts with conventional Raman spectroscopy, in which the 
signal is dispersed over 4n steradians. CARS is thus an advantageous technique 
for studying vibrational transitions in samples where the scattered signal of 
interest is accompanied by fluorescence background, a problem frequently 
encountered in biological systems. Its directional selectivity, combined with the 
intensity enhancement encountered in resonant CARS, renders it sensitive 
enough to detect gases at pressures down to — 10 - " atm. Disadvantages of 
CARS include the need for a tunable laser to sweep w2  (a single-wavelength laser 
suffices in conventional Raman spectroscopy), and the sensitive alignments 
required for momentum conservation in condensed samples. The ultimate 

k2 
Figure 11.7 Index-matching geometry for conservation of photon momentum in 
CARS, 2k 1  = Ic2  + k„ The experimental angle between the laser beams at freq-
uencies 0., 1  and a/2  must be adjusted to the value 0 given in Eq. 11.30 for observation 
of CARS; the scattered anti-Stokes signal emerges in the well-defined direction k3. 
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Figure 11.8 Vibrational Q-branch CARS spectrum of a 1 A9 02  produced by 0 3 
 photodissociation at 266 nm. The bands originating from V = 0, 1, 2, and 3 are 

centered at 1473, 1450, 1428, and 1403 cm -1 , respectively. Fine structure arises 
from rotational transitions with AJ = 0. Reproduced by permission from J. J. 
Valentini, D. P. Gerrity, D. L. Phillips, J. C. Nieh, and K. D. Tabor, J. Chem. Phys. 86; 
6745 (1987). 

limitation on CARS sensitivity is imposed by background scattering arising 
from the nonresonant terms in Eq. 11.27. 

An example of CARS detection of molecules at low densities is given in Fig. 
11.8, which shows the CARS spectrum of a l Ag  02  molecules created by 
photolysis of ozone [7], 

03  02(a lAg) + 0( 2P) 

The ozone is photolyzed by a 266-nm (near ultraviolet) laser pulse. The fixed 
pump frequency co l  for CARS detection of the nascent 02  molecules is provided 



348 NONLINEAR OPTICS 

by 532-nm second-harmonic pulses from a Nd:YAG laser. Tunable pulses (572— 
578 nm) from a dye laser provide the variable probe frequency co 2 . The Raman 
shift  4  = co l  — o) 2  is plotted as the horizontal coordinate in Fig. 11.8. The 
CARS transitions (which obey the selection rules dv = 1, ziJ = 0 between states 
Jo> and  In>)  originate from vibrational levels y" = 0 through 4 in a l  Ag  excited 
state 02  molecules produced in the photodissociation. The rotational Q-branch 
lines appear at different frequencies for different J owing to differences in B", B' 
for the lower and upper vibrational levels in each CARS transition. The line 
intensities may be analyzed to yield the rotational/vibrational state populations 
in the 0 2  protofragments, which reflect on the dynamics of the photodis-
sociation process. (CARS line intensities are not proportional to state popula-
tions (cf. Eq. 11.28); peak intensities for transitions connecting levels (f', J") and 
(y', J') vary as [N(v", J") — N(v' , .1)1 2  .) The alternations in CARS rotational line 
intensities shown in Fig. 11.8 are not a consequence of nuclear spin statistics in 
1602 , since a l Ag  02  (unlike )( 3E 02 , Section 4.6) can exist in either even- or 
odd-J levels. Rather, they indicate a propensity for selective 03  photodis-
sociation into even J levels. Measurement of these state populations by 
conventional Raman spectroscopy is not feasible, since the initial 0 3  pressure is 
only 1 torr. Laser-induced fluorescence (in which the photofragment molecules 
are excited to a higher electronic state, and the resulting rotationally resolved 
fluorescence band intensities are analyzed to determine the state populations) is 
more sensitive than CARS. However, this technique requires an El-accessible 
electronic state that can be reached by a tunable laser. There is no such state in 
02 , which begins to absorb strongly only in the vacuum UV. Hence, this 
example illustrates the generality as well as sensitivity of CARS. 
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Appendix A 

FUNDAMENTAL CONSTANTS 

Atomic mass unit 
Electron rest mass 
Proton rest mass 
Elementary charge 

amu = 1.6605655 x 10 -27  kg 
me  = 9.109534 x 10 -31  kg 
nip  = 1.6726485 x 10 -27  kg 

e = 1.6021892 x 10 -19  coulomb (C) 
Speed of light c = 2.99792458 x 10 8  m/s 
Permittivity of vacuum Eo  = 8.85418782 x 10 -12  C2/J • m 
Permeability of vacuum = 1.2566370614 x 10 -6  henry/m 
Planck's constant h = 6.626176 x 10 	Js  

h =  1.0545887 x 10' J • s 
Free electron g factor ge  = 2.00231931 
Rydberg constant R = 1.0973731 x 10 5  cm -1  
Bohr radius = 0.52917706 x  10 ° m  
Fine structure constant Œ  = 1/137.03604 
Avogadro's number NA = 6.022045 x 1023/mol 
Boltzmann constant k = 1.380662 x 10 -23  J/K 

Data taken from E. R. Cohen and B. N. Taylor, J. Phys. Chem. Ref Data 2: 663 (1973). 
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Appendix B 

ENERGY CONVERSION 
FACTORS 

1 J = 6.24146 X  10 18  eV 

= 5.03404 X  1022  cm -1  

= 1.43834 x 10 23  cal/mol 

1 eV = 1.60219 X  10 -19 J 

= 8065.48 cm -1 

= 2.30450 x 104  cal/mol 

1 cm -1 
 
= 1.98648 X  10 -23  J 

= 1.23985 X  10 -4  eV 

= 2.85724 cal/mol 

1 cal/mol = 6.95246 x 10 -24  J 

= 4.33934 x 10 -5  eV 

= 3.49989 x 10 -1  cm -1  

1 erg = 10 J 
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Appendix C 

MULTIPOLE EXPANSIONS OF 
CHARGE DISTRIBUTIONS 

The general problem is to evaluate the electrostatic potential OW at some point 
r due to the presence of a molecular charge distribution p(r). According to 
classical electrostatics, it is given in SI units by 

1  C p(r)de  
4)(r) — 

4ne0  j ir — ri  

(C.1) 

In consequence of the identity (J. D. Jackson, Classical Electrodynamics, Wiley, 
New York, 1962) 

1 	09 	L 	1 
	 = 47r E  mi  -i 	 1+1 Yte, 0 1)/71.09, ) 	(C.2) 
Ir — 	iø  m—i Li , 	r, 

the charge distribution OW may be expressed as 

1 	1 
 Or) = 	

2/ 
— E 	[f r(0' , Or' p(r)dr'l Yon(0,  

r1+1 	(C.3) 
E0 im + 1 

where r = (r, 0, 4)), r' = (r', 0', 4l), and r,  (r<)  is the greater (lesser) of r and r'. 
Equation C.3 is the well-known multipole expansion of the electrostatic potential 
Or). It is particularly useful for evaluating the electrostatic potential at distances 
r which are large compared to the distances r' over which the molecular charge 
distribution is appreciable (Fig. C.1). In this long-range limit, the expansion (C.2) 
converges rapidly with r, = r and  r<  = r'. We may define the multipole moments 
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Figure C.1 

qt  of the charge distribution as 

q1 	J  Y,(0', 	p(r)de 	 (C.4) 

To appreciate the physical significance of the qh„, we evaluate some of the lower 
order moments explicitly. The moment q00  is 

Roo = Y%( 0' OP(Ildr' 

.\114 	
p(e)de = ql.\14.7r 

.7r 
. (C.5) 

where q is the total molecular charge. In like manner, the moments q 10  and q 11  
are 

i q 10  = f Yt or'p(r)dr = —
3 f r' cos O' p(r')dr' 

zirc 

= 	z' p(r)cle = 
4n 

(C.6) 
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1 q 11  = f Yt l rip(e)de = - —
3 

f r' sin O'e -  'If  p(r)de 
8n 

and 

(C.7) 

where px , py , pz  are the Cartesian components of the molecule's electric dipole 
moment p. The multipole moment q20  is 

q 20  = f  r2l'0r'2P(r)de 

2 
—
4n 

(3z'' - r' 2)p(r)cle 
1 	5 

(C.8) 

(C.8) 

where Q zz  is the zz component of the molecule's electric quadrupole moment 
tensor. 

Substitution of the moments back into Equation C.3 finally yields the 
electrostatic potential 

(r) 
1 	1 	Yi.( 0, 0)  = 0 — E 	qi 

E0 	2/ + 1 m r 1+1 

1 	 1 „ 
	(qlr + It • O. -  +

5  
- L 	+ • •) 4ne0 	 2 	r 

(C.9) 

which transparently shows the charge, dipole, and quadrupole contributions to 
OW. Such multipole expansions yield valuable insights into molecule-radiation 
interactions and long-range intermolecular forces. 





Appendix D 

BEER'S LAW 

Discussions of light absorption in a homogeneous sample with molar concen-
tration C and path length b are usually couched in terms of Beer's law, which 
states that the light intensity I transmitted by such a sample is related to the 
incident intensity / 0  in a parallel light beam by 

I = I oe —œbC 	 (D.1) 

Here a is the molar absorption coefficient, which has units of L/mol cm. 
Experimental spectroscopists often work with the decadic absorption coefficient 
e, defined by 

I = I 0(10) — gbC 	 (D.2) 

Clearly E = a/2.303. Absorption spectra are frequently recorded as the quantity 
ebC (which is termed the absorbance or optical density) versus incident light 
wavelength A; knowledge of the absorption cell geometry and sample concen-
tration then allows extraction of the wavelength-dependent absorption coeffi-
cient e(A). Beer's law is applicable only when the incident light intensity /0  is low 
enough that the molecular state populations are essentially unperturbed by it; 
the redistribution of molecules into excited states by the light beam would 
otherwise materially change e for different photons within the beam. In addition, 
Beer's law is strictly valid only in very thin optical samples. 
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Appendix E 

ADDITION OF TVVO 
ANGULAR MOMENTA 

Here we consider the nature of the angular momentum states that result from 
the vector addition of two angular momenta J 1  and J2 to form a resultant J, 

=  J 1 ± 
	

(E.1) 

The Cartesian components of J 1  and J2 obey the usual angular momentum 
commutation rules 

[fix, fly] = ihfl z (E.2) 

[12x f2y] = 61 2 z (E.3) 

z] 	° (E.4) 

[II 12 ]  = o (E.5) 

and the cyclic permutations x y, y z, z x. Since J 1  and J2 are independent 
angular momenta, all components of J 1  commute with all components of J2, 

.r2A = 0 	 (E.6) 

for all (i, j). Using the commutation rules (E.2) through (E.6), it is easy to show 
that 

[fx `Ty] 	x 12x, fly ± f2y] 

= ih(ji 	f2z) = ihjz 	 (E.7) 
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and that 

f2] = o 	 (E.8) 

Hence, the vector J = J 1  + J2 itself behaves quantum mechanically like an 
angular momentum. According to (E.8), it is possible to set up a complete set of 
eigenstates that are simultaneously eigenstates of P and Z. 

The question now arises as to whether such eigenstates can also be 
eigenstates of  J , J , J1 ,  and  f22 . It follows from (E.2) through (E.8) that 

f. ] = [f3, fz] = o 

but that 

[f2, J1z] = 2ih(J 1,01  2 y  — 	ty) 0 0 

[f 2  J22] = 2ih(f2xf1y f1 xJ2y) 0 

Hence two possible commuting sets of observables are 

(E.9) 

(E.10) 

(E.11) 

(E.12) 

 

and 

Ji, Ji, J2 , Jz  

 

The eigenstates j i m i  j2 m2 > of the first commuting set obey the eigenvalue 
equations 

i11i1M1:12 1112> = 	+ 1 A2 li1n1i2n12> 
	

(E.13) 

Î121i1M1:12 M2> 
	

(E.14) 

i2C12 	1 A2 U1M1 :1 2M2> 
	

(E.15) 

/22 1 i1 m 132 m 2 > = M2h1i1M1i2M2> 
	

(E.16) 

and are referred to as the uncoupled' representation of the resultant angular 
momentum states. Since P does not commute with f lz  or f2z , these uncoupled 
states are not eigenfunctions of P in general, and the value of J2  is indefinite. 
For the second commuting set of observables, it is possible to construct a 
complete set of eigenstates Iiii2 im>  which simultaneously obey 

+ 
	

(E.17) 

=j202 + 
	

(E.18) 
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P IA./2im> = 	+ (E.19) 

fzlii him > = mhlii him> (E.20) 

This is the coupled representation. For a given combination of j i  and 12 , the 
possible values of the resultant angular momentum quantum numberj are given 
by the Clebsch-Gordan series 

= (il +12), (11 +12 - 1 ), 	i21 	 (E.21) 

(P. W. Atkins, Molecular Quantum Mechanics, 2d ed., Oxford Univ. Press, 
London, 1983). For given j, the quantum number m can assume one of (2j + 1) 
values ranging between +m  and  —m.  The coupled states 11 1121m> are not 
generally eigenstates of flz  or /2z  (cf. Eqs. E.11, E.12) and so the values of J1z  
and J2, are generally indefinite in these states. 

The pictorial vector models of the uncoupled and coupled representations 
(Fig. E.1) embody the physical consequences of the angular momentum 
commutation rules. In the uncoupled representation, the vectors J 1  and J2 can 
lie anywhere on their respective cones with their tips on the edges of the cones. 
Since these cones are invariant to rotations about the z axis, they represent 
states with fixed 1.1 11 = 	+ 1 ) and fixed 421 = h02(i2 + 1). The pro- 
jections of all vectors J 1  on the lower cone have the definite value m l h. Since all 

1 

1 

Figure E.1 Vector models for the uncoupled representation (left) and the coupled 

representation (right). J;, J,,,J, and ..12, are constants of the motion in the 

uncoupled representation; J.;, J, J2 , and J, are constants of the motion in the 

coupled representation. 
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orientations ofJ i  on the cone are equally likely, its projections JL„ and J1y  along 
the x and y axes are indefinite. Similar observations apply to J2: J2, is fixed, 
while J2, and J2y  are indefinite. Since the projections of J 1  and J2 on the xy 
plane are uncorrelated (i.e., the phases of J 1  and J2 fluctuate independently), 
neither the orientation nor magnitude of their vector sum J is a constant of the 
motion in the uncoupled representation. (However, J does exhibit a definite 
projection Jz  = lz  J2  = (nil M2)h along the z axis.) 

In the vector model of the coupled representation, the vector J can be found 
anywhere on the large cone. It exhibits fixed length IJI = hO(j + 1) and fixed 
projection Jz  = mh along the z axis. The individual angular momentum vectors 
J 1  and J2 have the fixed lengths PO I ( j i  + 1) and h.02(j2  + 1), respectively. 
Since their resultant IJI must also be of constant length, the coupled vector 
model depicts J1  and J2 precessing together, head to tail, to produce a resultant 
vector J of fixed length. (In quantum mechanical language, the relative phase of 
J 1  and J2 is fixed.) It is clear from the coupled vector model that the motions of 
J 1  and J2 on their respective cones do not yield fixed projections J1z  and J2z  

along the z axis; their sum Jz  = mh is, of course, definite. Such vector models 
prove to be useful in discussion of the anomalous Zeeman effect in atoms 
(Section 2.6) and angular momentum coupling in diatomics (Chapter 4). 

Since the uncoupled states I iimi i2m2> form a complete set of eigenstates, the 
coupled states I j i j2 jm> may be expressed as the linear combinations 

i11i21m> - E 	 (E.22) 
m2 

where the coefficients <i1m1i2m21/1/2/m> are known as the Clebsch-Gordan 

coefficients. Techniques for obtaining these coefficients using the 
raising/lowering operators j+  =  fi  ± + J2+ are described in Section 2.2. 
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Appendix F 

GROUP CHARACTER TABLES 
AND DIRECT PRODUCTS 

C2 E 	C2 

A 

C3 C3 	Ci 

z, R z 
 x, y, Rx , R y  

x2, 	2 X y , z , xy 
xz, yz 

E = exp(2ni/3) 

A z, R z 
 (x, y) 

(R x , R) 

X 2 ± y 2 , z 2 

(XZ, yz) 
(x 2 _ y 2 , xy) 

C4  C2 C4 

A 1 
1  

—1 
—1 

1 
—1 

i 
—i 

1 
—1  
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D3 E  2C 3 	3C2  

A1 1 1 	1 
A2 1 1 	—1 

2 —1 	0 

D4 E C2 2C4 	2C2 

A 1  1 1  1 	1 
A2 1 1 1 	—1 
B 1  1 1 —1 	1 
B2 1 1  — 1 	— 1  

2 —2 0 	0 

D 2C 5  2C 

A 1  1 1  1 
A2 1 1  1 

El  2 2 cos 0 2 cos 20 

E2 2 2 cos 20 2 cos 40 

1 
— 1 
—1 

1 

0 

5C'2  

z, R z  

(x, y) 

l(R x , Ry) 

X 2 + ' y2 , Z2 

X 2 — y 2 

Xy 

(xz, yz) 

= 27r/5 

1 
—1 

0 

0 

z, R z  
(x, y) 

l(R x , R y) 

X 2 ± y 2, Z2 

(xz, yz) 

(x 2  — y 2 , xy) 

z, R z  

f (x, y) 
1(R, Ry) 

X 2 ± y 2 , z 2 

( (xz, yz) 

1(x 2  — y 2 , xy) 
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C6 C3 C2 Ci CZ E = exp(27ri/6) 

1 
— 1 

E 

E
s 

8
2  

e4 

1 
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£
2 

E4 

e 2 

1 
—1 
E 3 

E 3 

1  
1 

1 
1  
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e 2 

z, R z  

(x, y) 
l(R x , R y) 

X 2 + y 2 , z 2 

(xz, yz) 

(x2 	y2 5 xy) 

D2 E Cz2  CY  2 

A 1  1 1 1 1 X 2, y 2 , Z2 

B 1  1 1 —1 —1 z, R z  xy 
B2 —1 1 —1 Y, Ry xz 
B3 1 —1 —1 1 X, R x  yz 

C6 

A 

E ' 

E" 

  

 

1 

1 

1 11  
111 

   



D6 E C2 2C3 2C6  3C2  

A1 1 1 1 1 1 
A2 1 1 1  1 -1 
B1  1 - 1  1  -1 1  
B2 1  -1  1  - 1 - 1  

El  2 —2 —1 1 0 

E2 2 2 —1 —1 0 

_X 2 + y2 , z 2 

z, R z  

(x, y) 
t(Rx , R) 

(xz, yz) 

(x 2  — y 2 , xy) 

C3 v  E 2C3 	3u, 

A 1  1 
A2 1 1 	—1 

2 —1 	0 

C4v E C2 2G4 	2a„ 

A1 1 1 1 	1 
A2 1 1 1 	—1 
B1 1 1 —1 	1 
B2 1 1 —1 	—1 

2 —2 0 	0 

C5v 2C 5  2Ci 

A1 1 1 1 
A2 1 1  1 

E l  2 2 cos 0 2 cos 20 

E2 2 2 cos 20 2 cos 40 

5av 2n/5 

2 + y2 , z 2 

f (x 2  — y 2 , xy) 

1 (xz, yz) 

20-d  

R z  

(x, y) 

l(R x , R) 

2 ± y2 , z 2 

x 2  — y 2 
 xy 

(xz, yz) 

_X 2 ± y 2 , z 2 

(xz, yz) 

(x 2  — y 2, xy) 

1 
- 1 

0 

0 

0 
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C2,  E 	C2(z) at, 

A 1  1 1 1 x 2 , y 2 , z 2  
A2 1  -1 - 1  R z  xy 
B 1  —1 1 —1 x, R y  xz 
B2  - 1 -1  1 y, Rx  yz 



C 1 1, E ah 

A' 1 . 	1 X,  y, R z  
A" 1 —1 R x , R y , z 

C2  

1 1 	1 
1  -1 	-1 

-1 -1 	1 
-1 1 	-1 

C2h 

Ag  1 
A„ 1 
Bg  1 
Bu  1 

2 2 2 X , y , z , xy 
xz, yz 

R z  

R x , Ry 
X,  y 

xz, yz 

C3 Ci Œh S3 ahCi 

1 	1 
1 	1 
8 	£ 2 

E 2 	8 

£ 	£ 2 

E 2 	
E 

1 

—1 

1 

1 

— 1 

—1  

1 

—1 

E 

e2 

— £2  

— 

 

1 

—1. 

8 2 

E 

— E 

A' 
A" 

E' 

E" 

c = exp(27ri/3) 

X 2 + y 2 , z 2 

(x 2  — y 2, xy) 

(xz, yz) 
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E C2 2C3 2C6 3Cid 30-v 

1 
1 

1 
1 

2 

2 

1 
1 

—1 
—1 

—2 

2 

1 

1 

1 

—1 

1 
1 

—1 
 -1 

1 

— 1 

1 
—1 
—1 

1 

0 

0 

1 
—1 

—1 

0 

0 

R z  

(x, y) 

l(R x , R) 

X 2 + y 2 , z 2 

(xz, yz) 

(x 2 _ y 2 , xy ) 

C6 v  

A 1  
A2 

B1 

B2 

E l  

E2 

C41, =  j X C4 

S2 	E 	i 

C51., = (Th X C5 C6h = i X C6 

s4 

A 

R x , Ry , R z  
X,  y, z 

Ag 	1 	1 
Au 	1 	—1 

E 	C2 	S4 

1 	1 	1 	1 
1 	1 	-1 	-1 

-1 
ii 	

- 
-1  

2 2 x2 ,  y , z 2 ,  xy, xz, yz 

X 2 4-  y 2, z 2 

(xz, yz) 
(x 2 _ y 2 ,  xy) 
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GROUP CHARACTER TABLES 

S6 = i x C3 

2S4 	2C2 	2ad 

AND DIRECT PRODUCTS 367 

A 1  
A2 
B 1  
B2 

1 
1 
1 
1 

2 

1 
1 
1 
1 

—2 

1 
1 

—1 
—1 

0 

1 
—1 

1 
—1 

0 

—1 
—1 

1 

0 

R z  

(x, y) 
l(R„, R y) 

X2 ± y2 , Z2 

x 2  — y 2 
 xy 

(xz, yz) 

D3h E ah  

D3d  =  j X D3 

2C3 	2S3  

D 2h  — i X 

3 G'2 	3o- t, 

D2 

A', 1 1 1 1 1 1 X 2 ± y 2 , z 2 

A'2  1 1 1 1 —1 —1 R z  
A'; 1 —1 1 —1 1 —1 

1 —1 1 —1 —1 1 
E' 2 2  —1  —1 0 0 (x, y) (x2 	y2, xy) 

E" 2 —2 —1 1 0 0 (R, R) (xz, yz) 

E 

D4h 	i X D4 

3C2 	4C3  

D5h = ah  

4C'3  

X D5 	D6h = i X D 6  

= exp(2ni/3) 

A 1 
{1 

1 

3 

1 
1 
1 

—1 

1 

82 

0 

1 
82 

0 
f(R x , R y , R z) 

(x, y, z) 

Td E 8C3  3 G2 6ad 	6S4  

1 1 1 1 	1 
A2 1 1 1 —1 	—1 

2 —1 2 0 	0 
T 1  3 0 —1 —1 	1 (Rx , R y , R z) 
T2 3 0 —1 1 	—1 (x, y, z) 



2C4, cv 

1 1 1 
1 1 —1 
2 2 cos 4) 0 
2 2 cos 24) 0 

C oo , 

x+ 
z - 
H 
A 

Rz 
 (x, y), (R x , R y) 

X2 + y2 , z 2 

(XZ, yz) 
(x2  — y 2 , xy) 

2 y2 , xy) 
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0 E 8C 3  3C2  6C2  6C4  

A 1  1  1 1 1 1 
A2 1 1 1 —1 —1 

2 —1 2 0 0 

T 1  3 0 —1 —1 1 

T2 3 0 —1 1 —1 

2 	y2 ,  3z 2 	1.2) 

f(R x , R y , R z) 

1 (x, y, z) 
(xy, yz, zx) 

z: 1 
1 
1  

Hg  2 
flu  2 
Ag 2 
Au  2 

2C4, 

1 
1 
1 
1 

2 cos 4) 
2 cos 4) 

2 cos 24) 
2 cos 241 

C2 	j 	2S4, 	av 

1 	1 	1 
—1 —1 	—1 	1 
—1 	1 	1 	—1 	R z  

1 —1 	—1 	—1 
0 	2 —2 cos 4) 	0 (R x , R y) 	(xz, yz) 
0 —2 	2 cos 4) 	0 	(x, y) 
0 	2 	2 cos 20 	0 
0 —2 —2 cos 249 	0 

± y2 , z 2 

A set of rules for obtaining the direct product of two irreducible represen-
tations in any point group was set down by E. B. Wilson, Jr., J. C. Decius, and P. 
C. Cross in their classic book, Molecular Vibrations, McGraw-Hill, New York, 
1955. The multiplication properties are as follows: 

AOA=13013=A 

AOB=B 

AOE=BOE=E 

AQT=BOT=T 

gOg=u0u=g 

gOu=u 
I 0 f  =  f, c) 
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A®E1  =E1 
	BOE i  = E2  

A 0 E2  =E2  B 0 E2 = 

For subscripts on A and B representations, 

10 1 = 0 = 1 

1 0 2 = 2 

in all groups except D2 and D2h; for these, 

102=3 

203=1 

103=2 

In all groups except C4, C4,, C4h, D _ 2d, D4, D4h, and S4, 

E i  0 E i  = E2 E2 = Ai 0 A2 0 E2 

E l  E2 = B1 0 B2 0 El 

In the exceptions noted above, 

E 0 E = A 1  0 A2 0 Bi B2 

In the point groups Td, 0, Oh, 

EC) = E 0 T2  = T1eT2 

T 1 ®T1  = T2  0 T2  = C) E T i  0 T2  

T i  0 T2  = A2  0 E Ti  C) T2  

In the linear point groups C 	D co h, 

E ±  0E +  = 	=E +  

E + 0E - =E - 

E + 011=E -  on = 

E + 0A=E - 0A=A 

11011=E+0E 0A 

A0A=E + 0E - 01-  

110A=1-100 





Appendix G 

TRANSFORMATION BETWEEN 
LABORATORY-FIXED 

AND CENTER-OF-MASS 
COORDINATES IN A 

DIATOMIC MOLECULE 

The positions of the nuclei with masses MA, MB in a diatomic molecule may be 
specified by the vectors RA, RB with respect to an arbitrary space-fixed origin (cf. 
Fig. 3.1). They may also be specified using the vectors 

Re. (MARA  + MBRB)/(MA + MB) 
	

(3.1) 

R RB RA 
	 (3.2) 

where M = (MA  + MB) is the total nuclear mass. The nuclear kinetic energy in 
the diatomic molecule is 

T = IMA1k,2k + 1-MB114 
	

(3.3) 

Using the inverse 

MB  
RA = Rcni 

m 
R 

RB =  Rem  ± (MA) R 

(G.1) 

(G.2) 
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of the laboratory to center-of-mass transformation (Eqs. 3.1-3.2), the kinetic 
energy becomes 

B T =-1-M 	1MB 1k e2m  ± WA (M )2  ± Ws MA)2  

= M1 m  + 11N12 	 (G.3) 

where 	MAMB /(MA  + MB) is the nuclear reduced mass of the diatomic 
molecule. The first term in the kinetic energy is associated with translation of the 
molecule's center of mass. The second term -1-,u1k 2  may be separated into 
1/A2 + 	 , 1,11R 2h2 u representing the kinetic energies of molecular vibration 
(changes in the length of the internuclear axis) and molecular rotation through 
an angle 0 about an axis perpendicular to the molecular axis R. 
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Absorbance, 357 
Absorption coefficient: 

decadic, 357 
molar, 357 

Absorption spectra: 
atomic, 34 
diatomic electronic, 108 
far-infrared, rotational, 74-75, 85-87 
near-infrared, vibrational-rotational, 76-77 

Acetylene, see C2H2  (acetylene) 
Acridine dyes, 294 
Allowed transitions, 22 
Angular momentum: 

diatomic rigid rotor, 83-104 
orbital, 25, 37 
rigid rotor, 166-176 

body-fixed, 167, 170-172 
spaced-fixed, 170-172 

spin, 45 
vibrational, 211 

Angular momentum coupling: 
atoms, 47-51, 58-62 
diatomics, 141-146 

Anharmonic oscillator, 100 
Aniline, see C6H5NH 2  (aniline) 
Anthracene, see C14H 10  
Anti-Stokes Raman transitions, 309, 329, 332 
Ar atom, 10 
Ar2 , 86, 94 
Aufban principle, 58 
Avoided crossing, 82. See also Noncrossing rule 
Axial modes, 297-303 

B2, 131, 132 
Balmer series, 34-35 

Bandhead, 108, 153 
BaO, 86, 94 
Be2 , 131-132 
Beer's law, 284, 326, 357 
Benzene, see C6H6  (benzene) 
BF3 , 209 
Birge-Sponer extrapolation, 101-102 
Blackbody distribution, see Planck blackbody 

distribution 
Born-Oppenheimer approximation, 77-83 
Born-Oppenheimer states, 79, 250-260, 322 
Born-Oppenheimer theory of vibronic coupling, 

245 -249 
Bosons, 149 

C atom, 149 
C2, 131-132 
CARS (Coherent Anti-Stokes Raman scattering), 

341-348 
momentum conservation, 346 
resonant, 342 

Cascading, 287 
Center-of-mass coordinates, 74, 371 
Centrifugal distortion, 98-100 
Centrifugal potential, 87 
CH radical, 218 
C211 2  (acetylene), 203-207, 209, 329-330 
C2H4  (ethylene), 264 
C 6H6  (benzene), 217-218, 242-245, 249-250, 

259, 265, 318 
C 1011 8  (naphthalene), 218, 225, 239-242 
C 14H 10  (anthracene), 218 
C 1811 12  (tetracene), 263 
CH3 C1, 7, 179-180 
Chemiluminescence, 33 

375 
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C6H4F2 , 307-309, 324-325 
(s-triazine), 263 

C6H5 NH 2  (aniline), 235-245 
CH20 (formaldehyde), 165, 261 
Clebsch-Gordan coefficients, 47, 362 
Clebsch-Gordan series, 361 
C1F3 , 199-203 
CO, 7, 86, 94, 282 
CO2 , 210-213, 231, 264 
Coherence length, 341 
Combination levels, 208 
Configurational interaction, 57, 135 
Correlation of diatomic and electronic states, 

113 -121 
Correlation error, 55 
Correlation functions, see Electric dipole 

correlation functions 
Coulomb gauge, 13 
Coulomb integral, 125, 164 
Coumarin dyes, 294-295 
Coupled representation, 46, 361 
Creation operator, 91 
Cross sections: 

absorption, 327 
Raman scattering, 327-328 

Cs atom, 10 
CS 2 , 221, 231 

A states, 113 
Density of states, 258-260 
Deslandres analysis, 141, 163 
Destruction operator, 91 
Diagrammatic perturbation theory, 334-338 
Diffuse series, 35, 36 
Q -Difluorobenzene, see C6H4F2 
Dipole moment, see Electric dipole moment; 

Magnetic dipole moment 
Dirac delta function, 27, 268 

"energy-conserving", 27 
integral representation, 27 

Dissociation energy, 101 
Doppler broadening, 273-274 
Doppler-free spectroscopy, 275, 315-321 
A-doubling, 143 
Dyson series, 23 

Effective vibrational potential, 87 
Einstein coefficients, 275 
Electric dipole correlation functions, 267, 

281-282 
Electric dipole moment, 2, 355 

induced, 7 
instantaneous, 7 
permanent, 7  

Electric dipole (El) transitions, 22, 26 
Electric field, 3 
Electric quadrupole (E2) transitions, 22, 26 
Electric susceptibility tensor, 331 
Electromagnetic spectrum, 34 
Electronic-rotational interactions, 143 
Electrostatic potential, 3 
Emission spectra, atomic, 33-36 
Eosin, 293 
Etalon, 299-300 
Ethylene, see C2I-14 
Euler angles, 170-171 
Exchange integral, 125, 164 

F2, 129, 131 
Fermions, 149 
Fermi resonance, 220 
FG matrix method, 196 
Figure axis, 169 
Fine structure constant, 72 
Fluorescein, 293 
Fluorescence excitation spectra: 

aromatic hydrocarbons, 236-237, 240-241 
diatomic, 108-109 

Fluorescence spectra, diatomic, 105-109 
FNO, 182 
Forbidden transitions, 22 
Force constant, 88 
Force constant matrix, 195 
Formaldehyde, see CH20 
Franck-Condon factor, 137 
Fundamental series, 35-36 

Gauge transformation, 13 
Gaussian lineshape, 273 
Gaussian type orbitals (GT0s), 135 
Generalized coordinates, 14, 192 
g-factor, 44 
G (kinetic energy) matrix, 196 
Golden rule, 268 
Grotrian diagrams: 

He atom, 63 
Hg atom, 64 
K atom, 43 
Na atom, 50 

H atom, 10, 29, 34-35, 41, 149 
H2, 86, 94, 149 
H2+, 122-127, 130-131 
Hamiltonian: 

classical, 15 
molecules in radiation field, 17 

quantum mechanical: 
diatomic electronic, 122-123 
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diatomic molecule, 78 
diatomic rigid rotor, 83 
diatomic vibrational, 87 
harmonic oscillator, 89, 90 
hydrogenlike atom, 36 
many-electron atoms, 51 
molecule in radiation field, 17 
polyatomic molecule, 251 
polyatomic vibrational, 197 
rigid rotor (nonlinear): 

oblate top, 170 
prolate top, 170 
spherical top, 169 

Harmonic approximation, 185 
Hartree-Fock equation, 56, 134 
HBr, 7 
HC1, 7, 74-77, 86, 93-94, 97, 100 
HCN, 221 
He atom, 10, 52-58, 63, 149 
Heisenberg representation, 269-270 
Herzberg diagrams, 147-155 
Herzberg-Teller theory of vibronic coupling, 

245-249 
HF, 86 
Hg atom, 35-36, 64 
H20, 7 
Homogeneous broadening, 273 
Homogeneous wave equation, 30, 339 
Hot bands, 210 
Hund's coupling cases, 141-146 
Hund's rule, 61 
Hyperfine structure, 317 
Hyper-Raman scattering, 336 

1 2 , 86, 94, 99-100, 116-117, 145, 153, 161, 280 
ICI, 86-87, 93-94, 154-155 
Index-matching, 341 
Inhomogeneous broadening, 274 
Intensity-borrowing, 247 
Internal conversion (IC), 249-250 
Internal coordinates, 194 
Intersystem crossing (ISC), 249-250 

jj-coupling, 61 

K atom, 10, 35-36, 43 

A, 114 
A-doubling, 143 
Laboratory coordinates, 74, 371 
Lagrangian equations, 14, 186 
Lagrangian function, 14, 186 
Landé g factor, 70 
Land & interval rule, 47  

Laporte selection rule, 139 
"Large-molecule" behavior, 249, 260 
Laser cavity, 285 
Lasers: 

argon ion, 286, 291, 303 
CO2 , 333 
dye, 291, 320 
He/Ne, 286, 287-297 
krypton ion, 105 
N2, 161, 320 
Nd 3+:YAG, 287, 291, 303, 333, 338 

LCAO-MO, 122-136, 
Li atom, 10 
Li 2 , 131-132 
Li 2 +, 131-132 
Lifetime broadening, 27, 271-273 
Lineshape function, 269 
Local modes, 218-220 
Longitudinal modes, see Axial modes 
Lorentz force, 16 
Lorentzian lineshape, 272 
Loss coefficient, 285 
Lyman series, 34-35 
Lyot plate, 296-297 

Magnetic dipole moment, 26 
Magnetic dipole (MI) transition, 26 
Mass-weighted coordinates, 185 
Maxwell's equations, 11 
MCSCF calculation, 135 
Metastable states, 42, 288 
Microwave spectroscopy, 178-180 

Stark-modulated, 179 
Minimal basis set, 135 
Mode-locking, 301-303 

acoustooptic, 303 
passive, 303 

Molecular orbital, 134 
Molecule-fixed coordinates, 146 
Morse potential, 100 
Multipole expansion, 3, 353-355 

Na atom, 10, 50, 149, 316-318 
N atom, 10, 149 
Na2 , 86, 94, 105 ff, 120-121, 151-153, 155, 158, 

249 
NaCl, 86, 94 
NaH, 86, 94, 100, 114-116 
Naphthalene, see C 
Ne atom, 10 
NF3 , 179 
NH 3 , 182 
NO, 86, 94, 154 
NO2 , 7, 231 
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Noncrossing rule, 62, 82 
Nonlinear susceptibility, 333 
Normal coordinates, 191-194 

symmetry classification, 198-207 
N2, 86, 94, 131-132, 160 
N 2+, 160-161 
N2- , 160-161 
Nuclear exchange symmetry, 148 
Nuclear spin angular momentum, 148, 317 
Nuclear spin statistics, 149 
Number operator, 92 

(I, 115 
0 atom, 10, 149 
OCS, 182, 231 
Octupole moment, electric, 4 
OH, 86, 94 
One-photon processes, 22-28 
Optical density, 357 
Oscillator strengths, 277-280 
2, 86, 94, 131-132, 134, 149, 159, 161 
02+  , 159, 161 
02- , 159, 161 
3, 231, 347-348 
Overlap integral, 123, 164 
Overtone levels, 208 
Overtone transitions, 93 
Oxazine dyes, 294 

H states, 113 
Pair coupling, 288 
Parallel bands, 139, 213 
P-branch, 95 
PC13 , 181-182 
Perpendicular bands, 139, 213 
Perturbation theory: 

stationary-state, 6 
time-dependent, 17-22 

PF3 , 181-182 
Pfund series, 34-35 
Phenolphthalein, 293 
Phosphorescence, 250 
Planck blackbody distribution, 276 
Polarizability, electric: 

dynamic, 323 
static, 7, 10 

Polarization, 331 
Population inversion, 284-287 
Potential energy curves: 

alkali halide MX, 80-81 
H2+, 123 
harmonic oscillator, 88 
12 , 117  

Li2 , 121 
N2, N 2+, N2- , 160 
Na2 , 97, 107, 121, 158 
NaH, 116 
02 , 02+, 02- , 159 

Preston's law, 70 
Principal rotational axes, 167 
Principal series, 35-36 
Progressions, 233 

Q-branch, 95 
Quadrupole moment, electric, 4, 355 
Quantum yield, fluorescence, 279 

Racah notation, 290 
Radiationless relaxation, 249-260 
Raman spectroscopy, 321-333 
Rayleigh scattering, 328, 332 
R-branch, 95 
Recurrence time, 259 
Reduced mass: 

atomic, 36 
nuclear, 74 

Resonance Raman scattering, 325 
time-resolved, 326 

Rhodamine 6G, 280, 281 
Ritz combination principle, 27 
Ritz-Paschen series, 34-35 
Rotational constants: 

diatomic, 84 
polyatomic, 168 

Rotational contours, 108-109, 237-238 
Rotational inertia tensor, 166 
Rovibrational structure, 105 
Russell-Saunders coupling, 59 
Rydberg-Klein-Rees calculations, 156-161 

E, 114 
Scalar potential, 3, 11 
Schrbdinger equation: 

time-dependent, 5 
time-independent, 5 

Schrödinger representation, 269 
Second harmonic generation (SHG), 333, 338-341 
Second quantization, 90 
Selection rules: 

El, Ml, E2, 28 
electronic transitions: 

alkali atoms, 42, 51 
diatomic molecules, 136-138, 139-140 

rotational fine structure, 146-155 
vibrational bands, 137-138 

hydrogenlike atoms, 40, 51 



SUBJECT INDEX 	379 

many-electron atoms, 65 
pure rotational transitions: 

diatomic, 84 
polyatomic, 176-178 

vibrational transitions: 
diatomic, 93 

,polyatomic, 208-213 
Raman, 323 

vibration-rotation transitions: 
diatomic; 94 
polyatomic;  213-22  

Self-consistent field, 56, 134-135 
Sharp series, 35-36 
SI (International Standard) units, 11 
Slater determinant, 55 
Slater diagram, 60 
Slater-type orbitals (ST0s), 53, 135 
SO2 , 231 
Sommerfeld condition, 156 
Space-fixed coordinates, 146 
Spherical top, 168 
Spin-orbit coupling: 

atoms, 43 
diatomics, 78, 82-83, 115, 120, 141 

Spontaneous emission, 275 
E states, 133 
(/) states, 113 
Stimulated emission, 275-276 
Stokes Raman transition, 308, 332 
s-Triazine, see C6H 3 N 3  
Sudden approximation, 31 
Sum frequency generation, 336 
Sum rule, 138 
Supersonic jets, 108-109, 141, 241, 275 
Symmetric product representations, 209 
Symmetric top: 

accidental, 169 
oblate, 168, 173-188 
prolate, 168, 174-188 

Symmetry-adapted linear combinations (§ALCs), 
228-234 

Symmetry coordinates, 201 

Term symbols: 
atoms, 47 
diatomic, 113 

Tetracene, see C181-112 
Third harmonic generation, 333 
Three-photon absorption, 335 
"Time—energy uncertainty principle", 27 
Time-ordered graphs, 311-313 
Triplet—triplet absorption, 292 
Turning points, classical, 156-158 
Two-photon absorption, 313-321 
Two-photon emission, 311-313 
Two-photon processes, 22, 309-313 

Uncoupled representation, 45, 360 

Variational theorem, 52 
Vector models for coupled and uncoupled 

representations, 361 
Vector operators, 177 
Vector potential, 11 
Vibronic coupling, 233, 241, 244-245 

quantitative theories, 245 
Virtual states, 311-312 
Voigt lineshape, 274 

Walsh's rules, 231 
Wavefunctions: 

diatomic rigid rotor, 84 
harmonic oscillator, 89 
hydrogenlike, 37-39 
polyatomic vibrational, 197 
symmetric top, 173 

Xanthene dyes, 294 

Zeeman effect: 
anomalous, 67-71 
normal, 66 
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